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Function cpo’s and domains

Given cpo’s (D, Cp) and (E, Cg), the function cpo
(D — F, C) has underlying set

def

(D—FE) = {f| f:D— FEisa continuous function }

and partial order: f C ' & ¥ vieD. f(d)Cg f'(d
L—; hor /@%# VL&‘M]

f E(D—>E) g =xLpy

f(z) Cg(y)

e A derived rule:
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Lubs of chains are calculated ‘argumentwise’ (using lubs in E/):

| | fo = XdeD. || fuld) .

n>0 n>0

If E/ is adomain, thensois D — Fand L p ,g(d) = Lg,all
deD.
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Lubs of chains are calculated ‘argumentwise’ (using lubs in E/):

| | fo = XdeD. || fuld) .

n>0 n>0

e A derived rule:

(L fr) (L m) = Ly fro ()

If E/ is adomain, thensois D — Fand L p ,g(d) = Lg,all
de D.
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Continuity of composition

For cpo’s D, E/, F', the gomposition function
o: ((E—=F)x(D—FE)— (D—F)
defined by setting, forall f € (D — E)andg € (EF — F),

go f|= )\dED.g(f(d))
5(f&é)|scont|nuous. | gg 'LL@_P)E) N, %1‘,‘ @’4?)
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Continuity of the fixpoint operator

Let D be a domain.

By Tarski's Fixed Point Theorem we know that each
continuous function f € (D — D) possesses a least

fixed point, fix(f) € D.
Proposition. The function

fit : (D—D)— D

is cont/nuous ftg i @94 D /> %’%(1&] /WL @7 &D
0{)“ Chorn > @,)) =\ f»} (Um[n =D, (Eé@m)
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Topic 4

Scott Induction
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Scott’s Fixed Point Induction Principle

Let f : D — D be a continuous function on a domain D.

For any admissible subset S C D, to prove that the least

fixed point of f isin .S, i.e. that Su w Ao A S -- SAE tf\g
—— o~
fu(fles, =\ des

it suffices to prove Tm b Lot dun O V"Lj{ /\(\
VvdeD(deS = f(d)eS9). et Thauc [o
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