Domain of partial functions, X — Y

Underlying set: all partial functions, f, with domain of definition
dom(f) C X and taking values in Y. | «R@‘MNIL |

Partial order:

fCg iff dom(f)C dom(g)and (X'A&HB
Ve € dom(f). f(x) = g(x) ~
itt graph(f) S graph(g) | = e |
Lub of chain fy C fi C fo C ... is the partial function f with % |
dom(f) = U,>q dom(fn) and

(fn(x) if x € dom(fy), somen X
T) = <
f@) _undefined otherwise ”{’m""»\"»

Least element _L is the totally undefined partial function.
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Some properties of lubs of chains

Let D be a cpo.
1. Forde D,| | d=d

2. Foreverychaindg T diC...Cd,C...inD,

len — leN—l—n

forall N € N.
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3. Forevery pairofchainsdg T di C...Cd, C ...

eolertC...Ce, C...inD,
if d,, C e, foralln € N then

n

d

n

L

and

({(x,,) and (y,) chains)
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Diagonalising a double chain

Lemma. Let D be a cpo. Suppose that the doubly-indexed family
of elements dy, , € D (m,n > 0) satisfies

m<m &n<n = Amn & dpy (7)
Then
| |dow © | |din & | |dom T ...
n>0 n>0 n>0
and

LI dm,O L LI dm,l L LI dm,;g L ...

m>0 m>0 m>0
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Diagonalising a double chain

Lemma. Let D be a cpo. Suppose that the doubly-indexed family
of elements dy, , € D (m,n > 0) satisfies

m<m &n<n = Amn & dpy (7)
Then
| | dow © | |din & | |dam £ ...
n>0 n>0 n>0
and
| | dmo ©T | | dmg & | | dms T ...
m=>0 m=>0 m=>0
Moreover

L { L dmn ) = [ dir =[] | L] dma

m>0 \n>0 k>0 n>0 \m=>0
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Contlnmty and strictness \ \\ \ W\ O\

( . OOM i

( e If D and E are cpo’s, the function f is continioys if
U‘l 1. it is monotone, and
d‘M . it preserves lubs of chains, /.e. for all chains

do C di T ... inD,itis the case that

L

| LI dy) in E. KPMZ
LA n>0 n>0
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Continuity and strictness

o If Dand F

are cpo’s, the function f is continuous iff

1. it is monotone, and

2. it preserves lubs of chains, i.e. for all chains

do C dy

iff (L

( L;;dd))

. in D, it is the case that

ef(L_Idn):: LJ f(dp) inE. LU .C

| et

n>0 n>0

J‘E EZL@CDD>D§’2(FO'(\

Ntd D> nwslﬁvﬁl

o If D and E have least elements, then the function f is strict
don 1#
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Tarski’s Fixed Point Theorem

Let f : D — D be a continuous function on a domain ). Then

e f possesses a least pre-fixed point, given by

fiz(f)=| | f*(L).

n>0

e Moreover, fix(f) is a fixed point of f, i.e. satisfies

f(fiz(f)) = fix(f), and hence is the least fixed point of f.

38



Mewn.
LE fy= fusffe) = Hos Hiora-
Lt ﬁ@)?#(ﬂg EIVLC—ULZ WUWZ-”
cpim N forf




