Topic 6

Denotational Semantics of PCF
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Denotational semantics of PCF

To every typing judgement
I'EM:T1
we associate a continuous function
ITFM]:[I'] — 7]

between domains.
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Denotational semantics of PCF types

J(\ﬂ}&s T owe VVMO\@DQ& o Ao ns H{‘(’ﬂ

[nat] N, (flat domain)

[bool| L'y, (flat domain)

where N = {0,1,2,...}and B = {true, false}.
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Denotational semantics of PCF types
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[bool| det B, (flat domain) \\ |
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where N = {0,1,2,...}and B = {true, false}.
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Denotational semantics of PCF types

[nat] N, (flat domain)

[bool| L'y, (flat domain)

[r — 7 ]]dgf [7] — [7] (function domain).
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Denotational semantics of PCF type environments

] © [ Licdomm [T(z)]  @-environments)

— the domain of partial functions p from variables
to domains such that dom(p) = dom(I") and
p(x) € [I'(z)] forall z € dom(I")

Dol ovier
PE P & VYaebom(T)  pliCp(a)
n L) n LIH0]
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Denotational semantics of PCF type environments

I © [ ecaomm [F'(z)]  (I-environments)

— the domain of partial functions p from variables

to domains such that dom(p) = dom(I") and
p(x) € [I'(x)] forall x € dom(T")

Example:

1. For the empty type environment (),

0] ={ L}

where _| denotes the unique partial function with
dom(L) = (.
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2. [(z=>7)] = ({2} = [7]) = [7]

A ({xl}% [[7'1]]) X ... X ({xn}% [[Tn]])

[m]] x ... % [1]

el

75



Denotational semantics of PCF

To every typing judgement
I'=M:T
we associate a continuous function
[U=M] - [T] = 7]
between domains.
Fov  eodn Pé[ﬁ]\we @q\r@ o olmon, b
[remd) € Tl
ida s conbinwons i
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Denotational semantics of PCF

To every typing judgement

I'EM:T
we associate a continuous function
Il M]:[T] — [7]

between domains.
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Denotational semantics of PCF terms, |

[T+ 0](p) & 0 € [nat]

[l E true](p) L true € [bool]

[[" + false](p) E false [bool]

fndions FopsE vk owee
Constant (W dd'eD. £1d)-$(d)

Out  Conhnuows.
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Denotational semantics of PCF terms, |

[T+ 0](p) & 0 € [nat]

[l E true](p) L true € [bool]

[[" + false](p) E false [bool]

[T+ 2](p)= p(z) € [P(@)]  (z € dom(T))

T projechion fundlhions (d, . d.) d

de  Confinuows
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Denotational semantics of PCF terms, Il

[ F suce(M)](p)

act | [T FM](p) +1 it [[FM](p) # L
1 if [l = M](p) = L
Thus LTrsucemn =S, o [+ m]]
AR vy
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Denotational semantics of PCF terms, Il

[T+ suce(M)](p)

def | [I'FM](p)+1 if [I' = M](
L if [I' = M](

[I" F pred(M)](p)

=

p)

)#

act | [T M](p) —1 if [T+ M](p) >0
L it [ - M](p) =0, L

So
[0 Eped)] = P [T Fm]
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Denotational semantics of PCF terms, Il

[+ suce(M)] (p)

def | [I'FM](p) +1 it [I'= M](p)
) if [T+ M](

1
= 1

N D
N——"
-

[I" F pred(M)](p)

det | [I'F M](p) =1 it [['EM](p) >0
L it [ - M](p) =0, L

=
|
-

[T+ zero(M)](p) =

false it [I' = M](p)
oo 1 if [[' = M](p)

L&) |=2(MFm]] doe Z N — B, is..

SRS
vV
= <

{true if [[' = M](p)
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Denotational semantics of PCF terms, Il

I - if M, then M else Ms](p)

([T - M)(p) it
[T Ms](p) i
L f

def

/"

\

Ne

[I' = Mi](p) = true
[I' = M1 ] (p) = false
[I' = Mi](p) = L

=1 = if e <Coemy D 0rm ) CrEms 3>
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Denotational semantics of PCF terms, Il

[T+ M, My](p) € ([T F Mi](p)) (IT F Ma](p))
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Denotational semantics of PCF terms, Il

I - if M, then M else Ms](p)

([T M](p) #[TF My](p) = true
T Ms](p) [T F Mi](p) = false
1 it [[ - M| 1

S
||

\

[T+ M, My](p) € ([T F Mi](p)) (IT F Ma](p))
So

HP =M, MLU: @VO<[ P(‘M\])[r)'MzI(>
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Denotational semantics of PCF terms, IV

Il'Ffnx:7.M]|(p)

© N\ € [7] . [Tz — 7] = M](p[z — d]) (¢ dom(T)

NB: p|z — d] € [I'|x + 7]] is the function mapping x to d € |7]
and otherwise acting like p.
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Denotational semantics of PCF terms, V

[T - fix(M)](p) < fiz([T - M](p))

Soo [MFfRxm)) = Fx o LMD

|

Recall that fiz is the function assigning least fixed points to continuous
functions.
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Continuity of the fixpoint operator

Let D be a domain.

By Tarski’s Fixed Point Theorem we know that each
continuous function f € (D — D) possesses a least

fixed point, fix(f) € D.
Proposition. The function
fir : (D—D)—D

IS continuous.



{N\[ %}J\/\tt}

Dektions of closed terms

v

For a closed term M € PCEF' ., we get
0= M] :[0] — [7]

and, since [()] = { L }, we have

[M] =

[0-M|(L)e[r] (M e€PCF;)
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Denotational semantics of PCF

Proposition. For all typing judgements ' = M : T, the
denotation

T+ M]:[T] — [7]

Is a well-defined continous function.
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