Continuity of the fixpoint operator

Let D be a domain.

By Tarski’s Fixed Point Theorem we know that each
continuous function f € (D — D) possesses a least
fixed point, fix(f) € D.

Proposition. The function
fit : (D—D)— D

IS continuous.
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Pre-fixed points

Let D be aposetand f : D — D be a function.

An element d € D is a pre-fixed point of f if it satisfies
f(d) Ed

The least pre-fixed point of [, if it exists, will be written
fiz(f)
It is thus (uniquely) specified by the two properties:

f(fix(f)) E fix(f) (Ifp1)
vde D. f(d)Cd = fiz(f) Cd. (Ifp2)
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tix i (D»D) = D
IS VWonStone rf {l j;/ M D D, thun

L(Ficf) € £ (fixt) © dix £/




tix : (D»D)—= D

IS YWonbtone ;—f\{ijij;/ M Do D, thun

L(Fixf) C 1C (fix ) S e §7
1Fp1)

S0 Tief’ ic o pre-fixd pok
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tix : (D»D) = D
IS OOV\"\“\'V\LA,O\AX‘: Qﬂ\'% -FOST_]C\Q 2E° in DD
(Wt o S]/\D\n/ ‘F\X (Uy\z,,%\) = Un;o ‘Fix('(:'h)

8\9 (fp2), Qmomﬂ\n s Show
(U, ) e d for d= U, )




tix : (D»D) = D
IS OOV\JD'V\L&O\AZLZ Qﬂ\'% ﬂé{f\g 2E° in DD
Want 1o SI/\DW ‘P\X (Uy\z,,%\) = Un;o ‘Fix('(:'h)
8\9 ([‘fp’L), QA/\O\I‘ﬂL\ 'l‘o S\/\DW

(U, ) e d for d=U, ix&)

{BV‘)C (Unzq{'n)(d) = (Um,o F{\\<Um>/o 1Cf>< C'Fm))
= Um,o Umzo'ﬁn ('F’X('l[‘m\)

L o1y v = Uy, fio (FixCie))
%33& [ =& Uy fix ()
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Topic 4

Scott Induction
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Chain-closed and admissible subsets

Let D be a cpo. A subset S C D is called chain-closed iff
forallchainsdg T di Edo C ... inD

(n>0.dy€S) = (| ]di)es

n>0

If D isadomain, S C D is called admissible iff it is a
chain-closed subset of D and L. € S.
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Chain-closed and admissible subsets

Let D be a cpo. A subset S C D is called chain-closed iff
forallchainsdg T di Edo C ... inD

(n>0.dy€S) = (| ]di)es

n>0

If D isadomain, S C D is called admissible iff it is a
chain-closed subset of D and L. € S.

A property ®(d) of elements d € D is called chain-closed
(resp. admissible) iff {d € D | ®(d)} is a chain-closed
(resp. admissible) subset of D.
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Scott’s Fixed Point Induction Principle

Let f : D — D be a continuous function on a domain D.

For any admissible subset S C D, to prove that the least
fixed point of f isin S, i.e. that

fix(f) e s,

it suffices to prove

Vde D (deS = f(d)es).
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Tarski’s Fixed Point Theorem

Let f : D — D be a continuous function on a domain ). Then

e f possesses a least pre-fixed point, given by

fir(f) = | | f(L).

n>0

e Moreover, fix(f) is a fixed point of f, i.e. satisfies

f(fiz(f)) = fiz(f), and hence is the least fixed point of f.

A

hore {gv‘*‘m FOF()
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Proof of the Scolt Induchion Principle

If we know VdeD. deS=fld)e S fhan
L e s St S 15 odmissible




Proof of the Scolt Induchion Principle

If we know |VdeD. deS = Fld) € S| o

L es Smw/ﬁs 's  adwmissible
S0 f(l)ég \o\j,\J




Proof of the Scolt Induchion Principle

If we know | VdeD. deS = fld) € S| then

L e s Sinw S 's  adwmissible
so £(L)eS

s F(EW)eS \o\j,\/
2" (1) e S for ol ne




Proof of the Scolt Induchion Principle

1L e s

Sinw S

so f(1)eS
s F(EW)eS

”g“(

el ol nel

If we know VdeD. deS = Fld)e S fhamn
s adwmissible

Wu/ Um}bf“(i)ég SN S is admissible

ok 1s |

fis (€S

QED



Example 4.2.)

Ceiven {Obbmmvx D
covtinuons fanchion §: DxDxD—= D
W{g:DXDq‘DXD (s Continuous.
@’(O(Udz) = (‘F(O(\ )G(; 1‘7(7,) ) F(du 0(2) 0(2))

o L:\J,To»rskc'é.H?T we get %x(g)é DxD.

Claiwm i U = U, where (ui,u,) =5 ()

beﬁ' : 30%/ Covtt Trdndhion. -
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Example 4.2.)

g: DxD—DxD
%'(.O(UA’L) - ('F(O(\)d\)"(z) ) F(dn 0(2,) 0(2))

Cl.(R.tW\ :

U, = Uy, where (uiu,) =5>(4)

M A = ‘{(0()60) |d e D} s own atmiss ble
Swbst & DD becamse

e (L,1) e
.(dm& )g (&nd

L1, ¢

V\l&(\) :’(,

3 Vo el mphes

n;o&" ’ U”‘Zo& )

(Y

w20

by U, 4l €4



Example Y.2.)
{g-‘DXD——?DXD

@'(.O(‘sz) = (‘F(O(\ )d\ 10(2) ) F(dn 0(2,) 0(2))
Claiw U, = U, where (uou,) =5 ()

M A = ‘{(& c@) MG D} At misss ble,
ond \ (4,d') edxD. (d,d)ep S 4(dd) el

be.camse
(d,dDeh = d=4d'
= gldid') = (F(d, 4,d), flddd)) €




Example Y.2.)
{g-‘DXD-—éDXD

A (dirdy) = (Fd,d,udp) s Fdis day ds))
Claiw U, = U, where (uou,) =5 ()
M A = ‘{(i c@) 1d ¢ D} atmss, ble

ond \/ (4,8') eDxD. (dd)ep=g(d ) e

So b\a, Stk incﬂ/udvan

Qix (9) A

QED



Example (lll): Partial correctness

Let F : State — State be the denotation of
while X > 0do (Y =X *xY; X=X -1).
Forallx,y > 0,

FIX—x,Y —yl |
— Fl X —z,Y—»y=[X—0Y =z y|
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Rucal fnak & = fiy ([)  whert

| { (S:I-a\keé Tode) — (Shate = Stmde)
\S 3'\\/@\1\ bg,

(X, Yisy) f x<0
;Hw)[xhx,\*»ﬂ —

(/O[Xl-a -1, Y J(\(:D ff X720
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Proof by Scott induction.

We consider the admissible subset of (State — State) given by

Va,y > 0.
S=4qw wlX —z,Y —y|l
= wX —z,Y =y =[X—0Y =z y

and show that

weS = f(w)es.

Bowa A6 OW LUQT JMﬂ\v Lavike ):X Pﬂ(»Yng

oS (3(;3)
(ie. 1hunbty Mode Lot J ¥ 2 )
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SvapoS—e/ weS. Want to Iow %(w)eS) l-e
XV 20 X JC(WX?‘)‘j))J/ —= XPCW)(%U):(OJ\-XQ)
S wmppose %420 X FR(29) 1

(bse =0 :

Da ) = Goy)=©@y)=(0, Lo-y) = (0,lx.y) /
M) @ .y n Y t Y A X

b ?,U%d:qf,(. ; Sl Sinwe Since

A=0 O!:] [ E=Ne,



Sva\ooS—e/ weS. Want to Iow %(w)eS) l-e
xv20 & Fy)l = H)oy)= (0, xy

S wmppose %420 X FR(29) 1
(ase x>0 : Sin £(w)(19) Y

9,?ft W (=1, auf)) J ,O‘jz Mim'l—fm of F



SV\/PPoS—e, weS., Want to shwow ﬂw}eS) - e
3('\020 & f(w)(l)‘:))\]/ — 9@)(%3):(0)\«%;‘)

S wmppose %420 X FR(29) 1

Case x>0 : Sine £(w)(0y)d

9,th W (=1, auf)) J ,0‘3» Mfm’lﬂ‘mﬁ{{:
Bt -1, 2y 20 & WGS

Sg W(x-1, a- \\/)\ (6 (a, - 1) @,cﬂ) Yogo{e]c’.‘ng



Sva\ooS—e/ weS. Want to Iow 83(.‘,\068 l-e
xv20 & Fy)l = H)oy)= (0, xy

S wppose X920 Y F(1,9) 4
Case x>0 : Sinw Jﬂw)(x,gﬂ/
9,ch W(x =1, auf)) J ,0‘3» M;"“/Hm G’@ F
Bt -1, -y 20 &K we S
ss w(a-1, a-y) = (0, o) () bydf S
= (o0, (::Lc\\o)
y /

So f(‘“%&)c W~ 2-y) = (0, !xg
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Building chain-closed subsets (l)

Let D, E be cpos.

Basic relations:

e Foreveryd € D, the subset

Wd) = {zeD|zCd)}

of I is chain-closed.
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Building chain-closed subsets (l)

Let D, E be cpos.

Basic relations:

e Foreveryd € D, the subset

Wd) = {zeD|zCd)}

of I is chain-closed.

® The subsets

{(z,y) e Dx D |z Cy}
{(z,y) e Dx D |x=y}

and

of I) X I are chain-closed.
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Building chain-closed subsets (ll)

Inverse image:
Let f : D — E be a continuous function.

If S is a chain-closed subset of £’ then the inverse image
718 = {zeD| f(z) e S}

isa chain-closed subset of D).

56



Building chain-closed subsets (ll)

Inverse image:
Let f : D — E be a continuous function.

If S is a chain-closed subset of £’ then the inverse image
718 = {zeD| f(z) e S}

is a chain-closed subset of D).

PY\N;E; \F OQOQ&‘Q(QZQ. o D 2< \%/\- dﬂéjgg
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Building chain-closed subsets (ll)

Inverse image:
Let f : D — E be a continuous function.

If S is a chain-closed subset of £’ then the inverse image
718 = {zeD| f(z) e S}

isa chain-closed subset of D).

PYWF,; f docdcdc D X \*/V\ d, 6)55
Jﬂ(;\"/\ﬂ v\/\. ‘F(OQV\>€S, NO U/\z\ﬂqo{h>ég (DUS SCL\.‘C{.)
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Building chain-closed subsets (ll)

Inverse image:
Let f : D — E be a continuous function.

If S is a chain-closed subset of £’ then the inverse image
f7'S ={xreD]|f(x) €S}
is a chain-closed subset of D. N
Pod i dcdcdc w D X Y def S

thon Yn 4 eSS, o Up, HdoeS [fus Schcl)

o £ (UnsodnleS (08 dbs)
So SISy, (pn SRS 56



Example (Il)

Let D be adomain andlet f, g : D — D be continuous
functions such that f o g C g o f. Then,

f(L) Eg(L) = fix(f) E fix(g) -
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Example (Il)

Let D be adomain andlet f, g : D — D be continuous
functions such that f o g C g o f. Then,

f(L) Eg(L) = fix(f) E fix(g) -

Proof by Scott induction.

Consider the(gd/missible property)®(z) = (f(z) C g(z))
of D.

Since

flx) Eg(x) = g(f(x)) Eglg(x)) = f(g(z)) E g(g(x))

we have that

f(fiz(g)) C g(fix(g)) .
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Example (Il)

Let D be adomain andlet f, g : D — D be continuous
functions such that f o g C g o f. Then,

f(L) Eg(L) = fix(f) E fix(g) -

Proof by Scott induction.

Consider the admissible property ®(z) = (f(z) C g(z))
of D.

Since

flx) Eg(x) = g(f(x)) Eglg(x)) = f(g(z)) E g(g9(x))

we have that
f(fie(9)) Cafiz(g) = fixg) by Ifp) i g
So lo(ﬁ <7C(32> ]Covf s \/\a\/\r&
Eix (£) E fix(g) QE P _



Building chain-closed subsets (lil)

Logical operations:
o If S,I" C D are chain-closed subsets of ) then
SuT and SNT
are chain-closed subsets of D).
o If {.S; }icr is afamily of chain-closed subsets of [

indexed by a set I, then [ )
subset of D.

;<1 i is a chain-closed
e If a property P(x,y) determines a chain-closed subset of

D x FE, then the property Vo € D. P(x,y) determines
a chain-closed subset of .
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S, T chain- closed = SUT chain- chsed

SwFPose OQ ':0150!2,,-" n D X \U[n. O(V,GSUT
\_J% Umo( GS we e dave .

Sd &uﬂoo;,e, Umodl ﬁt S <
for edh m2Z o), \

(Mnem. d,eS)= U, da= U, dn € S




S, T chain-closed = SUT chain- chsed
Suppose d,cdcd,Cin O & YndeSUT
L U de €S, we are dove

Sd &uﬁoo;e, Un,oo( éﬁ S

tor end M2 o),
(Mnem. d.eS)2U, 4, =U, dr €5

N W(VV\ZW\. d, € S) J
‘ TInem. d.eT  Sine —

(e .




S, T chain- closed = SUT chain- chsed
SwFposeJ OQ c d Ca!&_, —-n D X \U[n. O[V,GS UT

\_J% Um o( € S we e dave .
Sd &"’?\005'6 Umodl ﬁt S
Fr endh m20, Inem. d.eT




S, T chain- closed = SUT chain- chsed
Suppose d,cdcd,Cin O &% YndeSUT
\_J% UNAGSW&M%W\L
Sd &uﬁoog_e, Un,oo( ﬁt S
Fr andh m20, Inem. d.eT
So we cn chose Ny < N <N, < - Sml—{s*«f\g,{v\ﬁ/
Ym . m<n, X dnmeT.

Yo U,.. d. = wa,o J"‘m c T

n>0

QLED.



Building chain-closed subsets (lil)

Logical operations:
o If S,I" C D are chain-closed subsets of ) then
SuT and SNT

are chain-closed subsets of D).

o If {.S; }icr is afamily of chain-closed subsets of [

indexed by a set /, ther@ls a chain-closed
subset of D. = - {OQCD(VI (Qeg“}

e |f a property P(:z:, y) determines a chain-closed subset of
D x FE, then the property Vo € D. P(x,y) determines
a chain-closed subset of L.

n goreel Ui S =4d[Ji deSih & D=8
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fov eadn 1€ N
S = 10,1,2,,4 ) is chamn-dosed  Sudset

v@ﬂm dovnoun () = % ;:}

’)l
)

bk
Uie Si= N (s not o dagin-closed  Slosed

0‘@“7& b‘UW\OL\V\Q %1

(/\)
2
[

|



S =40,2,\,. '}u{oo'} s chain-doged  Subset
A dowin €2 - %,}

buwk ]
-~ < =213,5,--.
(§ V\D‘{' o. Jain-closed  Shosch
0‘@“7& b‘UW\OL\V\Q %1:’}
) l



