Topics in Concurrency

Harri Bell-Thomas

ConenSs :
* S'\cwp\e porollelism and non deteminisw .
r Communicodi; processes
- Milner’s CCS
- Bismulotion
# Specification Rogics for processes
- Modad m-ealendus
- CTL

- Model MIS
* Podri Nets

= Evasts, comsal depandence, independence
* Seaunty Protocols

- SPL
- Peds Not Semontics
- Prbo.Fs o.F sa.;ru:} ond owdterticotion
* Eved strudises
% Concuwrresdt gomes, processes os S+rp1’a3\'¢s-

S\'M.P\Q, PovolMedisn ond  Non -Deteminisan

Communi cotion b5 Shored voriables — introduce poallel composition with tha (| operodir.
Porallelism by non- detaministic intarlesving.
L> ttaas S‘l'\AAJ OF pom»\\dl's‘m 2 S‘l‘ud:) o_F now - defeminisan.
Di\'\ll.shw's chnuasa. aF Cruorded Commands .
coleons expression — b, Adtlumetic xpressions — o-.
Commands — Sikip ‘ oubo-'t{ X:= o | Ce3 ¢, | if SC—-F-l do gc oa

Guomded Commonds — 9c == bae | g% [ 3c



Exow..?\c, : Eudid's ﬂ\sor'\ﬂvw
[pre_-condiﬁms: Xzma Y2 a m>Q A n>0}
do (X>‘I - X:= K—‘f) “ ( VYo>X = Y= \{-X) 0d
[pos'l'— oadition, : K=zVY= 3“‘("‘:")1

Ccmmunicoft'«g Procgsses

Extend GCL woiti, samma&so:ﬁm — inhoduce the notion of chonaels.

Alo. — 2volluste on and stnd the volue on choaned o.
O‘?X — eeive vodue ow. chonnel R ond Storee W in K.

NB. Communicotion is Synchronised ond onlj one procass h'sfud:l) on tha dvoanel receives .

Transitions Mo nowd camy fobels whea thart's ov possible of inter-process Communicodion..

(\n*uf-m ‘D'\ojmns)
oQrammodic Views NG: Infemold vs Extemod Cheice

These procasses orend Qquivedent ; coasider botk's
deodleck c_afa.c,i-\'n.

> rustact B 8 be intemod-only channal.



CCS — Tha Coladtus of Communicoding Snsfws.

Simplifies GCL by rimoving HRe. store.

Snm=

Exouw?(b :

Liking Procasses
d..?"/ pnaq = (P[c{ew\'] I %[c.[inn \ ¢ (uknn. c is o- frash dwwwl)

BDuffor, Bz in?x>(owt!yx »B)
N-urbbm‘f&‘a.r: lbnﬁn...n&_‘

n times

f)u@{?.,.— withe oscl’.mwhdswds, D = inlx¢> out!x > ockout? > ockin! = D

5&“&1
d@.f“’ S“'l? z inTx> in?n-) (:r_'-'n-a Scd!:x.*n.il +

x ¢y + owtln > outl(y-x)>ml +
nL:x.—'oud‘!(x-tﬂé oud!y = nid )

def Euclid = Step n Euclid



‘”‘F\’ 2., R0 p[nx] , Sum over oll possible wolwes of n. ond Substitude it for locadvon
X instead of usi:g-\h. store .

Indihion. : &? ond 'nL ove onplementony octions sawso*.&w only occurs on ompl. octions.

5 51\""0# :

Transdhion Systems,
Gnven oo CCS process p;
p=(S.i, L, trn)
where, S is thas set o‘.‘ stodes
1 5 tha inchiod stode
L is tha set of Robals
tron e SxLxS, the +oasition relodion

ccS Pure CLS



Racursive Altemodtive
Raploce Pzp wik rec(P=p), plrc(P-p)[P]> ¢’
W . rv.(P= o.nil + b.P) rac (P=p) Bp’

Mulkle dogiutions P> rac,(Pep, B23), Q= reca(Pep, Q)
Goramodly : Py > reey(Pisp) ez, or Py reej(P-3)

Lo..mswasc— E.q\uivdu»u.s
A procass troce is o (PQSSIbI i w;h,) Sequance o{ oChions (u,,o-, < 0,05, - ) such
that pop.p, Sp
Twao processes ore Trocs. Suivolet (L ﬂw:j have tha some sets oF +roces .
A +race is moximod i{—‘ it connot be escrended (o,iﬂw— it\f(ni'h_ or ends in o Stota F@M while thare
S no ‘l'mn-s'\ﬂ'ws.).

Procasses oue completed Hoca qw'volod’ if 11-«.3 howe the Soma. Sols of moximol trocas.

Bisimulotion

DQ—?"/ [ S‘h‘va b|S|MV&O~T|°N is o- redoFXion 2. betrween Stotdes whare :
pRg e MupipSp = dy ghg . pRY
n Veql g q => dpl pIp ~ pTRY

S‘\'I‘b's bis.lm;\ou\f3 is on Qquivelence on stodes;
To show pP~q we 3;v¢. the rlotion & .
b\'s\v(do.h'rj is o- c‘o%w: Pvq > K.p~o.g

P~9 ¥ pRq for soma bisimuetion R

+ ond | o commutotive ond
nprr~qrr ossocodive wﬂ'.ﬂ',ut\;d't\ﬂ.
~ plle~qlr

IN p\L'v‘L\L

~ ple] ~ qlf]

For 2,5, R, (ieI) , ol\ stroeg bisimulodions, then ;

- Tha identiy redotion is oo bisimwledion

- R (or R°F) is o bisimulodion

- RoS (whare tha set of stotus modch wp) is oo bisimulodion.
Uier & (for olt over the sama transihion system | is o. bisimalotion.

it D mpl:) ~ i o u\uivdwn. reloction fost Hed ~ is oo bisimulodion.



cCS Ey.Pus'aom.. n Qenersd, p~ ZiﬂLP’ ‘ P“-”P'S
We can represet M:j“w‘;j os P"“{"‘“"\*S ond Sums.
SwePoSb p~Z;¢1 AP. ol %“Zses f’s-‘\s
» p\L ~ Zi‘*i-(?i\'-‘ ‘ °“¢L§

* o[f] ~ Z{f(0). pilf] | ieT .
¢ plla ~Z i (plig)r Z b (plq;) « Z(r(plgs) l o= ;3

Weak Bisimulodion. . ) 1/10 @T/@r ({3
'D({.‘"’ > = (:"‘ Z s becomas =‘§@=‘;¢>.
.(a53) " ° N

Dm‘:ﬂ’ Wk Bisimulotion is o relotion R bdtwean stode whare ;
pRa=> Vup p3pi> 3yiqdq’a p'R g
V.9 939 > . pp’ n p R g

Note : Weoke Bisimmdotion is not oo QSM (Mo.rwb on obsesvodionod ow).

Specifizotion logics for Processes

Finl-('un wassa— Milnar Lns'\c. E\co.m.Pln, :

selT

S = [o.]T

s fl-IF

S = LX) T
S f [o-](b)T



Nov\,—{‘i&croﬁ Hc.me.ssaj-— Milnar~ 9.03\'0 oMowS o \'N{\;\;"-QJ C.Qnéwxvl’\m

Semantics: S i/E\ﬂf\; '.(f s = RA; for ol i€ T

len/ P%i lﬁ ‘Fo- o\ ossutions A o_F H-mM ﬂ-cﬂic. phﬁ I.FF 1;-4\

Theorem : R = ~ . Usf:s His wa con demonstrote noa-b'\.sim'.laﬁb-

Asine : Knoster-Tarski Fived Pond Thesrem—
Spesiodised 18 Lodfite denved from the Phwer Set and incdusion (£) poset opaseatur.
kot O: Pow(s) > Pow(s) be o monctonic function [XsY > d(X)s $(v)]
DQ{“/ PrQ.FucéA pownts : CP(S)& S
Posh(lsic.d. poirts : S s P(s)
Fyed Po‘ud's : S= q)(s)

Theosrem : Minimum. Fxed Pm':d", "M = ﬂisst(S)ESSs V\—X¢(x)
Moscimum. Fived Point, n = U{S-‘:X(SS‘:?{S)S ) \rx.¢(x)

Lemmeo. : K‘_—qb(ﬂ.) I R s oo s-hc-:os bisimulotion. .

r~~

U{R | R is o bisimadodions
U{R[Rep(R)T
K. ()

n oo

Moded p-codenlins

N®: To 3\»4&4\1'&; Mono‘l’ovdcl\‘\'n (wsd s the existence, of ‘ﬂm..-@ﬁmd \».'.or ) we r'u\w‘ﬂw
vosnable X 16 OMJ ocLur— Pos'\'HvdJ w A (?br vY--A). Swdr\,Y. ocomn wades on Wens
fammbaer O,F S,

S=vX.A if se vK.A_ K6 i Se U{SE'P‘SE ﬂ[s/x]‘ (¢M is Sw A[SIXD

Note: wX.A =z ~vX, —\A[—-X/x}
T ﬂ(Se(Pl ﬁ[s/;clz sl



prmximwd‘s:
Lot §:P(3)>P(S) be monstonic.

Dq}"‘/ 4) is N - continuous ff -fo.r oll de.crv.n.sing chains [Ko 2 X, 2.0 K2 ... }
b (180 = §(2)
4) is U=~ contiamons uﬁ-‘ {ar oll ;W"':S Unains [Xu e X, e... Xo€... 1
we hove U @(K") = q)( “L‘)NX,\\

LYY

Dot M&MJ Wold if S is finite.

1§ ¢ is N- continmons, v-K.ib(X) = 43“(5)

new

§ G is Us codkimans, X G() = U $"(8)

NEw

Poposition : for o fite stote system, Se vR. (&)X iff there exists an infiite Sequence. of
o. transions -FraM S.

Thert are infiite taasition systems whare, XY= ()X 't (- continmons.

Bism lou-'.-rj .
¥ Modod p-codadus for fiuda processes con be ncoded i infinctony HM "3""
+  Disimlor processes Pf g, sofisfy the, soms model-p assedfions.
* Buk modok - Qquivalence doasn't imply bisimilarty (no infikitory conjunchion )

CTL : Computotion Tree Logic

CTL is o pofi based fogic ; o podh frem stode is o mosimel sequence of stofes,
M= (M, M, T, ..), such that s=1 and >, for ol i.

’



Du—ivod'\'ms : AX B = "EX B
EF® = E[TuB]
AG® = -EF =%
AF® = -EG B
Aleuc] = -'E[-wCu-‘B I\“C] A ~EG -C
CTL donslotion 1§ medod-p:  EX o =2 (-3A
EG o = Y. An ([FIF v &BY)
E[o.ub] = MZ..&V(HI\(")Z)

Model C\r\uKif\—S

Local modal d\z.c,Ki:\ﬂ withe the, "s'\\\j e’ reduction. lommo :

pe vk 4(x) & ped(vK. (pY v ¢(X))

Extend syntor, Ae= - | W | vX{p.,pal A

whare U is on orbit Subset of stedas.

vX{puwpal. B = Ujues|Ueip,...palv Alufx]}



A\SOI:\M. Given o transthion system with. ov st of bosic assedions, i v,V,... S;

pr U — trae if peV

PV — fise if p¢ U

pr-T — truae

prF — folbse

o - =B — not(p+ B)

p+-Arb — prA ond prB

pl—ﬂvﬁ—’ pl-ﬁ or Ps——B

pri{HB—> qrBor..or qu-B, {9q,

a3 {9 lp3 g}
P vX{P?L B = twe

if pe ™)
prvkiPl.B > pr B[~X.{p>.8[X] ¢ p¢ 73
Exomg‘@ﬂ R
fr P = o (amleaP) P27

cheeke P X. (o)X,
»> P (o.>(\r)(ip'g,<o.>)§)
> Q+ v’)(ip%.(o)x
> Qe (v el (&) X)
> P v Xipa}. ()X

> trua

ond chack P+ Y. [——]Fv <—>Y

NE: WY [FIF v (DY = Y (FIF v (-)-Y)

Pr =vV. ~([1F v {(>-Y)

P a(-[-1F v ()= vV (63 7 ([F v (DY)
P [FIF v (v ied. o ([-1F v ()= Y))
Q- ey {pd.~ ([-1F v ()= Y))

Q@ v (7 [-1F v ()-Y))

Q- [-1F v (5= )

R= 2w {p.43. ~(-1F v (9 =Y))

R ~(a[-1F v (->Y)

R+~ [."]F v <—>"V

trwe

&&\,&&;¢\9¢¢



Wl founded nduckiown.

N&. A b\':\ws rdohiovs X on sef A is well {:,m:m iff thee, oo no cA{.u.JJ dwnd(sdoius
cer d0qd...20,<L Oy
Prinedple :

Lot < be o well founded relotiow on oo set A, ond P o propedty on A.
Then YoeA. P(o)

ff VoeA. ((Vb«x. P(*’““’ P(“))

[Ns. \Imsb rua whan, oo has no Pro..dn.u.ssora]

ProoF w aotes : (pt-ﬁ)—-»'t => (Puﬂ)st

Petr Nets

Preomble : 00 - muldtisets.

Multiseds = demaends coa appess multiple tiimes,
w%z w o iool

An 00-mudtiset over o set X is o
feg iff UxeX f(x)e g(=)

.P-I-s is tha 00-mulhiset such thot VxeX. (‘F" 3)(-;) « f(®)~+ S(x)
For mulltiser 9, Sef, Vxe X, (F—s)(s—) = -F('x-)— 3(:-)

o, £: X2 w?, aamber of Hmas on demedt appon.

Grenarel Potri Net.

* P, o. set of conditions

* T, o so of weds

* ", o precondition map assiquing each et t o rultiset’ of conditions.

¥ t°, o posteonditizn map assigrng eoch et T an w-mubtiset of conditions.

# Gp, o copocityy map, on 00 -mulkiset of condifions, ”SSNS o Copwfb in W2 15 Wth condihow.

* M, o mordling , an. o-rmulhset, M ¢ Cop, M‘ﬁ haw moasy fokeas ort in 2och condition.
* TOK&I\- C:rw:

For M,M’morl(.in:ss, t o went:
M M g "teM ona M=M-"tet

t con occuwr o M \H.‘ *teM and M-ttt & Cop



Bosic Patri Noks. [Consider sets nstead of mulltisets ]
* B, o set of conditions.

# E, oo sof of events.

¥ ‘¢, ¢, pre- oad postcondition Subsals o B.
* Cﬁ?“ﬂ"'s °F Osl\s condihion. is l.“P“IC‘HS set 18 be 1, Yoe®. Cnp(b)s l.
¥ M, a Mar&i:s, is now ;)wsf o SubsSeX of ceaditions

M-S M’ ff 9¢M ond (M\*)ne = @ ona M’s(M\'LXue,'

E.xo«sp\bs :
Co Forwamks Conflict Bockwards Conflict Condoct

W g3 o

b -
Pz o.ad | b.3.nil
Oo.
Sn.fn. Nets — there is no Mar{(-vs ranchoble Frm‘ikc., indiod w whach cortoct occum.
Contoct occwm wihan,

‘etM, (M\)n'e ¢ ¢

Persistendd Conditions — comditions which oftrer they hold once will penist thervofter (05 broodeasts).
Now; M5 M igf “weM ond (Q.' n (M\(Pus'\shd v'e)) =@
s M’ = (M \'e,\ ue v (M n Pm.'s-l-md-\

Drowen s ©O).



smu.r'd'b Protocols

Raguires Md.:ss}c bosed on counsed dependencies — ovent bosed reasoning .

EXom.ph. : Nedwonm. — Schrteder — lowe Protocol.

SPL

Infinide st Nomes = i m,q, ... ﬂ,&,...‘ » with Aoma vadebles ¥y, ... X\, ..

MQSSOS-S ot roaged over by message Voaskius, §, ¢, &,
Indicas Sholl be used 13 idantify componants in povalled compositians.

@, ouwt M.p (Ust of asw voriakles is emphy)
in M.p (st of noma ond message. Voriokles
are precisely The, frea vosiakles in M)
nl - (the ampty pomllel compotition)
’p (rQ.?\I\CAfw'A, —_ “icu P}

NSL in SPL.
lnid'(ﬁ,s) 2 ouwl new = {leSNG(B)
in {o,4,B3 pug(a)
owt {4l pus(ey

Ku?(ﬁ) 3 in {2, Z8,ue0).
ouwl new 4 ('&,3.B§Pus(z.)-

in i*s\ pus(®)

Dolov - Yoo Assumptions.
\I\'e.w'u:s o)\ owkpuwk mesSages oS Persistont, DY ol buwild naw MeSsoiu bosed on wfsﬁs ones.

s ; P393 = !Spy
P‘-“.“—?- “x,v:nauh ‘“* (x,\l)

Prn.SP “zeﬂaud's RQS?(Z)
NSL = “ icfopy resp ity P



A Configuradion, is oo tuple, (p,5,t);
P is o closed prowss tem .
S is o fiide Subset of nomes (nomes w\md5 in usq.).
t is o subset of closed messoges ( messasge s oJru.dJ outputted & the nd'wo.&).

A Comf‘jwﬁ-m is proper iff
nomes(p) ¢ S
Acs {irwusasud-.w;{.‘.u A.
Uimmes(M) | Metd 5.

Tronsitions ore lobulled withy ockions ; o= ouk naww M ( n M \ itw

Event Structiures

Par Nefs con be M‘Go\dtd o Ocowrrence naks; remove Loors ond LRrwords conflicts.
Octurrenca nets ore thaa troasloded info Evead steachures, romoving tondifions and Mdirs o consistensy relofion.

Ever Struchures with 'ED\«A:J Cowp\'\c.f.
— (E, < #%);
E, o. set of wents, Pamub ordered b:’
e, e comsod dapendency rolodion, ond
‘-ﬁ’-, o b‘-"‘”:)' r&flmv’m, stmd’n'o relodiow on E, vlprc.Sud'us c.orsfh'u's.
> VeeE.{e' |e'ee)s fide if e Qo ¥ Lot @, than o $e’.

T and @ ore comenrred i (efe’)n efe’ a 0¥ e



COAAF|SMG:WS, C.w(E\, o the Subsets xSE Witk ore
— Consisted: Yeee=. (L:\F ).
— Down Ussed: Ve, e’ 'teex = e'ex.

For on wvendt o, The st [o] 2 UeE[se] dascibes the wihole caumsod istony of .
o e x —» o is o Subco-\fnswad'm'«./s\tbusfm:) o.F SN
(C(E), E) is o domoin. C[E) is tha ser of all fiite confignrdions.

Grenarad  (Consistency -Bosed) Eved Stewctiures.
— (E, e, c_m),-
Con is tha Fuwu\-, of non emply fiaike subsats of E, e consistuncy relodion.
> Veek. [er|@ee] is fude,
NeeE . fel e Con,
Ve X e Con s e Con., ond
XeCon n cee’eX = X el € Con

e and @ ore concwrrtad if [, &3cCon n 2 dQ a u’{o.

For Configaoiions, defica
—_ Ccdisfu.cﬂ= Y Xe x. Xe Con.
— Down Uosed: Yo' dteex » ex.

Mmpso.c Eved Strnchiues.

map ; -F: E - E’ Such thed F:ﬂ. € C(E') A(%,,LzC: ~ F(b.): -F(Q,z)'ﬂb Q= Q;z)
When £ is totod it restricks o o bijectien, < T fLx for any x€ C(E).

Maps preserve conommrency ond Locally reflect comsod dependenc:
e,,eex A fo)e f(es) [both 1] » e, e,
A toted map is n'ﬂid when  presuves comsad dependencies.

AsiDE : PaAtial Ordar, atb.
o. rddoted t3 b, b not necessonily rddoted 13 o..
L is;
i. Reflosive, o.co..
i Ad’.sbmmdm,, otbabta = a=b.
ii. Trasitive .



QOM.pui‘ai'-&w Potts : oo portiad order, P'—'(‘Pl;ée)-
Yeelpl. {<efpl| & 2p el is pute.

* Post P s prme iﬂ: i hoas o 1"o‘> W, 'h;P(p)
% |pl Simply means e set of eveds in tRe patk.

# Riga Indwsion befismn patis, p=(Ipl, 4p) md 9= (I31, £4):
P9 i Iplelel o Yeelpl, @efi]. Yo e e,

QJS\A Fomilies .

A non-empty set of fiite padts, R, for whith pesgqeR = pe R,
Set of podls closed undar rigid Conbeddings.

eg. C-(E) is oo r(sld ‘F"“*"‘:S'

Q-I.Sld Structures = Event Stauctures.
A Rgd Fomily, R, detemias on tved straeture Pr(R).
L+ 1Ro, order of C(Pr(.K» is (Somorphuc 18 ('K,, ""\)

Pr'(n-) hos eveds P, subset o.F e, primas potts o{.‘ .
Coursal dbpu\du‘:s is gwen b:S r'\s';d welwSion...
C,oo\.s(sh.ntﬂ given. by :-ompoﬂbilﬂb with, n'3'\d. inchusion..

Order isomorphism, Og: (R, ) = (C(P(R)), €), awen b
T e () (peRlpery)

Tts iwene eg(x\) z=Jxe onxe C(Pr(K)\

Poducts of Evear Structures.
De,f"" [Al %, (B = [(a,2)|aelAl} v [(ap)| aclplabel®ld v { (b)|ben? [waﬂu potiol pmswr.m,m,vz]

DQ‘F"’ AxB=Pr (R-\ , whare rigid {‘u..uj R safisfies :
pe R if
i lele \H\K.\ﬁl
i ple ¢(R) n m|ple ¢(B).
Also, projections are loally injective ; Vedelpl. m ()= m(e') » c=¢ .
Vecelpl. mfc)= ;(e') » c=¢.

ii. ¢p least redakon st. cepc’ if T (c)¢a T(c") or M(c)4s m(c).
ENFsru.A by porfiol order, comsel Loops thrown auoy.



Aﬂmud'oﬂ’{m.s.
lat E be on evend structure wibh c'°~63w'd—'m .
A pativ p= (lp\,e,) is o ougmentodion. of o= ff [p[=x o Vo_e(pi,e,’e\E\. e e
Define. A, o poutiod opesadion on oﬁma:h'm,- A A\S(E) x AU:S(E) - A\.S(E)
b\\) ‘I‘D«K.\':S,

p A ql = ( \P\, Ep v ‘—'q'\ iF ‘?“hr‘ A (éP v h‘l«)* is Nd".sb‘"‘"‘d":c'
““‘“‘F"""d‘ stharvoise

Gomes ond Strategies

Event S‘\’m.d’un_s with Po\n.r'sfs, (A, Pat), whare A is o wwvend structure ond polg: A*’{+,0,—L
o.sd-\b-':g weks with oo polority; * G plowger, O Rr neudred, — for opponant.

A Crome sholl be o vt structie with no nautied moves .

ND, oc & Y mean incfusion v wShada oll ifd'ww':s event's oo the ol’f"”“-“*s-
x &*

Yy s the soma .f'or plo.bcx ar nuwiroh wends.

The Dusd of o~ 9oma, ﬂ"") is tha evend” structire o.f.‘ A wih ~eveme polomties.
L o P“"j" s""“ﬂ'l is o.s'l-nihsbiu A, on o?eomrd"s one in At

A P\Oﬁ in A (o~— polansed avent struckuse) is on auﬂmvd’aﬂém P=(\P\, L—.A) wath lﬂe C(ﬁ) st.
Yoo’ ¢ [pl o' =% o n(ro‘.\(o.’)si— v pola(a)=-)=> o’ =, o .

* Weite, Ploys(A) for tha st of plays i A.

» le Aiso.somq,, fh,a,\xn.ws

medodions allowed q{.‘ o ?lnﬂ P (blﬂond the, immedicfe CoamsSol dq)lndwus
of A) orw those of tha, form © -+, ®

Sfrud’eﬂ'o.s .

A bare Stedegy in A (o polarisd evand structure) is o Flgid fomily o= P(a:)s( A) Ahat is
recgphive : pe o a lpl & = € R) = 3:150'. P9 ~ |q|e=

Strodegies os Maps of Event Stauctires.

For o.bare s't-mi'o.s-.y o H, "l"oP: Pr(o‘)-—) A is o. Totad Mop on wend Structures thet ;
i. Preseve polorities.

i, Sofisfias C‘.ow’l'c.s:): S5 a polfs)zra pol(s)s ~ => :FG(S’)-PR ‘f‘,(s) .
ii. Sotispies Receptivity: Ve C(Pr(or)\ fox) &7y € c(a) = Itx’e clpr(e)). fo (=)= y.



Maps 1o S‘I'm:hﬁio.s.
Lot f= S>A be toted map on avend Structises Pn.sm-‘.s Folouifva.

Def™ o(f) = | (F=, cp)| =€ C(S)], o rigid foumity where ;

°"""'-F:.°‘ <> Jslsex. ol:f(s’) nozf(s) A Seg S

ProFos't‘l’léw: the rij'\d (masa_ is o S*f‘*‘ﬁ‘y O'(f) ‘A, |'f f it recephive and courtous.
The comere moy fuil : o (£): A but [ isn'+ receptive.

eq. S Z’“i C.enfﬁwuﬁons QF S = "stote of Ploﬂ".

!
A @ CO!\.FBMWM Q.F A= “?OSH'I'CV\S nf'ﬁu. SML"-
© ©

S‘I’m*‘gs\'a.s between. Cromes.
le¥ A ond B bz.amc.s. A s'l'wd'cﬂj Fvw At Bis o.s‘l'ru.hﬂa o'=ﬂ"\\5.
® NB. often wrtten A3,
Copyeat,
Ca: AR = {(x, 2, =) | =e Q(Cﬂyg

Cao: A A
o, w-e- [ Y

Z Z {n 30.«:..-;4 : Sea. shides.
& @---0 o,

\rtermctions of Strotegies.
Lot A be o gome, 0 A o Stmdegy ond T At o counterstmten,.
fhoic idemction, T® 0 ={prq | pecagera (P nq) is defuied 3
L T®c:A° is o bore Stategy (all moves are asdred ).

n generod, ®: Plojs(b"“ C.) x Plogs(ﬂ"'“ﬁ) - Plajs(ﬁ"'“ 5°“C)
wrare fple callxa ond f3]= Yol e

(Y 1@ p = (P u‘ég) A ('x'nl-“ 1—)

‘F!)r o ﬂ"'“&l -r:b"“C,
T®o = {q_@P\ pPec ~qeT A 9@p oh.f-‘wius= Q"‘“%"“C

Composition : (=) &+ Plays (A*[[8°([C) > Plays(A*|IQ)
TOe = [(3@p) |[pso rqeTaq@p dafieal: A C  (or A=)



