PCF evaluation relation

takes the form

M.V

T

where
e 7 is aPCF type
o M,V € PCF, are closed PCF terms of type T

e |/ isavalue,

V =0 |succ(V) | true | false |fnx: 7. M.
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PCF evaluation (sample rules)

(U’V&l) |4 \U/’T 4

(V' avalue of type 7)
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PCF evaluation (sample rules)

(llcbn)

=

Ca/(,(-b?‘«ncymé |

(V1) VI,V (V avalue of type 7)

M1U7._>7./ fnilj‘IT.M{ M]/_[MQ/CC] UT/V

My Mo § V

e
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PCF evaluation (sample rules)

(V1) VI,V (V avalue of type 7)

(l} ) MlUT—m-’ fnilj‘ZT.M{ M{[MQ/QZ‘] UT/V
cbn

My Mo § V

Mtix(M))y, V

(uﬁx) ﬁX(M) UT v
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? Contextual equivalence ngchm«é

—
Two phz/es of a programming language are contextually
equivalent if any occurrences of the first phrase in a

complete program can be replaced by the second phrase

without affecting the observable results of executing the

program.
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Contextual equivalence of PCF terms

Given PCF terms M, Mo, PCF type T, and a type

environment I', the relation |I' = My S Mo @ T

IS defined to hold iff

e Both the typings I' = M7 : 7 and |

"+ M5 : 7 hold.

e For all PCF contexts C for which C[M1] and C|M5)] are

closed terms of type vy, where v =
and for all values V' : ~,

nat ory = bool,

C[Ml] U’W V & C[MQ] UW V.
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PCF denotational semantics — aims
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PCF denotational semantics — aims

e PCFtypes 7 +—> domains |7

]
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PCF denotational semantics — aims

e PCFtypes 7 +> domains |7].

e Closed PCFterms M : 7 +— elements [M] € [7].

Denotations of open terms will be continuous functions.

rﬂ}—ﬁ ZJ T??Wj — [[27]  tontinuwens
g/(,gwé/\m [mﬂ/%ﬁf ‘!\‘V‘é m

/Q/W\[(\EW\W/\U"‘%‘
Q¥ -
T uerMid): (o) 52’z
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PCF denotational semantics — aims

e PCFtypes 7 +> domains |T].

e Closed PCFterms M : 7 — elements [M] € [7].

Denotations of open terms will be continuous functions.

In particular: [M] = [M'] = [C[M]] = [C[M']].
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PCF denotational semantics — aims

PCF types 7 +— domains [7].

Closed PCF terms M : 7 +— elements [M] € [7].

Denotations of open terms will be continuous functions.

Compositionality.

In particular: [M] = [M'] = [C[M]] = [C[M']].

Soundness.
Foranytype 7, M ||V = [M] = [V].
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PCF denotational semantics — aims

PCF types 7 +— domains [7].

Closed PCF terms M : 7 +— elements [M] € [7].

Denotations of open terms will be continuous functions.

Compositionality.

In particular: [M] = [M'] = [C[M]] = [C[M']].

Soundness.
Foranytype 7, M ||V = [M] = [V].

Adequacy.
For 7 = bool or nat, [M]| =[V]e|r] = M|, V.

70



Theorem. For all types T and closed terms My, My € PCF .,

if [M1] and [ M>] are equal elements of the domain | 7], then
M 1 gctx M2 . T.

Aesume QMY =10 Y- Coialed E=T:%
é[M”j\”/\/ — LéCMﬂ@ //\/@ Crurdnd/r

N @g[m NI iy

/'/l/ édg‘y.
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Theorem. For all types T and closed terms My, My € PCFE ',

if [M1] and | Ms] are equal elements of the domain 7], then
M 1 gctx MQ . T.

Proof.

CIMi] ),V = [C[M1]] = [V] (soundness)

= [C|Ms]] =[V] (compositionality
on [M;] = [M>])

= C[MQ] Unat |4 (adequacy)

and symmetrically. []
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Proof principle

To prove

it suffices to establish

M1 %JCtX M2 T

[M;] = [Mz] in [7]

) - [k

a—

M( gd@x )‘A’L
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Proof principle

To prove
M1 gctx M2 . T

it suffices to establish

[M;] = [Mz] in [7]

?| The proof principle is sound, but is it complete? That is,
Is equality in the denotational model also a necessary
condition for contextual equivalence?
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Topic 6

Denotational Semantics of PCF
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Denotational semantics of PCF

To every typing judgement
I'EM:T1
we associate a continuous function
II'= M| : [T — 7]

between domains.
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Denotational semantics of PCF types

[nat] = N (flat domain)

[bool] B, (flat domain)

where N = {0,1,2,...} and B = {true, false}.
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Denotational semantics of PCF types

[nat] = N (flat domain)
[bool] B, (flat domain)
[T — T’]]déf [7] — [7] (function domain).

where N = {0,1,2,...} and B = {true, false}.
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Eo: OV =L

Denotational semantics of PCF type environments

] L [ ecaomm [T'(z)]  (I-environments)

o o o b
dfe o Vsl i The Asiad] defockoed T
s el NM%/B(M agpzsaled br o & 71

,/l_. (I;,'ny e lw%) o~ T [‘L('f—")Z{j (= —in



Denotational semantics of PCF type environments

] L [ ecaomm [T'(z)]  (I-environments)

— the domain of partial functions p from variables
to domains such that dom(p) = dom(I") and
p(x) € [I'(x)] forall x € dom(T")
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Denotational semantics of PCF type environments

] L Hajedom(F) ['(x)]  (T-environments)

— the domain of partial functions p from variables
to domains such that dom(p) = dom(I") and
p(x) € [['(x)] forall x € dom(I")

Ml={1} = @  eyfqed

where L denotes the unique partial function with

dom(L) = 0.
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2. [(x — 7)]

{z}—Ir])
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2. [(x — 7)]

{z}—Ir])

12

7]
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00000

X ({zn} = [ml])
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Mt o [Neml) s M) — 2]

Denotational semantics of PCF terms,| (AW

T+ 0](p) ¥ 0 € [nat]

[rebudlf=Xpe 0l yue

NS true]](,lg) L true € [bool]

|

[I" - false](p) © false € [bool]

7
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Denotational semantics of PCF terms, |

[T 0](p) ¥ 0 € [nat]

' F true](p) L true [bool]

[I" - false](p) © false € [bool]

[T 2](p)€ p(z) € [C(x)] (2 € dom(T))

[%1274/~-) Tuw ' O, 1——-21::7,(74

= AP f) €M@Yy < lad . fr
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Denotational semantics of PCF terms, Il

[I" = succ(M)](p)

’

[T+ M](p)+1 if [l + M](
1 it [T - M](

=

)

=

£
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Denotational semantics of PCF terms, Il

[I" = succ(M)](p)

(

et [IUF MI(p)+1 [T F M(p) # -

L it [T - M](p) = _

[I" = pred(M)](p)
dof <’[[r - M](p) — 1 if [T+ M](p) >0
L it [[' - M](p) =0

\



Denotational semantics of PCF terms, Il

[+ suce(M)] (p)

’

d§f< [[Fl—M]](p)—l—l if[[rl—M]](

)
L [0 - M](p) = L

S
L

\

[I' - pred(M)](p)

dof <’[[r - M](p) — 1 if [T+ M](p) >0
L it [[' - M](p) =0, L

{true if [ = MJ[(p)=0

\

def

II' = zero(M)|(p) = < false it [I'F M](p) >0

LT M](p) = L
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Denotational semantics of PCF terms, lli

" = if My then M, else Ms|(p)

T F M) (p) if [T+ M](p) = true
L LM M](p) it [T F Mi](p) = false
L [T F M]

|
|_

S
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Denotational semantics of PCF terms, lli

" = if My then M, else Ms|(p)

{[[F = Ma[(p) it [I'= Mi](p) = true
def

T Ms](p) it [T+ My](p) = faise
1 [T F M] 1

S

[T+ My My](p) % ([0 + Mi](p)) (IT + Ma](p))

! cfiry-zn) € o)

§C a
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77 & Denotational semantics of PCF terms, | Uﬂ J X[{ Z/'U ?uf
L\/ M >4 :
T - fn/;AATZ ]\g M [/ o 6[(’7/74 [[ YJ %’“j
def (x & dom(T))

= Ad e |[7]. Iz — 7] F M](p[z — d])

Adé[z@ A1 e Ujd>

NB: p|z — d] € [I'[x — 7]] is the function mapping x to d € [7]
and otherwise acting like p.
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Denotational semantics of PCF terms, V

def

[I' - fix(M)](p) = fix([I' = M](p))

Recall that fix is the function assigning least fixed points to continuous
functions.
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Denotational semantics of PCF

Proposition. For all typing judgements ' = M : T, the
denotation

II'E M]:[T] — [7]

is a well-defined continous function.

—a
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