Topic 5

PCF



PCF syntax

Types

Erg‘

T :=nat | bool | T — T

l@od{ r)(loodé‘)) Eo&)
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PCF syntax

Types
T :=nat | bool | T — T

S bod s(bed > bod)
< Y\(A}ﬁ boo{)—a lo()op

— s naht assoushue

\|

[ -
TlﬂTZ‘_?—(B YW\L o & Tl"_g) (tzﬁTi\)
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PCF syntax

Types

Expressions

M

T :=mnat | bool | T — T

e

0 | succ(M) | pred(M)
true | false | zero(M)
| if M then M else M
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PCF syntax

Types
T :=nat | bool | T — T
Expressions
M == 0 | succ(M) | pred(M)

true | false | zero(M)
x | if M then M else M
fnx:7.M | MM | fix(M)

where € V, an infinite set of variables.
App\\‘cmﬁw\ 'JS UbPJr @%‘%o{mﬂﬂw -‘
| \\
MM, Mg pgans (M M, ) Mg
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let rec f x = if x=0 then 1 else x*f(x-1) in f 42

(g{x&cwﬂmf—mo\f.fv\x:\/\m‘c.
it zevo(x) tny Suce(0)

dse Times x (£ (ped (2)) ) > SV‘CL\JZ(O)
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let rec f x = if x=0 then 1 else x*f(x-1) in f 42
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PCF syntax

Types
T :=mnat | bool | T — T

Expressions
M == 0 | succ(M) | pred(M)
true | false | zero(M)

x | if M then M else M
fnx:7.M | MM | fix(M)

where € V, an infinite set of variables.

Technicality: We identify expressions up to cx-conversion of
bound variables (created by the fn expression-former): by

definition a PCF term is an «x-equivalence class of expressions.

59 \C\X (EA)('I-X) = {QX /jC./\yZy)
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PCF typing relation, ' = M : 7

e | is atype environment, i.e. a finite partial function mapping
variables to types (whose domain of definition is denoted

dom(1"))
e N isaterm
(\[ Hris Gomtons dishinck
vnahled Xy x4y 2
un f(%’) = Gy

I~ Sonvechiarss bonke T A

® T is atype.
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See ggz
pa5L e

PCF typing relation (sample rules)

STz 7] M: 7
(:fn) it v & dom(T")
F'Efnx:7.M:7— 7

d,om (Q}kht] ) - Oqomr ), D[‘ J}

(x> T] maps x o T ound
STy =\ s¢ O\U{?S’ \\\<L F
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PCF typing relation (sample rules)

(*fn)

Clx—7|FM:7

I'Ffmx:7.M:7— 7 iz & dom(T)

'-My:7—=7 T'FMy:71
Fl_MlMQIT/

(:app)
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PCF typing relation (sample rules)

Clz—71|EM: 7
(:fn) it v & dom(T")
I'Ffmx:7.M:7— 7

'-My:7—=7 T'FMy:71
Fl_MlMQIT/

(:app)

I'=M:7—=r1

(tx) I'Ffix(M): 7
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PCF typing relation, ' = M : 7

e | is atype environment, i.e. a finite partial function mapping
variables to types (whose domain of definition is denoted

dom(1"))
o VM isaterm
e T is atype.

Notation:

M : 7 means|M is closed/and () = M : 7 holds.
pCF, & {MCP\ »
o fu(m)= 9
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]C\/(N\) — seb f free vaviades c,f M
s dufined Io\é‘ :

f/(0)= f(twe)= P (false ) = @

B (suce(M)) = v (pvta (M) = fv (@ (m))
= fiv (Ry (M) =fv(m)

B GE 0t o W)= i 0 o) w fit i

Ry = fr(m) v fr(m)




PCF evaluation relation

takes the form

M.V

T

where
e 7 is aPCF type
o VM,V € PCF. are closed PCF terms of type T

e |/ is avalue,

V i:=0]succ(V) | true | false | fnz : 7. M.
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See H%-E

PCF evaluation (sample rules) )P ng AL L‘f
\ -

(Jap) VIV (V avalue of type 7)
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PCF evaluation (sample rules)

(U’cbn)

(Uva1) VU,V (V avalue of type 7)

M1 UT_M_/ fanT.M{ M{[MQ/CB] UT/V

My My . V
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PCF evaluation (sample rules)

(Jva1) VUV (V avalue of type T)

b My, fax: 7. M @l}T/V
( cbn Ml W\
_—

Swnbshtnhim ((0\{)\/\/\4*6-0\\}0\'91}\2 /?{gj;?gm& \L\QZ 15 Closed >
B ) o o L&/{)M

NI f F[XHT]FM,-T/
2 FMm,: T Hhon [ - W, [MQ/JZ] T’

( See ?WQ’?O‘SOLTQ’V\ §S (\l ) 68



PCF evaluation (sample rules)

(U’cbn)

(Uva1) VU,V (V avalue of type 7)

M1 UT_M_/ fanT.M{ M{[MQ/CB] UT/V

My My . V

M ftix(M) .V

(\U’ﬁX) ﬁX(M) UT v
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PCF evaluakbion
M b Suec( V)

( u’pvcd)
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We eprtsonk wumbtes ne IN=10,1,2,...}
by dvg{c\) valuws %wcn(o) nak i PCF
{ Suc’(0) = 0

N- )

Swe (o) = -S\AQ(SV\C,ALO)>
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Partial recursive functions in PCF

® Primitive recursion.
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Partial recursive functions in PCF

® Primitive recursion.

hz,0) = f(x)
 xy+1) =g(x,y, Mz, y))

| '\C )C"€ ongmxmm@ w VCF Jﬂ? F ; V\(NF - \/\O\f
§ g o o o G onabonokonat oot
W h Coun  be Pm@«*mwmg by :

g(x(%/\ n: Y\a('ﬂnmﬂﬁr\afﬂgwl:mwhFA%V\W&
£ 2nly) ton Foc ebse Gox (predy ) (hx (pedy ) )
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Partial recursive functions in PCF

® Primitive recursion.

e Minimisation.

m(x) = theleasty > Osuchthat k(z,y) =0
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Partial recursive functions in PCF

® Primitive recursion.

h(z,0) = f(z)
h(z,y+1)=g(x,y, h(z,y))

\

e Minimisation.

m(x) = theleasty > 0 suchthat k(x,y) = 0

IG e 1 P Arammed w PCF b% K ok nek > nod
n\ Cmma@ﬂ @wwmmmb o %/’\36 nak M/XO

W ' =2 - Qx(ﬂq/\m V\M%/\m}(/)VW\A fn x: rat 7@'\(7
i 2w (Key) fhon g else m'x (sucey ) )
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