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Inner product spaces




Introduction

In this section we shall consider what it means to represent a
function f(x) in terms of other, perhaps simpler, functions. One
example is Fourier series of the form

% + i [an cos(nx) + by sin(nx)] .

n=1

How are the coefficients a, and b, related to the choice of f(x) and
what other representations can we use?

We shall take a quite general approach to these questions and derive
the necessary framework that underpins a wide range of applications.



Linear space

Definition (Linear space)
A non-empty set V of is a over a field F of

© N oo

if the following are satisfied.

. Binary operation + such thatif u,v € Vthenu+ve V
. + is associative: for all u,v,w € V

then (u+v)+w=u+(v+w)

. There exists a zero vector, written 0c V, such that 0+ v=vfor

allveV.

For all v € V, there exists an inverse vector, written —v, such
that v+ (—v) =0

+ is commutative: forallu,v € Vthenu+v=v+u
Forallv e V and a € F then av € V is defined

Forallac Fand u,v € Vthen a(u+v) =au+ av
Foralla,be Fandv e Vthen (a+ b)v =av + bv

and a(bu) = (ab)u

For all v € V then 1v = v, where 1 € F is the unit scalar.

~



Choice of scalars

Two common choices of scalar fields, IF, are the real numbers, R, and
the complex numbers, C, giving rise to and linear
spaces, respectively.

The term is a synonym for linear space.



Linear subspace

Definition (Linear subspace)
Asubset WcC Visa of V if the W is again a linear
space over the same field of scalars.

Thus W is a linear subspace if W # 0 and for all u,v € W
and a, b € F we have that au + bv € W.



Linear combinations and spans

Definition (Linear combinations)

If Vis alinear space and vy, vo, ..., v, € V are vectors in V
thenue Visa of vi, vo, ..., v, if there exist
scalars ay, ao, ..., an € F such that

u=avi+aVo+---+anvn.

We also define the of a set of vectors as

span{vy, Va,...,Vp} = {u € V : uis alinear combination of vy, vo, ...

Thus, W = span{vy, v, ..., vy} is a linear subspace of V.
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Linear independence

Definition (Linear independence)

Let V be a linear space. The vectors vy, vo, ..., v, € V are linearly
independent if whenever

—

aivVit+aVveo+---+anv, =0 ai,a,...ancF

thenai=a=---=a,=0
The vectors vy, Vo, ..., v, are linearly dependent otherwise.



Bases

Definition (Basis)

A finite set of vectors vy, Vo, ... v, € Visa for the linear space V
if vi, va,..., Vv, are linearly independent and V = span{vy, vo, ..., vy}
The number n is called the of V, written n = dim(V).

A result from linear algebra is that while there are infinitely many
choices of basis vectors any two bases will always consist of the
same number of element vectors. Thus, the dimension of a linear
space is well-defined.



Inner products and inner product spaces

Suppose that V is either a real or complex linear space (that is, the
scalars F =R or C).

Definition (Inner product)

The inner product of two vectors u, v € V, written (u,v) € F, is a
scalar value satisfying

1. Foreach v € V, (v, v) is a non-negative real number,
so (v,v) >0

2. Foreachve V,(v,v)=0ifandonlyifv=0
3. Forallu,v,we VandabeF, (au+ bv,w) = a(u,w)+ b{v,w)

4. Forallu,v € Vthen (u,v) = (v,u).

A linear space together with an inner product is called an

Here, (v, u) denotes the complex conjugate of the complex

number (v, u). Note that for a real linear space (so, F = R) the
complex conjugate is redundant so the last condition above just says
that (u, v) = (v, u) = (v, u).




Useful properties of the inner product

Before looking at some examples of inner products there are several
consequences of the definition of an inner product that are useful in
calculations.

1. Forallv € V and a < F then (av, av) = |a*(v, v)

2. ForallveV,(0,v)=0

3. For all v € V and finite sequences of vectors uy, Us,...,up € V
and scalars ay, ao, . .., a, then

n n
<Z ajui, V> = Z a,-(u,-, V>

i=1 i=1

n n
<za> S awvu)

i=1 i=1



Inner product: examples

Example (Euclidean space, R")

V = R"™ with the usual operations of vector addition and multiplication
by a real-valued scalar is a linear space over R. Given two

vectors x = (X1, X2, ..., Xp) and y = (¥4, y2,...,¥n) in R” we can
define an inner product by

n
<X7y> = inyi~
i=1
Often this inner product is known as the and is
written x - y.
Example

Similarly, for V = C", we can define an inner product by

n
Xy)=x-y=> x¥.

i=1



Example (Space of continuous functions)

V = CJa, b], the space of continuous functions f : [a, b] — C with the
standard operations of the sum of two functions and multiplication by
a scalar, is a linear space over C and we can define an inner product

for f,g € Cla, b] by

b
(f,9) = /a f(x)g(x)dx .



Norms

The concept of a norm is closely related to an inner product and we
shall see that there is a natural way to define a norm given an inner
product.

Definition (Norm)

Let V be a real or complex linear space so that, F =R or C. A

on V is a function from V to R, written ||v||, that satisfies

1. Forallve V,|lv|]|>0

2. ||v||=0ifand only if v =0

3. Foreachve VandactF, |lav| = |a|||v]]

4. Forallu,v e V,|lu+ v|| <|u||+||v]| (the )-

A norm can be thought of as a generalisation of the notion of
, Where for any two vectors u, v € V the number ||u — v|| is
the distance between u and v.



Norms: examples

Example (Eucidean norm)
If V=R"or C"then for x = (X1, X2, ..., X,) € V define

n

X[ =+ D Ixil?.

i=1
Example (Uniform norm)
If V=R"or C"then for x = (X1, X2, ..., X,) € V define
[1X]|loo = max{|x;| : i=1,2,...,n}.
Example (Uniform norm)

If V = Cla, b] then for each function f € V, define

[fllec = max {[f(x)| : x € [a, b} .



Cauchy-Schwarz inequality

Theorem (Cauchy-Schwarz inequality)
Let V be a real or complex inner product space with scalars F then for
allu,veV

[{u, V)2 < (u,u) (v, v).

Proof. B
If v = 0 then the result holds trivially. Now assume v # 0 so
that (v,v) # 0 and let A € F then

0< (u—Av,u—\v) = (u,u) —Xu,v) — Xv,u) + [N (v, V)

Now set \ = E”; so that

[{u, v)[?
(v,v)

0 <{u,u)—

and hence
[(u, V)P < (u, u)(v, v).



Inner products and norms
Given an inner product space, V, with inner product (-, -) there is a
natural choice of norm, namely, for all v € V

VIl = +V{v,v).

Most of the properties that make this a norm follow simply from the
properties of the inner product but we shall use the Cauchy-Schwarz
inequality to establish the triangle inequality. We have,
llu+Vv|? = (u+v,u+v)

= ||ul[? + (u, v) + (v, u) + [|v|[?

< ||ulf? + 2|y, v)| + [Iv][?

< ||ulf? + 2|yl ||v]] +[|vI[?

= (lull + [IvI[)?.

Hence, the triangle inequality, ||u + v|| < ||u|| + ||v|| holds.

20



Orthogonal and orthonormal systems
Let V be an inner product space and take the natural choice of norm.

Definition (Orthogonality)
We say that u,v € V are (written u L v) if (u,v) = 0.

Definition (Orthogonal system)
A finite or infinite sequence of vectors (u;) in V is an
if
1. u; # 0 for all such vectors u;
2. up L uiforalli#j.

Definition (Orthonormal system)

An orthogonal system is called an if, in
addition, ||u;|| = 1 for all such vectors u;.

A vector v € V such that ||v|| = 1 is called a

21



Theorem

Suppose that {e1, ez, ..., ey} is an orthonormal system in the inner
product space V. Ifu = 27:1 aje; then a; = (u, ;).

Proof.
(u,e) = (arer + aex + - -+ + anen, €))
= ai(er,6) + ax(ez, ) + -+ anen, &)
=aq.
Hence, if {ey, €0, ..., ep} is an orthonormal system then for
all u € span{ey, ey,...,e,} we have

n

n
u= Za,-e,- = Z(U, e,->e,-.
i=1

i=1

22



Fourier coefficients
Let V be an inner product space and ey, e», ..., €, an orthonormal
system (n being finite or infinite).
Definition (Generalized Fourier coefficients)
Given a vector u € V, the scalars (u, e;) (i=1,2,...,n) are called the

of u with respect to the given

orthonormal system.
These coefficients are generalized in the sense that they refer to a
general orthonormal system.

23



Let V be an inner product space and ey, o, ..., e, an orthonormal

system. If ay, a2,...,a, and by, bo, . .., b, are any sequences of
scalars then
n n n
<Z a6,y biei> => ab.
i=1 i=1 i=1
Equivalently, for u, v € span{es, ez,...,en}

n

<U, V> = Z<ua e,‘><V, ei> :

i=1

A consequence of these relations is the following theorem.

Theorem (Generalized Pythagorean Theorem)

Suppose that {uy, uo, . .., up} is an orthogonal system in V
and ay, a, ..., ap are scalars then

n n
1> auil? =Y lail® ||uil>-
i1 i1

24



Orthogonal projections

Suppose that V is an inner product space and ey, o, ..., €, an
orthonormal system. Define W = span{ey, e2,...,e,} andletu € V
be any vector. We have seen that for u ¢ W

n

u= Z(U, e,-)e,-

i=1
but if u ¢ W then certainly

u 75 Z(U, e,-)e,-
i=1

since u is not a linear combination of the vectors e, e, ..., en.
Nevertheless, there is a close connection between u and the
expression >, (u, &))e;.

Definition (Orthogonal projection)

For all u € V we define the , U, by

n

U= Z<U, e,-}e,- .

i=1

25



Theorem
Foreachu e V and forallw ¢ W

1. (u—o,w)=0
2. Ju=wlP = ju— gl + & - w2

Proof

First (u—0,e) =0forallj=1,2,...,nsince

(u—10,6)=(u,g) - <Z<U, ei)ei, e,> = (u, &) =) _(u,ei)(ei &)

i=1 I
= (u, &) — (u, &) (ej, €) = (u, ) — (u,6) =0.

26



So take any w € W with w = 2721 bje; for some scalars by, by, . ..

and

7bn

n n
(u—0,w) = < uZb,e,>_Zb,-<u—il,ej>_2bj~0_0.
= =

—U) Lwforallwe Wandsosince il —we W
L (& — w). Hence,

lu—wlP? = [ju—0+&—wlf=lu—T]*+[|7 - wl]>.



Best approximation

Theorem
Let V be an inner product space and {e, es, ..., e,} an orthonormal
system. Let W = span{ey, es,...,e,} and u € V be any vector

then Ui = 27:1 (u, ej)ej is the closest vector to u in W. Moreover, U is
the unique such vector in W.

Proof.
Forallwe W,

llu—wlf? = |lu— &l + || - w|?

and so ||u— U|| < ||lu—w]| forallw e W.
To show uniqueness, suppose that ||u — U|| = ||u — w]|| for

some w € W then || — w|| =0and so w = {. O

28



Infinite orthonormal systems

We now consider the situation of an inner product space, V,
with dim(V) = oo and consider orthonormal systems {ey, ez, ...}
consisting of infinitely many vectors.

Definition (Convergence in norm)

Let {uy, uo, ...} be an infinite sequence of vectors in the normed
linear space V and let {ay, a, . . .} be a sequence of scalars. We say

that the series -
> anw
n=1

towe Vif

m

mIInOCHW—Zanu,,H =0.

n=1

29



Closure and completeness

Two further properties are defined for an infinite orthonormal
system {ey, €, ...} in an inner product space V.

Definition (Closed)
The system is called inVifforallue V

m

Jim =" (u.er)enl| = 0.

n=1

Definition (Complete)
The system is called in V if the zero vector u = 0 is the only
solution to the set of equations

(u,en) =0 n=1,2,....

30



Remarks on closure and completeness

» It can be shown that a closed infinite orthonormal
system {ey, e,,...} is necessarily complete (but not the
converse).

» If a system is closed then there must exist some u € V such
that the linear combination

m

> (u,en)en

n=1

cannot be made arbitrarily close to u, for all choices of m.

» If the system is closed it may still be that the required number of
terms in the above linear combination for a approximation
is too great for practical purposes.

» Seeking alternative closed systems of orthonormal vectors may
produce approximations in the sense of requiring fewer
terms for a given accuracy.



Fourier series




Representing functions

In seeking to represent functions as linear combinations of simpler
functions we shall need to consider spaces of functions with closed
orthonormal systems.

Definition (piecewise continuous)

A function is if it is continuous, except at a finite
number of points and at each such point of discontinuity, the right and
left limits exists and are finite.

The space, £, of piecewise continuous functions f : [-7, 7] — Cis
seen to be a linear space, under the convention that we regard two
functions in E as identical if they are equal at all but a finite number of
points.

For f,g € E, then

o) =1 [ fgiox

—T

defines an inner product on E.

33



A closed infinite orthonormal system for E

An important result is that

{\;é’ sin(x), cos(x), sin(2x), cos(2x), sin(3x), cos(3x), ... }

is a closed infinite orthonormal system in the space E.
Here we shall just demonstrate orthonormality and omit establishing
that this system is closed.

34



Writing
|l =+v<f f>

as the norm associated with our inner product, it can be establish that

=l
\[II
and similarily that foreach n=1,2,...
|| sin(nx)[[? = || cos(nx)|[? = 1

and that for m,n e N
<\if sin(nx)) =0

v

v

,cos(nx)) =0

v

sin(mx),cos(nx)) =0
sin(mx),sin(nx)) =0, m# n
cos(mx),cos(nx)) =0, m# n.

v

v

(75
(
(
(

85}



Fourier series

From our knowledge of closed orthonormal systems {ey, ez,...} we
know that we can represent any function f € E by a linear
combination

oo

> (f.enen.

n=1

We now turn to consider the individual terms (f, e,)e,, in the case of
the closed orthonormal system

{\1@, sin(x), cos(x), sin(2x), cos(2x), sin(3x), cos(3x), ... } .

There are three cases, either e, = % or sin(nx) or cos(nx). Recall

that the vectors e, are actually functions
in E={f:[-m,n] — C: fis piecewise continuous}

36



If e, = 1/v/2 then

(F, en)en = % (/_7; f(t)\}édt) \}2 - ;T/_: (t)dt

If e, = sin(nx) then

(f,enyen = % (/7; f(t) sin(nt) dt) sin(nx) .

If e, = cos(nx) then

(f,en)en = % (/_7; f(t) cos(nt) dt) cos(nx).



Fourier coefficients

Thus the linear combination

oo

> (f.enen

n=1

becomes the familiar Fourier series for a function f, namely

% + i [an cos(nx) + b, sin(nx)]

n=1

where
1 T
.1 s

bn:f/ f(x)sin(nx)dx, n=1,2,3,....

™

Note how the constant term is written a/2 where ag = 1 [ _f(x)dXx.

T

38



Periodic functions

Our Fourier series

ap

5 + f: [an cos(nx) + b, sin(nx)]

n=1
defines a function, g(x), say, that is 27-periodic in the sense that
a(x + 2r7) = g(x), forallx e R.

Hence, it is convenient to extend f € E to a 2x-periodic function
defined on R instead of being restricted to [—, 7].

39



Even and odd functions

A particularly useful simplification occurs when the function f € E is

either an function, that is, for all x,
f(—x) = f(x)
or an function, that is, for all x,
f(=x) = —f(x).

The following properties can be easily verified.
1. If f, g are even then fg is even

If f, g are odd then fg is even

If fis even and g is odd then fg is odd

If g is odd then for any h > 0 then ffh g(x)dx =0

o > 0N

If g is even then for any h > 0 then ffh g(x)dx =2 joh g(x)dx.

40



Even functions and cosine series

Recall that the Fourier coefficients are given by

1

anzf/ f(x)cos(nx)dx, n=0,1,2,...

T
by = 1 f(x)sin(nx)dx, n=1,2,3,...
™ —T
soif fis then they become

an:g/ f(X)COS(nX)dX, n:0’1’2""
™ Jo

by=0, n=1,2,3,....

41



Odd functions and sine series
Similarly, the Fourier coefficients
an= %/ f(x)cos(nx)dx, n=0,1,2,...

bnzl/ f(x)sin(nx)dx, n=1,2,3,...,
T™J—n

for the case where f is an function become
a,=0, n=0,1,2,...

bn:g/ f(x)sin(nx)dx, n=1,2,3,....
T Jo

42



Fourier series: examples |

Consider f(x) = x for x € [—m, ] then f is clearly odd and so we need

to calculate a sine series with coefficients, b,, n=1,2,...

given by

bn = i/oﬂxsin(nx)dx— % { {—XCOS,()nX)K +/O”cos,(7m()dx}

e
:2{—ﬂ(_1)n+0}:2(_1n)n+1.

m n
Hence the Fourier series of f(x) = x is

n+1

i 2(= sin(nx) .

n=1

Observe that the series does not agree with f(x) at x =
matter that we shall return to later.

+r—a

43



Fourier series: examples Il

Now suppose f(x) = |x| for x € [—m, w] which is clearly an even
function so we need to construct a cosine series with coefficients

T 2
ao:g/ XdX:gl:w
0

T T2

andforn=1,2,...

an—i/oﬂxcos(nx)dx—i{{xsnzm}:/Oﬂs'in;m()dx}

_2{[cos(nx)r}_2{(—1)”—1}_ —-4 nisodd
T m |, n? |0 nis even

Hence, the Fourier series of f(x) = |x| is

Z—;7T(2k41)2003((2k—1)x).

44



Complex Fourier series |

We have used real-valued functions and as our
orthonormal system for the linear space E but we can also use
complex-valued functions. In this case, we should amend our inner
product to

(f,g) = 217 ! f(x)g(x)dx .

A suitable orthonormal system in this case is the collection of

functions . o '
{1 , e/x7 efIX’ ele7 e712X7 B } )

Then if f € E we have a representation, known as the
of f € E, given by

oo
Z C einx
n
n=—oo

where

Ch=— f(x)e~™dx, n=0,+1,42, ... .
2

—T

45



Complex Fourier series |l
Euler’s formula (€% = cos(x) + isin(x)) gives for n = 1,2, ... that
einx

—inx

= cos(nx) + i sin(nx)
e "™ = cos(nx) — isin(nx)

and e = 1. Using these relations it can be shown that

forn=1,2,...
_ap— by _ap+ b,
Cn - 2 ) Cfn - 2 .
Hence,
ap=Cn+ C_p, bp =i(cnh — C_p)
and - ;o
_ 00Xy f _a
Co= 5 /4 f(x)e™™*dx o /4 (x)dx 5 -

46



Pointwise convergence and Dirichlet’s conditions

The closure property of the trigopnometric orthonormal system
guarantees that the Fourier series for any function f € E
to f. That s,

lim ||f(x) — <320 + Em: [ancos(nx) + by, sin(nx)]) =0

m—oo
n=1

or, equivalently,

™
lim /
m— oo Jp

As we have already seen in the example of f(x) = x, this does not
imply convergence to f(x) at every point x.

2
dx=0.

f(x) — <a20 + i [an cos(nx) + by, sin(nx)])

n=1




The Dirichlet conditions

We now consider conditions on the space of functions that allow us to
determine how the Fourier series behaves at individual points x.

Definition (Dirichlet conditions)
We define a subspace, E’, of E by the
1. feE
2. For all x € [—m, w) both the left and right derivatives exist (and
are finite).

Recall, that in the space E each function has a left and right limit at
every point. Let these values be f(x—) and f(x+), respectively.

48



Theorem (Dirichlet’'s theorem)
For all x € [—m, 1] the Fourier series of a function f € E’ converges to
the value of the expression

f(x—) + f(x+)
o

» Here we should consider f not just defined on [—, 7] but also
make it 27-periodic to handle the end points +x correctly.

» Recall that functions f € E can have at most a finite number of
points of discontinuity (that is, points where f(x—) and f(x+)
differ).

» Hence, we can conclude that if a function f satisfies the Dirichlet
conditions then the function’s Fourier series converges to f at all
points where f is continuous and at points of discontinuity it
converges to the average of the left and right hand limits. This
was indeed the case in our earlier example where f(x) = x.

49



General intervals

We have so far considered functions defined on the interval [—, 7]
but we may readily extend our approach to a general interval of the
form [a, b] (for any a < b). If we define E|a, b] to be the space of
piecewise continuous functions f : [a, b] — C then we may define the
Fourier series of f € E[a, b] as

2 o325 ()]

n=1

where

50



This may be justified by showing, for example, that

{\1@,003 ((in_m;)) ,8in (:)nj);)) forn = 172,...}

is an infinite orthonormal system for functions in E[a, b] with respect
to the inner product

b [
(f.g9) = (bz_a)/a f(x)g(x)dx .

: establish the corresponding details for the case of the
complex Fourier series representation and a general interval [a, b].



Fourier transforms




Introduction

» We have seen how functions f : [-7, 7] — C, f € E can be
represented in alternative ways using closed orthonormal

systems, such as
o0
Z Cneinx

nN=—oo

where
1" .
Ch= —/ f(x)e?™dx n=0,+1,4+2,....
27 J_,

The domain [—m, 7] can be swapped for a general interval [a, b]
and the function can be regarded as L-periodic and defined for
all R, where L = (b — a) < o is the length of the interval.

» We shall now consider the situation where f : R — C may be a
non-periodic function.
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Fourier transform

Definition (Fourier transform)

For f : R — C define the of f to be the
function F : R — C given by

F(w) = f[f](w) = 217 [m f(X)eiindX
whenever the integral exists.
We shall use the notation F(w) or Fi7(w) as convenient. The

notation f(w) is also seen widely in the literature.
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For functions f : R — C define the two properties

1. . if f is piecewise continuous on every finite
interval. Thus f may have an infinite number of discontinuities but
only a finite number in any subinterval.

2. i
/ [f(x)|dx < oo

Let G(R) be the collection of all functions f : R — C that are
piecewise continuous and absolutely integrable.

55}



Immediate properties
It may be shown that G(R) is a linear space over the scalars C and
that for f € G(R)
1. F(w) is defined for allw € R
2. F is a continuous function
3. lim,_ 40 F(w)=0
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Examples

For a > 0, let f(x) = e~@*I then

1 [~ :
Flw)=5- / e e "Xax

1 9] ) 0 )
- {/ e e lwXgy 4 / eaxe/wxdx}
2n 0 —00

A o—(a+iw)x °°+ gla—iw)x70
Cor a+tiw |, a—iw |_

1 { 1 1 }
2r la+iw  a—iw

_a
m(a® + w?)
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Properties

Several properties of the Fourier transform are very helpful in
calculations.

First, note that by the linearity of integrals we have that if f,g € G(R)
and a, b € C then

Flat+bg)(w) = aFin(w) + bFig(w)

and af + bg € G(R).
Secondly, if f is real-valued then
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Even and odd real-valued functions

Theorem

Iff € G(R) is an even real-valued function then F is even and
real-valued. If f is an odd real-valued function then F is odd and
purely imaginary.

Proof.
Suppose that f is even and real-valued then

Flw) = 217 / f(x)e~“*dx

= 217 /_O:o f(x) [cos(wx) — isin(wx)] dx
_ 217 ~ 1(x) cos(wx)ax .

Hence, F is real-valued and even (the imaginary part has vanished
and both f and cos(wx) are themselves even functions). The second
part follows similarly. O

59



Shift and scale properties

Theorem
Letf € G(R) and a, b € R with a # 0 and define

g(x) =f(ax + b)
then g € G(R) and

1 w
Fial(@) = 3¢ °/ Ry (g)

60



Proof

Set y = ax + b so for a > 0 then

and fora< 0




Special cases

Two special cases are worth highlighting.
1. Suppose that b = 0 so g(x) = f(ax) and so

1

Flal@) = 7 (%) :

2. Suppose that a= 1 so g(x) = f(x + b) and so

Fig(w) = €“PFip(w).
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Theorem
Forf e G(R) and c € R then

Freextxy)(w) = Fip(w — ).

Proof.

1

f[efcx,«(x)](w) = Z/, eicxf(x)e’i“"dx

_ 1 > —i(w—c)x
o) f(x)e dx

= f[f](w — C).
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Modulation property

Theorem
Forf € G(R) and ¢ € R then

ff(w—C)—Fff(w-i-C)
ity cos(on) () = 1 2 .

Fin(w —¢) — Fin(w + ©)
Firsinon)(@) = 1 2i . :

Proof.
We have that

Fit(x) cos(ox)) (w) = f[f(x)w] (w)
1 1
= éf[f(x)eicx](w) + §f[f(x)e—icx] (w)
_ Finlw—c) + Fnw +¢)
= 5 .

Similarly, for Fif(x) sin(ex) ()
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Derivatives

There are further properties relating to the Fourier transform of
derivatives that we shall state here but omit further proofs.

Theorem
If f is such that both f, f' € G(R) then

f[f/](w) = iwf[f](w).
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Inverse Fourier transform

We have studied the Fourier transform. There is also an inverse
operation of recovering a function f given the function F(w) = F(w)
which takes the form

F(x) = [ " Fyw)e do.

More precisely, and recalling Dirichlet’s theorem for Fourier series,
the following holds.

Theorem (Inverse Fourier transform)

Iff € G(R) then for every point x € R where the one-sided derivatives
exist "
f(x=)+f , i
(X ); (X+) _ Mlin / ]_-[f](w)e/wxdw.
) _m

66



Convolution

An important operation between two functions in signal processing
applications is defined as follows.

Definition (Convolution)

If f and g are two functions R — C then the function,
written f x g, is given by

(r=9)) = [ flx—y)at)dy

whenever the integral exists.

Exercise: show that the convolution operation is commutative, that
isfxg=gxf.



Fourier transforms and convolutions

The importance of Fourier transform techniques in signal processing
rests, in part, on the following result that leads to much simpler
descriptions and mathematical formulae in the Fourier domain.

Theorem (Convolution theorem)
For f,g € G(R) then

]:[f*g](w) = Qﬂﬁf](w) : 7:[g] (w)-
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Proof

We have that

1 > —iwx
Fraw) = 57 [ (Fra)(x)e o

— 00

= 217 /_ Z ( /_ Z f(x — y)g(y)dy> e "“Ydx

2r —o0 J—00
-/ ( |t y)e'“’(”)dx) ay)e-“vdy

=21 Fp(w) - Fig(w) -
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Some signal processing applications
We first note two types of limitations on functions.
Definition (Time-limited)

A function f is time-limited if

f(x)=0 forall |x|>M
for some constant M.

Definition (Band-limited)
A function f € G(R) is band-limited if

Fip(w) =0 forall jw|>L

for some constant L.
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Let us first calculate the Fourier transform of

1 a<x<b
f(x) = .
{O otherwise .

We have that

— 00

S b
Flw)=5- / f(x)e~"*ax = 217 / e~ "¥ax.
a

So, for w # 0,

. b p :
1 efle eflwa _ eflwb
Flw)= {277 ( —iw >}a o 2miw '

However, for w = 0 we have that F(0) = 5= [2dx = &3
For the special case when a = —b with b > 0 then

glwb_g—iwb sin(wb)
F(w) — { 2miw - wr w # 0

w=0~0.

3o
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Low-pass filters

Suppose that f € G(R) with Fourier transform F(w) and choose a
positive constant L > 0. Define

<
FL(LU) _ F(w) ‘w| <L
0 lw| > L.
We wish to find f, such that Fj;,; = F, that is, a function band-limited

by L whose Fourier transform equals F in [-L, L].
Rewrite F(w) = F(w)Gi(w) where

)1 W <L
GL(“’){O w| > L.

We will now use the convolution theorem to find ;.
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By the inverse transform theorem we have that for |x| # L

Gilx) = [ e

But G, is clearly an even function so

> sinwlL
—e
wT

7iwxdw

GiL(X) = Gi(—x) = /

— 00

and if we interchange the variables x and w we have

1 [ 2sinlx
GL(w):Z/ SI: Xe—ioxgy

— 00

This says that if g, (x) = 280 then Fig,(w) = GL(w).
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In terms of convolutions we have

_ 1

fi 27r(f* ar)
w0 =5 [ )2 gy
1 [ f)sin(Lix - y)
T /_Oo X—y dy

In particular, if f € G(R) is such that Fis(w) = 0 for |w| > L then f

satisfies
f(x) = fi(x) = 1 /Qo f(y)sin(L(x *}’)))dy'

T J oo X—y
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Shannon sampling theorem

Theorem (Shannon sampling theorem)
Iff € G(R) is band-limited by the constant L then

sin(Lx — nx)

fx) = f: f(n%T) Lx — nm

Proof

Set F(w) = Fn(w) and use the inverse Fourier transform theorem to

give

f(x) = / F(w)e“*dw = / F(w)e“*dw.
o —L

So, taking x = 7 for n € Z we get

f(n—:) = /L F(w)e“"/ dw .
-L
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Consider the complex Fourier of F(w) restricted to w € [-L, L]

given by
oo
Z Cne—inmu/L
n=—oo

where the coefficients, c,, are

4 1 [t . 1, /n
Ch = <F, eflmrw/L> _ ﬁ/L F(w)e/nﬂw/de _ Zf (Tﬂ—)

Thus, since f is band-limited by L

F(w) = ( i Cne_i””“/"> GL(w).

n=—oc

Hence,

Flw) = i n_ioo f ('LL”) (e7™/tGu(w)) -



But we have seen that G, (w) = Fjzsuwj(w) hence using the shift

formula '

e_/mrw/’—GL(w) = }—[QL.,n](w)
where
2sin(Lx — nm)

9r.n(x) = -
n )(_nT

Putting this all together we have that

Fw) 2LZ ( )j:[gm]()

and taking inverse transforms

f(x) QLZ ( )gLn Zf( )%—ngw)



Remarks on Shannon’s sampling theorem

» The theorem says that band-limited functions by a constant L
(thatis, Fq(w) = 0 for |w| > L) are completely determined by
their values at evenly spaced points a distance 7 apart.

» Moreover, we may recover the function exactly given only it’s
values at this sequence of points.

» |t may be shown that the functions

sin(Lx — nm)
Lx — nm

for n € Z form an orthonormal system with inner product

gy == [ fgmek.



Discrete Fourier Transforms




We now shift attention from functions defined on intervals or on the
whole of R to sequences of values f[0], f[1],..., f[N — 1] and consider
how we might represent them.

An important result in this area of discrete transforms is that the
vectors {ep, ey, ..., ey_1} form an orthogonal system in the space CN
with the usual inner product where the n” component of e is given by

(ex)n=€™™/N n=01,2,... N—1.

and k=0,1,2,...,N—1.
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Applying the usual inner product

N—-1

<U, V> = Z U[”]m

n=0

we shall see that
|lex|[? = (ex,ex) = N.

In fact, using {ey, €1, ..., en_1} We can represent any
sequence f = (f[0], f[1],..., f[N — 1]) € CN by

=

1 N-

=N

<f, ek>ek .
0

>
Il

Recall the generalized Fourier coefficients that we studied earlier.



Orthogonality

We shall show orthogonality of the vectors ex by considering the N
distinct complex roots of the equation zV = 1. Put w = €*™/N then
the N distinct roots z; (j = 0,1,...,N — 1) of zZVN =1 are

2mij/N _

zi=¢ w.

Now for an arbitrary integer n

=

1 -1

I 2mink /N _
N

e
0 k=0
B {1 if nis an integer multiple of N
- 1

—wN :
NI =0 otherwise.

>
Il
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Thus,

2

(€a, €p) =

= >

—1

Il
4. o

(]

ES
I
o

So, indeed, we have that

N
0

g2rika/N g—2mikb/N

g2mik(a=b)/N

if (a — b) is a multiple of N
otherwise .

|lex||® = (ex, ex) = N.
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Definition (Discrete Fourier Transform/DFT)
The sequence F[k], k € Z, defined by

N—1
FIKl = (f,ex) = Zf[n]e‘z’”"k/"’

is called the N-point Discrete Fourier Transform of f[n]
Thus, forn=10,1,2,..., N — 1, we have the inverse transform

N—1
fln] = 1N > Flk]e?m /N
k=
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Periodicity
Note that the sequence F[k] has period N since

N—1
F[k + N] Z f[n]e—27rln(k+N Z f[n]e—Zmnk/N

using the relation

g—2rin(k+N)/N _ g—2mink /N g—2rin _ g—2mink/N

e e

FIK]
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Properties of the DFT

The DFT satisfies a range of similar properties to those of the FT
relating to linearity, and shifts in either the n or kK domain.
However, the convolution operation is defined a little differently.
Definition (Cyclical convolution)

The of two periodic sequences f[n] and g[n] of
period N is defined as

(fx9g)ln] = Zf[m]g[n m].

m=0

It can then be shown that the DFT of f x g is the product F[k]GIK]
where F and G are the DFTs of f and g, respectively.
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Fast Fourier Transform algorithm




Fast Fourier Transform

The Fast Fourier Transform is a new transform but a particular
numerical algorithm for computing the DFT.
Since

N—1
F[k] — Z f[n]e—ZTrink/N
n=0
= [0] + f[1]e 2" /N 1 ... 4 f[N — 1]e2mk(N-1)/N

we can see that in order to compute F[k] we need to do about 2N
(complex) additions and multiplications. To compute F[k] in this way
forall k =0,1,2,..., N — 1 would require about 2N? such operations.
In practice, where DFTs are computed for a large number of points N,
faster algorithms have been developed. Most approaches are based
on the factorization of N into prime factors and are known collectively
as ( ). In most popular methods N is
supposed to be a power of 2.
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Fast algorithms for the DFT

In 1965, James W. Cooley and John W. Tukey published a new and
substantially faster algorithm for computing the DFT than the

direct N? approach.

They showed that when N is a composite number with N = Py P> - Ppy,
then it is possible to reduce the cost of computing the DFT of a vector
of length N from

N2 = N(PiPy---Pp) to N((Pi—1)+(Pe—1)+ -+ (Pm—1))

complex operations. In the case when Py = P, = --- = P, = 2 then
this reduces from N2 = 22™ to 2™ . m = Nlog, N.

For example, if N = 1024 = 20 then there is a roughly a 100 fold
improvement from N2 = 1,048,576 down to Nlog, N = 10, 240.
See: J.W. Cooley and J.W. Tukey. (1965) An algorithm for the machine
computation of complex Fourier series, Math. Comp, 19, 297-301.
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We shall not derive any of the details here but instead give an
impression of how the method operates.
First, the task of computing the DFT can be represented with
matrices as

F = Af

but where the N x N matrix, A, has a great deal of internal structure.
Cooley and Tukey exploited this structure in the case when N = 2™
(so m = log, N) to rewrite A as a product of matrices each of which is

Since each of these matrices contains only a small number of
non-zero entries the effective number of complex operations is much
reduced compared to working with A itself.
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Wavelet Transforms




Wavelets

are a further method of representing functions that has
received much interest in applied fields over the last several decades.
The approach fits into the general scheme of expansion using
orthonormal functions. Here we expand functions f(x) in terms of a
doubly-infinite series

)= > dVi(x)
j=—00 k=—00

where VW (x) are the orthonormal functions.

The orthonormal functions arise from and operations
applied to a single function, ¥(x), known as the

The orthonormal functions are given for integers j and k by

Wi (x) = 2120 (2x — k)
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The Haar wavelet

A common example is the whose mother function is
both and defined by

1 fo<x<j,
U(x)=¢-1 iff<x<1,
0 otherwise.
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Wavelet dilations and translations

The Haar mother wavelet oscillates and has a width (or scale) of one.
The of ¥(x), namely,

L, W(272x), w27 X), W(x), W(2x), W(22X), . ..

have widths
222t 127t 22

respectively. Since the dilate W(2/x) has width 2/, its translates
W(2x — k) =w(2(x — k27)), k=0,+1,42,...

will cover the whole x-axis. The collection of coefficients di are
termed the , or , of the function f(x).
Just as with Fourier transforms there are fast implementations that
exploit structure.
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Interpretation of dj

How should we intrepret the values dj?
Since the Haar wavelet function W(2/x — k) vanishes except when

0<2x—-k<1, thatis k2/ <x < (k+1)27/

we see that di gives us information about the behaviour of f near the
point x = k2~ measured on the scale of 2.

For example, the coefficients d_1ox, Kk = 0,41, £2,... correspond to
variations of f that take place over intervals of length 2'° = 1024
while the coefficients dijo x kK = 0,41, £2,... correspond to
fluctuations of f over intervals of length 210,

These observations help explain how the discrete wavelet transform
can be an exceptionally efficient scheme for representing functions.
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Comparison with Fourier analysis

Some of the practical motivations underlying the use of the
orthonormal functions such as Fourier analysis or wavelet analysis
are

» improved understanding,

» denoising signals, and

» data compression.
By representation of signals or functions in other forms these tasks
become easier or more effective.
The approach taken with Fourier analysis represents signals in terms
of trigonometric functions and as such is particularly suited to

situations where the signal is relatively smooth and is not of limited
extent.
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Properties of naturally arising data

Much naturally arising data has been found to be better represented
using wavelets which are better able to cope with discontinuities and
where the signal is of local extent. Generally, the efficiency of the
representation depends on the types of signal involved. If your signal
contains

» discontinuities (in both the signal and its derivatives), or

» varying frequency behaviour

then wavelets are likely to represent the signal more efficiently than is
possible with Fourier analysis.



Other classes of wavelets

» One of the most useful features of wavelets is the ease with
which a scientist can select the wavelet functions adapted for the
given problem.

» In fact, the Haar mother wavelet is perhaps the simplest of a very
wide class of possible wavelet systems used in practice today.

» Many applied fields have started to make use of wavelets
including astronomy, acoustics, signal and image processing,
neurophysiology, music, magnetic resonance imaging, speach
discrimination, optics, fractals, turbulence, earthquake prediction,
radar, human vision, etc.
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