Topic 8

Full Abstraction
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R{U\M :

Proof principle

For all types 7 and closed terms M7, My € PCFE .,

[[Ml]] — HMQ:” in HT]] — M Zix Mo : T .

Hence, to prove
M1 gctx M2 . T

It suffices to establish

[M] = [Me]in[7] -
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Full abstraction

A denotational model is said to be fully abstract whenever denota-
tional equality characterises contextual equivalence.

» The domain model of PCEF is not fully abstract.

In other words, there are contextually equivalent PCEFE' terms
with different denotations.
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Failure of full abstraction, idea

We will construct two closed terms

11,15 € PCF(bool—)(bool%bool))—ﬂ)ool

such that
11 =cix 1o

and

[T1] # [12]

109



» We achieve 17 = i« 15 by making sure that

VM e PCFbool%(bool—)bool) (Tl M %bool & To M 7%7005)
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» We achieve 17 = i« 15 by making sure that

VM € PCF o1 (bool—boot) (11 M Wyoor & To M fy001)

Sin thon we hane
VN\ . bocf\aloozﬂ% 70@66

V< bool (\l‘l\/\ \\)/B@Q\/ S sz mel \/>
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Extensionality properties of 2+

At a ground type v € {bool, nat},

My Zcitx Mo : 7y holds if and only if

YV € PCF, (M )L,V <= My |l V) .

U)mv‘p uses  fine \09«4& edadhon <
—<See Sech 3.2 )
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» We achieve 17 = i« 15 by making sure that

VM € PCF o1 (bool—boot) (11 M Wyoor & To M fy001)

Sine thon e e
VI\/\ . boo)\—aloo{t% )OQSK

V< bool (\lﬂ\/\ \\)/BGDQ\/ S sz mel \/>

1€ Vm<_ﬁl\/\ “_LO@X T ngjﬂ>
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Extensionality properties of < i

At a function type 7 — 7/,
My <.x Mo 1 7 — 7' holds if and only if

VM € PCF- (MlMSCtX MQM:T/) :

<§G& seck. 7.2 L, prog- )
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» We achieve 17 = i« 15 by making sure that

VM € PCF o1 (bool—boot) (11 M Wyoor & To M fy001)

Sine thun we Nanee
vf\/\ bodl 5 badl 5 bas!

WV kel (T, V& T MU v )

el Tim b TV )ozm@)

(/\Qﬂ’\ —
(2 T) ‘/\J;UQ>< )zj b@@’@ﬂboi—bgdffg
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» We achieve 17 = i« 15 by making sure that

VM e PCFbool—)(bool—)bool) (Tl M %bool & To M 7%7005)

» We achieve |[T] # [13] by making sure that

[T1] (por) # [T2] (por)

for some non-definable continuous function

pOTE(BL%(BL%BL)) :
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» We achieve 17 = i« 15 by making sure that

Hence,

Q VM e PCFbool—)(bool—)bool) (Tl M %bool & To M %bOOZ)

[T:](IM]) = L = [T2]([M])
for all M € PCFbool—>(bool—>bool)-

» We achieve |[T] # [13] by making sure that

[T1](por) # [13](por) beCance

for some non-definable continuous function

pOTE(BJ_%(IB%J_%BJ_)) :
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Parallel-or function

is the unique continuous function por : B | — (B — B ) such
that
por true L = true

por L true = true

por false false = false
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Parallel-or functionf

T o ff\’%

N

/

is the unique continuous function por : B | — (B — B ) such

that

por true L
por L true
por false false

true

true

false
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Parallel-or function

is the unique continuous function por : B | — (B — B ) such

that
por true L = true
por L true = true
por false false = false

In which case, it necessarily follows by monotonicity that

por true true = true por false _L
por true false = true por L false

por false true = true por L L

— -
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Parallel-or function

is the unique continuous function por : B | — (B — B ) such
that

por true L = true
por L true = true
por false false = false

NE  Por # 1] frx,d bodd . i x thawn twe olse 2/ ]
F [fmd)z&}:)ooo@. ;Fx) A e ol se x]

QUL@F&Y\@\* SGQV\QV\’HM or mmohm«)
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Undefinability of parallel-or

Proposition. There is no closed PCF term
P : bool — (bool — bool)

satisfying
[[P]] ZpO’I“:BJ_% (IB%J_%BJ_) .

?\&g%“_ Milners “ﬁcp\\ﬂ? m nea (QW/\\#O\/\@O

O — @QW\%S bl conbinnons fns |
o — Sealeery Sep,\f@y\)ﬂgﬂ lO?MAA vy <V{’”\ﬂ%%m&>



Parallel-or test functions

For:1 = 1, 2 define

T, € fn f: bool — (bool — bool) .

if (f true 2) then
if (f Q2 true) then
if (f false false) then (2 else B;
else ()
else ()

def def
where B4 = true, B = false,

and Q fix(fnx : bool . x).
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Failure of full abstraction

Proposition.

Ty Zeix To : (bool — (bool — bool)) — bool

[[Tl]]#HTQ]] E(BL%(BL—)BL))%BL
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Failure of full abstraction

Proposition.

Ty Zeix To : (bool — (bool — bool)) — bool

[[Tl]]#HTQ]] E(BL%(BL—)BL))%BL

(

be Lo S&%\ LT I(por) = Trne
ETQE (300%) = O[A)%
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Failure of full abstraction

Proposition.

T Zetx T (bool — (bool — bool)) — bool

[[Tl]]#HTQ]] E(BL%(BL—)BL))%BL

becamse

\UL?\/\'.)OOO\—%&X{C%JOOOZ <T)M% g< TZN\% Z >

bool
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Becowse & o Tl < MV\J& :
gw Ry M boal— boal- Lo, ,

M e QU U e
{f\/\ Qe U tme
Mse false U false

i(: _EN\ \U/boof,\/ T

(B sowo V)



Becowse & o Tl < MV\J& :
gw Ry M boal— boal- Lo, ,

. M e L U e
\F—EN\ \U/boof,\/ W {f\/\ Qb U Ame
M @se false U False

CmImyLl)= tme
CMI (L) () = e,

CmI@le) falee) = fnlse
So II MmJ = PUY



Becowse & o Tl < MV\J& :
gw Ry M boal— boal- Lo, ,

M e U U e

\F—EN\ \U/boof,\/ %\ {f\/\ Qb U Ame

Mse false U false

m swdh W
Wﬁﬁ\fg)So
MST Nane_

hm

CMI (L) () = me,

\ CmI@le) falee) = fnlse

So EN\:DS POY

{@Mﬂwm—-—- e




PCF+por

Expressions ~ M == ---| por(M, M)
I'= My :bool T+ Ms : bool
Typing
[' - por(M;i, Ms) : bool
Evaluation
My 1y, true Ms |}y, true

por(Mi, M) Jyo true  por(My, Ms) 4y, true
My 4, false Ms |,,,; false
por(My, Ms) |};,,; false
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Plotkin’s full abstraction result

The denotational semantics of PCF+por is given by extending that
of PCF with the clause

[T+ por(M;, My)](p) = por ([T F Mi](p)) (IT F Mz](p))

This denotational semantics is fully abstract for contextual
equivalence of PCF+por terms:

I'-M ZEqx Mo : 7 & [[FI_Ml]]:[[FI_MQ]]
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Domain equations

dunsabons qQ m)vv\en'ml Expressions
For example: Wwse erelmakion side -offeds state

E=S— (INXxS)
S=IN—~E

/RS)reres H~ut she @
Mmnkable Method  Haad
Mpp\ics To Mmloess

ACS L16, lecture 1 13/17



Domain equations

For example:

E=S—(INXxS)
S=N—~E

So E has to satisfy

E=(N—E) — (N x (N — E))
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Domain equations

For example:

E=S—(INXxS)
S=IN—~E

So E has to satisfy
E=(N—E)—~ (INx (IN—E))

Cantor: there are no such sets E.
card (RHS) 2 Q\CMCLHS) > ud (LHS)
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Domain equations

For example:

E=S—(INXxS)
S=N—~E

So E has to satisfy
E=(N—E)—~ (INx (IN—E))

Cantor: there are no such sets E.

Scolt & Plotcin (~'79) @ e awe Domains Sr\&‘\'s?‘y{v;L
E=(N,-»E)—= (N, x(N->E))
(Con solve fucpoint equations Jor dommins )

ACS L16, lecture 1 13/17



