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Tarski’s Fixed Point Theorem

\ /

Let f : D — D be a continuous function on a domain ). Then

-«

e f possesses a least pre-fixed point, given by

fir(f) = | | fM(L).

n>0

e Moreover, fix(f) is a fixed point of f, i.e. satisfies

f(fiz(f)) = fiz(f), and hence is the of f.
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[while B do C]

[while B do (]

= fix(fipy,1c7)

= Uh>o fimp101™ (L)

= \s € State.
( [C]*(s) itk > 0issuchthat [B]([C]*(s)) = false
< and [B]([C]*(s)) = trueforall 0 < i < k

_ undefined if [B]([C]*(s)) = true foralli > 0
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Discrete cpo’s and flat domains

For any set X, the relation of equality

rCa & =2 (z,2" € X)

makes (X : E) Into a cpo, called the discrete cpo with underlying

set X.
X

X1

[
7%(;6@ e,
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Discrete cpo’s and flat domains

N, natuvd bty
A din

For any set X, the relation of equality

rCa € p=2o (z,2" € X)

makes (X : ;) Into a cpo, called the discrete cpo with underlying

set X.

def
Let X | = X U{L}, where L is some element notin X . Then

iCd ¥ (d=d)v(d=1) (ddecX))

makes (XL, E) into a domain (with least element _L), called the
flat domain determined by X.
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Binary product of cpo’s and domains

The product of two cpo’s (D1, E1) and (D3, E2) has underlying
set
D1 X _D2 = {(dl,dg) ‘ dl - D1 & d2 - DQ}

and partial order L defined by

(d1,do) C (dy,dy) S dy Ty dy & dy Co dfy .

fwﬁ\!\}% AL

(1, 22) C (y1,92)

r1 L1 T2 Lo Yo
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Lubs of chains are calculated componentwise:
LI (d1nsdopn) = (u d1i, |_| da,j) -
n>0 i>0 7>0

If (D1,E1) and (D3, Co) are domains sois (D1 X Ds, C)
and L p, «xp, = (J_Dl, J_DQ).
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Continuous functions of two arguments

Proposition. Let D, E, I be cpo’s. A function
f : (D x E) — F is monotone if and only if it is monotone in

each argument separately:

Vd,d' € D,ec E.dCd = f(d,e) C f(d,e)
Vde D,e,e e E.eCe = f(d,e)C f(d,¢).

Moreover, it is continuous if and only if it preserves lubs of chains

in each argument separately:

f( dmve):

m>0

n>0

f(dm,e)

= m>0
fd, | |en)=| | f(d en).

44



7[: @XE)*’?“/C B
£ naetod f - (2)E(x,9') & %’@‘
— 72(1,739'7&(2,7

whw"v ;77 12’ = #[1,?> Qﬁﬂ[z',y\, J/?

@‘(’5@) ('th@n)“‘ww 1/(7%{7 )#wg
(OP (1,9} = h' 7\’“’) '7[)(1‘73 qﬁ ”\g
© (x'9)E b g )= £l1l) qﬂm )



78 1S WJR# N o ()/uﬂm‘hw A

j[’ (UVLU“/W >>

= ff(‘xﬂ, (7@
//% fﬂ Lol oA
Y Chan Ltmy ad oy
L T (Rmy) = U fmg)
\/Ol’\ma 474/\3 g X,

f (1 Uy =t f (re)




e A couple of derived rules:

(f monotone)

1vde
F Uy s L, ) = L £ (s ) @pm )

b
UC(UWIW}UVL?M) = I\W\J 'P(M,UW?V‘B *‘-’ILV;‘J LVL) f)p’(fm,‘éln>
— U[L ﬁ(ﬂ“,%)



