Topic 3

Constructions on Domains
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Recall -

Cpo’s and domains

A chain complete poset, or cpo for short, is a poset (D, E) in
which all countable increasing chains dg = d1 T dy C ... have
least upper bounds, | |~ dn:

Vm > 0.d,, C |_|dn (lub1)
n>0
VdeD.(Vvm>0.dp Cd) = | |daTd. (ub2)
n>0

A domain is a cpo that possesses a least element, | :

Vvde D. 1l Cd.
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Discrete cpo’s and flat domains

For any set X, the relation of equality

rCa & p=2 (z, 2" € X)

makes (X, C) into a cpo, called the discrete cpo with underlying
set X.
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Discrete cpo’s and flat domains

For any set X, the relation of equality

rCa & p=2 (z, 2" € X)

makes (X, C) into a cpo, called the discrete cpo with underlying

set X.

def
Let X | = X U{L}, where L is some element notin X . Then

iCd ¥ (d=d)v(d=1) (ddecX))

makes (X | , C) into a domain (with least element L), called the
flat domain determined by X .

42






NO)-C ok euem? Chain dog &lg O(ZQ"'
N ><_L 1S QNQ/WNMI/\Z Constank (1.
AN, Unz N o\,\=<9,\;) ond So has a \nb .

bucowse (Jy d ex) v 2 ( Iy, g €X)
2 (Index)v (W, 4 =1 )

N

I:Q/‘ kSN)v\j}f\)N) ()gﬁiﬁff\/> \/QVV\?O/%V\CO{Q>
Ve (dydnen) i< @vev\fm% CovS Tk




NORJ ok 6\7@«\7 Chain do(; OQ,Q O(ZQ~"
N ><_L 1S Q/\/Q/WNM fonstonk (ie.
A Wns N 4, =dy ) and so Mas a lnb

H’f/vu,
0 X, does hawe lubs &€  Chains




NOR ok 6\7@«\7 Chain do(; OQ,Q O(ZC;“"
N ><_L IS QNQ/VV\'\AWu/? fonstonmk Qi.e.
AN WiV 4 =dy ) and s has a b

Hoce,

® G Mc)}\'m Q : XJ_\% D (\,J\'Pa\ D a 'c)vmo.-‘n>
IS Cowhnuous ,’]Cgsw 'hf t 15 mondeore
(iff Vaxex. Losf@) )



Binary product of cpo’s and domains

The product of two cpo’s (D1, C1) and (D2, Co) has underlying
set
D1 X D2 = {(dl,dg) ’ dl - D1 & dg - DQ}

and partial order L defined by

(d1,do) C (dy,dy) &S dy Ty d) & dy Ty dfy .

(1, 22) C (y1,92)

1 L1 11 ro Lo Yo
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Lubs of chains are calculated componentwise:

I_l (dl,na dgﬁn) — (I_I dl,i) Ll d2,j) ’

n>0 i>0 >0
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Lubs of chains are calculated componentwise:

LI din,don) = udlzal_ldQ,]

n=>0 1>0 7>0

If (D1,C1) and (D2, Co) are domains sois (D1 X Do, C)
and L p, «p, = (J—D17J—D2)'

&) Tov oM (dm&zyé D\KDZ

1 — 0{ N D
D, = \ )
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Continuous functions of two arguments

Proposition. Let D, E, F' be cpo’s. A function
f: (D x E) — F is monotone if and only if it is monotone in
each argument separately:

Vd,d € D,ec E.dCd = f(d,e)C f(d,e)
Vd € D,e,e’ e E.eCe = f(d,e) C f(d,e).

Moreover, it is continuous if and only if it preserves lubs of chains
in each argument separately:

f(|_| dm76>: |_| f(dmae)

m>0 m>0

fd, | |en)=| | f(d en).

n>0 n>0
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Diagonalising a double chain

Lemma. Let D be a cpo. Suppose that the doubly-indexed family
of elements d, ., € D (m,n > 0) satisfies

m<m &n<n = Amn & dpy - (T)
Then
| | dow T | |din & | |dom £ ...
n>0 n>0 n>0
and
| | dmo © | | dmg & | | dms T ...
m20 m >0 m>0
Moreover

L { L dmn ) = [ dir=[] | L] dma

m>0 \n>0 k>0 n>0 \m>0
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Function cpo’s and domains

Given cpo’s (D, Cp) and (E, Cg), the function cpo
(D — E,C) has underlying set

(D— F) © {f|f:D— FEisa continuous function }

and partial order: f C f/ & vd € D. f(d) Cg f'(d).
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Function cpo’s and domains

Given cpo’s (D, Cp) and (E, Cg), the function cpo
(D — E,C) has underlying set

def

(D—FE) = {f| f:D— FEisa continuous function }

and partial order: [ C f’ E vd ¢ D. f(d) Cg f'(d).

e A derived rule:
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Lubs of chains are calculated ‘argumentwise’ (using lubs in F/):

| | fo = MdeD. || fuld) .

n>0 n>0

N
S

(/\Mﬁ:@: M%Hﬂ’\k < a (W@”»M\v\@> A Finuons E/\rw%"m
F e a lnb j[or g@tgﬁg‘&gw

If £ is a domain, thensois D — Fand L p ,p(d) = Lg,all
de D.
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Lubs of chains are calculated ‘argumentwise’ (using lubs in F/):

| | fo = MdeD. || fuld) .

n>0 n>0

e A derived rule:

(L fr) (L @m) = Ly fre ()

If £ is a domain, thensois D — Fand L p ,p(d) = Lg,all
de D.

Ond. L) EF lecause Vo' (6d L)) =LE £(d)
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Continuity of composition

For cpo’s 1, I, ', the composition function
o: ((E—=F)x(D—FE)— (D—F)
defined by setting, forall f € (D — E)andg € (F — F),

gof = Ad € D.g(f(d))

IS continuous.

/KP\/\%V( W w o exeruse
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