Topic 7

Relating Denotational and Operational Semantics
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Kool -

PCF denotational semantics — aims

PCF types 7 +— domains [7].

Closed PCFterms M : 7 — elements [M] € [7].

Denotations of open terms will be continuous functions.

Compositionality.
In particular: [M] = [M'] = [C[M]] = [C[M].

Soundness.
Foranytype 7, M .V = [M] = [V]

Adequacy.
For 7 = bool or nat, (M| =[V] e |r] = M| V.

f Minak 8 IM) =nelN, an l\/\U/,,\,Vt Sv\cﬁ"‘(o)



Qua/l,( ;

Theorem. For all types T and closed terms My, My € PCF
if [M1] and [ Ms] are equal elements of the domain | 7|, then

M1 %Jctx M2 . T.

Proof.

CIMi],,,V = [CIM]] =[V] (soundness)

= [C[Ms]] = [V] (compositionality
on [[Ml]] — [[MQ]])

= C|Ms] ,,,V  (adequacy)
and symmetrically ( % gim(\mﬂg ﬁ\, \U,loo l)' ]
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Soundness

Proposition. For all closed terms M,V € PCF .,
if M \l.V then [M] =[V] € [r] .

PYDGE-')O%) ML ndmchon for N\U/t\/
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Indmckion step for (U, ™ )

M\ U/‘C-rc' MIJ'C M
M[ML/ 7\.3 lLII V

MM, U V

Swppse [ LW ] =[Cax:t.M ]
CMiMz(a] ] =LV ]
ffowe o pve. TMim,)=TVI].

Bt Tmm.J= CTm(Tm.T)




Tnduuckion step foc (U, ) 4

Swppse [ LW ] =[Cfwx:t. M ]
CMiMz(a] ] =LV ]
ffowe o pve. TMim,)=TVI].

Bt Tmm.J= CTm(CTm.T)
£ [ pra:c.m] (EMZ’\“)
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Tnduuckion step foc (U, ) 4

Swppse [ W] = frz:t. M ]
CMiMz(a] ] =LV ]

ffowe o pve. TMim,)=TVI].

Buk CMM, = Tm,J <U—/ Mz-ﬂ)

= [fa:t.m) <[M2m)
L\aﬁ;\:})hm N\ ,mbT,FM]<EM23>




Substitution property

Proposition. Suppose that1' = M : T and that
Clz— 7] = M'": 7/, so that we also have I' = M'[M /x| : 7',

Then,
T = M'[M/2]] (p)
= F[$ — 7] M’ﬂ (p[x — [ F M]](p)})

([ Froudd by indnchin on ks of 1

forall p € [I].

In particular when I' =0, [ x — 7 = M'] : [7] — [7'] and
|M'[M/z]| = z— 7 =M (M])
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Induckion step foe (1, ) 4

Swppse [ LW ] =[Cax:t.M ]
CMmiMzla] [ =LV ]
fove to prove, TMim; =TV
8 Cmm.J= Cmg(TMm.D)
= [?vw.t'c,/\/\] (EMZ’\“)
= L s»T P—M]([Mﬂ()
- LmIM)s]]




Induckion step foe (1, ) 4

Swppse [ LW ] =[Cax:t.M ]
CMIM(a] ] =CV]
fove to prove, TMim; =TV
8 Cmm.J= Cmg(TMm.D)
= [?vury.t‘c,/\/\] (EMZ’\“)
= L sw»T P—M]([Mﬂ()
= Im[M)x]]) = vl &P




Adequacy

For any closed PCF terms M and V' of ground type
v € {nat, bool} with V" a value

M =1V]el] =— M{,V.
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Adequacy

For any closed PCF terms M and V' of ground type
v € {nat, bool} with V" a value

M =1V]el] =— M{,V.

NB. Adequacy does not hold at function types /
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Adequacy

For any closed PCF terms M and V' of ground type
v € {nat, bool} with V" a value

M =1V]el] =— M{,V.

NB. Adequacy does not hold at function types:

fnz:7.(hy:7y)x] = [Mx:72] :[r]—[7]

*\d e(1].d

90



Adequacy

For any closed PCF terms M and V' of ground type
v € {nat, bool} with V" a value

Ml =[VIe] = M{,V.

NB. Adequacy does not hold at function types:
fnz:7.(hy:7y)x] = [fmzxz:7.2] :|r]— [7]

but
fnx:7.(hy:7y)e f . fmr: 7.2
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Adequacy proof idea

1. We cannot proceed to prove the adequacy statement by a
straightforward induction on the structure of terms.

> Considerf]\\f tobe My Ms, fix(M').
N

OV,’ )‘y‘?-g |
Nt M| & N

s e o fanchon lype
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Adequacy proof idea

1. We cannot proceed to prove the adequacy statement by a
straightforward induction on the structure of terms.

» Consider M to be M7 M, fix(M').

2. S0 we proceed to prove a stronger statement that applies to
terms of arbitrary types and implies adequacy.
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Adequacy proof idea

1. We cannot proceed to prove the adequacy statement by a
straightforward induction on the structure of terms.

» Consider M to be M7 M, fix(M').

2. S0 we proceed to prove a stronger statement that applies to
terms of arbitrary types and implies adequacy.

This statement roughly takes the form:

[M] <1 M for all types T and all M € PCF';

where the formal approximation relations

< C 7] % PCFT(—\ dfé{i’i ';EF

are logically chosen to allow a proof by induction. W)% T
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Requirements on the formal approximation relations, |

We want that, for v € {nat, bool },

[M] < M implies YV (M] =[V] = M{,V)

J/

N

adequacy
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Definition of d <1, M (d € [y], M € PCF,)
for v € {nat, bool }

Ad dpy M & (O( eN = M, Succ&(O))
A <poos M « (A: true = M |}, true)

& (0= false = M |, false)
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Definition of d <, M (d € [y], M € PCF,)
for v € {nat, bool }

A dpyr M & @ M ), . succd(O))

d <pgor M = (O\: true = M 1, true)
& (0\: false = M |,,,; false)




Definition of
f <o M (fe([r] = [7]), M € PCF,_,/)
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Definition of
f <o M (fe([r] = [7]), M € PCF,_,/)

f ;7 M

& v e [r], N € PCF,

(6\<]7'N = f(d) <|T’MN)
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—

lne fwll
Definitionof d <1, M (d € [r], M € PCF))

d <ngt M & (deN = M, succ?(0))

d <\poor M « (d = true = M |, true)

& (d = false = M |,,,; false)

d<, o M BYe,N(e<, N = de) < M N)
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Fundamental property

Theorem. Foralll' = Yx1 > 71,..., Ty > Tn] and all
I'=M:7,if dy <p My,...,d, <. M, then
[[Fl‘M]HZCll%dl,,ZCnl%dn] <lr M[Ml/xl,,Mn/zvn]
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Fundamental property

Theorem. Foralll' = ixl — T1,...,Tp — Tp\ and all
I'=M:7,if dy <p My,...,d, <. M, then
[[Fl‘M]HZCll%dl,,iCnl%dn] <lr M[Ml/ajl,,Mn/CUn]

NB. ThecaseI' = () reduces to

M) < M
forall M € PCEF'.,.
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Requirements on the formal approximation relations, lli

We want to be able to proceed by induction.
» Consider the case M = fix(M").

~~ admissibility property
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Admissibility property

Lemma. For all types ™ and M € PCF ., the set
{de|r]|d< M}

is an admissible subset of | T].

(EO\Q\V pvvf«? )% ind wdqon on SJW\MM
& Fypo v’
pe) T,
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Further properties

Lemma. For all types T, elements d,d’ € 7], and terms
M,N,V € PCF,,

1.1f dCT d and d < M then d <, M.

2. If d< Mand VV (M| .V = N|_ V)
then d <1, N .

(EO\§7 pv\)&?s Yo, Ind uchon on SJVV\I\Q“VW-Q,
 Fypos )
pe) T,
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Fundamental property of the relations <|-

Proposition. IfI' = M : 7 is a valid PCF typing, then for all
['-environments p and all 1'-substitutions o

p<ro = [['FM](p) <, M|o]

(Pms? 39\3 e mdudion Jor [FM:T—See sect ?2)

e p <Ir 0 means that p(x) <Ip(;) o(x) holds for each
x € dom(I).

e M |o] is the PCF term resulting from the simultaneous substitution
of o(x) for x in M, each x € dom ().

102



Peoot. o Ps&lq\/\wg Doy,
l i | )
Case v — nat.
[M] = [V]
—> [M] = [succ”(0)] forsomen € N

— n=[M] <, M byRamdanatal P%

— M |l succ”(0) by definition of <14

Case v = bool is similar.
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