A
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A suggestive notation

A— B
Va.A
Jo. A
ANB
AV B

Types correspond to propositions

(Part 1 of the Curry-Howard correspondence)
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What logic?

A~ corresponds to propositional logic

B A— B ANB AV B

System F corresponds to second-order propositional logic

Va.A Ja. A

System Fw corresponds to higher-order propositional logic

Ao A AB

What about first-order logic?



Propositional vs predicate

Propositional logic Predicate logic (FOPL)
P—Q P(z)

(VP.P = P) = (3Q.Q = Q) Va € A.P(z)



Lambda and logic cubes

Fw \C
F T AP2
Aw —— | —>= \Pw




Lambda and logic cubes

Fuw AC PROPW — PREDw
A V4
F AP2 PROP2 —— PRED2
\
Aw —— | — A\Pw PROPw — | — PREDwW
e
)ﬁ/ )\P/ PROP —— PRED
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More suggestive notation

'-M:A— B FrEN:A 'HA— B rEA
I'FMN:B I'=B

Terms correspond to proofs

(Part 2 of the Curry-Howard correspondence)



Inference rules for —

zAEl Lo AeT
Tre: A TrA
xe:A-M: B . A B

TFwAM:A B 'nro T4 B
I'-M:A—B I'A— B
TEN:A THA

TEMN: B o eim T B



Inference rules for x

'FM:A I'-N:B X-intro A T'B Asintro
'-(M,N): AxB I'FAAB
IEM:AxB x-elim-1 LEARD A-elim-1
I'Efst M : A ) ) THA
LEM:AxB x-elim-2 FFA%AB/\—eIimQ

I'ksnd M: B I'FB



Classical vs intuitionistic logic

Classical logic Intuitionistic logic
Emphasis on truth Emphasis on proof
Truth values: T, L Proofs inhabit propositions

AV —A always holds AV —A doesn't hold in general



Brouwer-Heyting-Kolmogorov (BHK) interpretation

A proof of A — B:
a function that builds a proof of B from a proof of A.

A proof of A A B:
a pair of a proof of A and a proof of B.

—-A
means A — |

s
has no proof
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Continuing the correspondence

Types correspond to propositions
Programs correspond to proofs

Evaluation corresponds to proof simplification

(The three-part Curry-Howard correspondence)



Who should care?

Language designers
e.g. linear logic: restrictions on structural rules
corresponds to a language with resource management guarantees

Logicians
since results about programming languages transfer “for free”

e.g. strong normalization implies consistency

Authors (and users) of proof assistants
e.g. Coq and other tools based on type theory

Programmers?



Logical equivalences

VB.(Va.(Pa — B)) — B > Ja. Pa

VB.(P=BAN Q@B =B < PVAQ

Proof: we must show

VB.(Va.(Pa — ) — B F Ja.Pa
Ja.Patk VE.(Va.(Pa — 8)) — B

etc.



Let I' = VB.(Vae.Pa — ) — B. Then

T, a, Pak Pa

I',a, Pao+da.Pa E—Int.ro
r'+VvB.(Va.Pa — B) = 8 el T, - Pa = Jo.Pa :-.lntro
TF (Ya.Pa — 3a.Pa) » 3a.Pa " TFVa.Pa— 3a.Pa "”Itf°
—-elim

I'da.Pa



A program from a proof

Let I' = V5.(Va.Pa — 8) — B. Then

ToParPa _
I', o, Pa da.Pa -Int-ro
—-intro
Lrvg(VaPasf =B . .~ T, aFPasdaPa
TF (Vo.Pa — 3a.Pa) - 3a.Pa "  TFVYaPa—o3aPa
I'Jdoa.Pa —-elim
Right subtree:
T, a, Pat Pa -
', a, Pat Jda.Pa -Imfro
T,afF Pa—3Ja.Pa "1
V-intro

I'FVa.Pa — da.Pa



A program from a proof

Let I' = V5.(Va.Pa — 8) — B. Then

TaParPa _
I', o, Pa da.Pa -Int-ro
—-intro
T'+VE.(Va.Pa — B) — B Vel T,aF Pa — Ja. Pa o
TF (Vo.Pa — 3a.Pa) - 3a.Pa "  TFVYaPa—o3aPa
I+ Ja.Po —-elim
Right subtree:
I'a,v: PaeFv: Px ™
', a, Pat Jda.Pa -lr-ltro
T,afF Pa—3Ja.Pa "1
V-intro

I'FVa.Pa — da.Pa



A program from a proof

Let " = Vﬂ(VOLPOé — /B) — 6 Then

T,a, PaF Pa  _

T, a, Pat Ja.Pa H-Int-ro
NV e Balas)Ss . I, at Pa— Ja.Po —>—.|ntro
T (Ya.Pa > 3aPa)>3a.Pa ' "  TrVaPa—daPa M0

I'Fda.Pa

—-elim

Right subtree:

I'a,v: PaFv: Pa

I', a,v: Pal pack a, v as da. P : da. P
I' ak Po — Ja.Pa
I'-Va.Pa — da.Pa

J-intro

—-intro

V-intro



A program from a proof

Let I' = VB.(Va.Pa — B) — B. Then

I', a, Po - Pa .
I', o, Pa+Jda. Pa H-mt-ro
T+ VA.(Va.Pa — B) — f8 . T,afF Pa—Ja.Pa MO
TF (Ya.Pa— 3a.Pa)—3a.Pa "™ Tt Va Pao3a.Pa Mo

I'da.Pa

—-elim

Right subtree:

I'a,v: PaoFv: Pa
I', o, v: PaF pack a,v as da. P : da. Pa
', abF Av: Pa.pack a, v as da. Pa : Pa — Jda. Pa
I'-Va.Pa — da. P

J-intro

—-intro
V-intro




A program from a proof

Let " = Vﬂ.(VQ.POL — /B) — (. Then

T, a, Pa+ Pa

I', a, Pa+da.Pa ;
L IE VB (Ve ew = F) =0 [ : T,ar Pa—3Ja.Pa "0
TF (VoPa—JePa)o3aPe " TrvaPaodaPa N

I' - Jda. Pa

J-intro

—-elim

Right subtree:

I' a,v: PaFv: Pa
' a,v: Pal pack a, v as da. P : da. P
I'ak Av: Pa.pack a, v as Ja.Pa : Pa — Ja. Pa
' Aa.\v: Pa.pack a,v as da.Pa : Va.Pa — da. Pa

J-intro

—-intro
V-intro




A program from a proof

Let I' = H:VB.(Va.Pa — ) — B. Then

T, «, Pat Pa

I' a, Pao+da.Pa :
F'FVvB.(Va.Pa— B) — 8 ) T, aF Pa — Ja. Pa —>-Imtro
I'- (Va.Pa — 3a.Pa) — Ja.Pa V-elim I'FVa.Pa — da.Pa V-intro

I'da.Pa

J-intro

—-elim

Right subtree:

I'a,v: PoFv: Px
I', a, v: PaF pack a,v as da. Pa : Ja. Pa
', aF Av: Pa.pack a,v as da.Pa : Pa — da. Pa
' Aa. v: Pa.pack a,v as da.Pa : Va.Pa — Ja. Pa

Left subtree:

J-intro
—-intro
V-intro

'Evg.(Va.Pa— B) — B
' (Va.Pa — Ja.Pa) = Ja. Pa

V-elim



A program from a proof

Let I' = H:VB.(Va.Pa — ) — B. Then

T, «, Pat Pa

I' a, Pao+da.Pa :
F'FVvB.(Va.Pa— B) — 8 ) T, aF Pa — Ja. Pa —>-Imtro
I'- (Va.Pa — 3a.Pa) — Ja.Pa V-elim I'FVa.Pa — da.Pa V-intro

I'da.Pa

J-intro

—-elim

Right subtree:

I'a,v: PoFv: Px
I', a, v: PaF pack a,v as da. Pa : Ja. Pa
', aF Av: Pa.pack a,v as da.Pa : Pa — da. Pa
' Aa. v: Pa.pack a,v as da.Pa : Va.Pa — Ja. Pa

Left subtree:

J-intro
—-intro
V-intro

I'tH:VB3.(Va.Pa— B) = B
' (Va.Pa — Ja.Pa) = Ja. Pa

V-elim



A program from a proof

Let I' = H:VB.(Va.Pa — ) — B. Then

T, «, Pat Pa

I' a, Pao+da.Pa :
F'FVvB.(Va.Pa— B) — 8 ) T, aF Pa — Ja. Pa —>-Imtro
I'- (Va.Pa — 3a.Pa) — Ja.Pa V-elim I'FVa.Pa — da.Pa V-intro

I'da.Pa

J-intro

—-elim

Right subtree:

I'a,v: PoFv: Px
I', a, v: PaF pack a,v as da. Pa : Ja. Pa
', aF Av: Pa.pack a,v as da.Pa : Pa — da. Pa
' Aa. v: Pa.pack a,v as da.Pa : Va.Pa — Ja. Pa

Left subtree:

J-intro
—-intro
V-intro

TFH:V3.(Va.Pa— B) = B
' (Va.Pa — Ja.Pa) — Ja. Pa
' H Fa.Pa]: (Va.Pa — Ja.Pa) — Ja.Pa

V-elim




A program from a proof

Let I' = H:VB.(Va.Pa — ) — B. Then

T, «, Pat Pa

I' o, Pao+da.Pa :
F-Vp.(Va.Pa— ) = B ) T, aF Pa — Ja.Pa —>-Imtro
' (Va.Pa — 3a.Pa) — Ja. Pa V-elim I'FVa.Pa — da.Pa v-intro

I'Fda.Pa

J-intro

—-elim

Right subtree:

'~ Aa.\v: Pa.pack a,v as Ja.Pa : Ya.Pa — Ja. Pa VAR

Left subtree:

el
T - H [Ja.Pa]: (Vo.Pa — Ja.Pa) - da.Pa o

Finally:

' H[3a.Va]: (Va.Pa — Ja.Pa) — Ja. Pa
' Aa.Av: Pa.pack a, v as dJa. Pa : Va.Pa — Ja. Pa
I'da.Pa

—-elim



A program from a proof

Let I' = H:VB.(Va.Pa — ) — B. Then

I', a, Po - Pa
I', o, Pao FJda. Pa }
TFVB.(Va.Pa — ) = B _ T,ofF Pa— Ja.Pa MO
TF (Vo.Pa = Jo.Pa) = 3aPa 9™ TrvePasdaPa T Mo

I'da.Pa

J-intro

—-elim

Right subtree:

I' - Aa.dv: Pacpack o, v as Ja. Pa : Vao. P — Ja. P Eaite

Left subtree:

e
TF H [Fa.Pa]: (Yo.Pa — 3a.Pa) — 3a.Pa ' oim

Finally:

'+ H [Fa.Va]: (Va.Pa — Ja.Pa) — Ja. Pa
' Aa.Av: Pa.pack a, v as dJa. Pa : Vao. Pao — Ja. Pa
' H Ba.Va] (Aa.Av: Pa.pack o, v as Ja.Pa) : da. Pa

—-elim



Is it useful?

VB.(P—=B)N(Q—pB)—p > PvQ
These type equivalences can be useful in constructing programs.

The data type encodings we saw previously can be derived this way.



Lambda and logic cubes

Fw \C
F T AP2
Aw —— | —>= \Pw




Lambda and logic cubes

Fuw AC PROPW — PREDw
A V4
F AP2 PROP2 —— PRED2
\
Aw —— | — A\Pw PROPw — | — PREDwW
e
)ﬁ/ )\P/ PROP —— PRED




Typing in AC

Fox:M,AF %
Fe:M,AFxz: M

tvar

T,z:MFN:P
TFXe:M.N:lg: M.P

II-intro

'=M:Ilz: P.Q
'EN:P
I'-M N :Qlz:=N]

II-elim



Typing in AC

Dx: M,AF x
Fx:M,AFx: M

tvar

T,z:MFN:P
TFe:M.N:g: M.P
\/‘

bound variables appear in types

II-intro

T M:Iz: P.Q

=2 = II-elim
I'MN:Q[x:= N|
\_/

arguments substituted into types



Inference rules in AC

Ix: M,AF % ; z:MeTl
Tz:M,AFz:M o Thz:M
Le:MEN:P T,z:MFP

TF Az: M.N:Tz: MP "o T+ Ve M.P(x)
'-M:Ilz: P.Q I'-Vz e P.Q(x)
TFN:P Toai TFN:P

TFMN:Qz:=N] T+ Q(N)



Proposition as Type / Specification

Vee N Jye N.(z=pny*x2)V(e=Nny*x2+1)



Proof (on Paper)

VeeN . yeN . (x=ny*x2)V(z=pny*x2+1)

By structural induction on .
» Case 0: By def. 0 =, 0% 2. By V-intro and Z-intro.
» Case x + 1: We prove

JyeN .(z4+1=nyx2)V(z+1l=pny*x2+1)
from the assumption
JyeN . (z=ny*x2)V(z=ny*x2+1)

By d-elim., then case analysis then substitution or elementary
analysis, and as before V-intro and 3-intro.

> Ifx=ny*2, thenao+1=5y*x2+1.

> Ife=yyx2+1thenz+1=p (y+1)*2.



Proof as Program (...)

Az.natrec(z,
(0, inl(id(0))),
(z, zy)split(z,
(y. z3)when(z;,
(z3){y, inr(subst(zg, id(xz+1)))),
(24)(y+ 1, inl(c(2,9,24))))))



Proof as Program (in Agda)

data Parity : Nat -> Set where
even : (k : Nat) -> Parity (k * two)
odd : (k : Nat) -> Parity (one + k * two)

parity : (n : Nat) -> Parity n

parity zero = even zero

parity (suc n) with parity n

parity (suc .(k * two)) | even k = odd k

parity (suc .(one + k * two)) | odd k = even (suc k)

half : Nat -> Nat

half n with parity n

half .(k * two) | even k = k

half .(one + k * two) | odd k = k



Closing thoughts

The correspondence suggests a way of thinking about programming
— and a way of systematically constructing (some) programs

However, propositional logic is quite weak
(and our types are often uninformative)

With dependent types, we get predicate logic
(and our types can be fine-grained specifications)

We'll have other rich types available later (GADTs, monads),
at which point we'll revisit the question of usefulness



