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Lectures 4, 5

Introduction to Combinators for Algebraic Structures (CAS)
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Semigroup properties (so far). Call this set of properties PSG
0

ASpS, ‚q ” @a, b, c P S, a ‚ pb ‚ cq “ pa ‚ bq ‚ c

IIDpS, ‚, αq ” @a P S, a “ α ‚ a “ a ‚ α
IDpS, ‚q ” Dα P S, IIDpS, ‚, αq

IANpS, ‚, ωq ” @a P S, ω “ ω ‚ a “ a ‚ ω
ANpS, ‚q ” Dω P S, IANpS, ‚, ωq
CMpS, ‚q ” @a, b P S, a ‚ b “ b ‚ a

SLpS, ‚q ” @a, b P S, a ‚ b P ta, bu
IPpS, ‚q ” @a P S, a ‚ a “ a

Bisemigroup properties (so far). Call this set of properties PBS
0

LDpS, ‘, bq ” @a, b, c P S, ab pb ‘ cq “ pab bq ‘ pab cq
RDpS, ‘, bq ” @a, b, c P S, pa‘ bq b c “ pab cq ‘ pb b cq

ZApS, ‘, bq ” D0 P S, IIDpS, ‘, 0q ^ IANpS, b, 0q

OApS, ‘, bq ” D1 P S, IIDpS, b, 1q ^ IANpS, ‘, 1q
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Start with an (expandable) set of base structures

Semigroups

S ‚ α ω CM SL IP

S left ‹ ‹
S right ‹ ‹
N min 0 ‹ ‹ ‹
N max 0 ‹ ‹ ‹
N ` 0 ‹

Bisemigroups

S ‘ b 0 1 LD RD ZA OA

N min ` 0 ‹ ‹ ‹

N max ` 0 0 ‹ ‹

N max min 0 ‹ ‹ ‹

N min max 0 ‹ ‹ ‹
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CAS idea

We want to develop a set of combinators for constructing new

semigroups and bisemigroups.

A CAS expression will be built from base structures and

combinators.

We want the collection of combinators to be closed in the
following sense:

§ For each property Q we can compute if a CAS expression satisfies

Q or if it satisfies  Q.
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Add identity

AddIdpα, pS, ‚qq ” pS Z tαu, ‚id
α
q

where AZ B ” tinlpaq | a P Au Y tinrpbq | b P Bu and

a ‚id
α

b ”

$

&

%

a (if b “ inrpαq)
b (if a “ inrpαq)

inlpx ‚ yq (if a “ inlpxq, b “ inlpyq)

Easy Exercises

ASpAddIdpα, pS, ‚qqq ô ASpS, ‚q
IDpAddIdpα, pS, ‚qqq ô TRUE

ANpAddIdpα, pS, ‚qqq ô ANpS, ‚q
CMpAddIdpα, pS, ‚qqq ô CMpS, ‚q
IPpAddIdpα, pS, ‚qqq ô IPpS, ‚q
SLpAddIdpα, pS, ‚qqq ô SLpS, ‚q

tgg22 (cl.cam.ac.uk) L11: Algebraic Path Problems with applications to Internet RoutingT.G.Griffin c©2017 6 / 40



Adding an annihilator

AddAnpω, pS, ‚qq ” pS Z tωu, ‚an
ω
q

where

a ‚an
ω

b ”

$

&

%

inrpωq (if b “ inrpωq)
inrpωq (if a “ inrpωq)

inlpx ‚ yq (if a “ inlpxq, b “ inlpyq)

Easy Exercises

ASpAddAnpα, pS, ‚qqq ô ASpS, ‚q
IDpAddAnpα, pS, ‚qqq ô IDpS, ‚q
ANpAddAnpα, pS, ‚qqq ô TRUE

CMpAddAnpα, pS, ‚qqq ô CMpS, ‚q
IPpAddAnpα, pS, ‚qqq ô IPpS, ‚q
SLpAddAnpα, pS, ‚qqq ô SLpS, ‚q
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Direct Product of Semigroups

Let pS, ‚q and pT , ˛q be semigroups.

Definition (Direct product semigroup)

The direct product is denoted

pS, ‚q ˆ pT , ˛q ” pS ˆ T , ‹q

where

‹ “ ‚ ˆ ˛

is defined as

ps1, t1q ‹ ps2, t2q “ ps1 ‚ s2, t1 ˛ t2q.
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Easy exercises

ASppS, ‚q ˆ pT , ˛qq ô ASpS, ‚q ^ ASpT , ˛q
IDppS, ‚q ˆ pT , ˛qq ô IDpS, ‚q ^ IDpT , ˛q
ANppS, ‚q ˆ pT , ˛qq ô ANpS, ‚q ^ ANpT , ˛q
CMppS, ‚q ˆ pT , ˛qq ô CMpS, ‚q ^ CMpT , ˛q
IPppS, ‚q ˆ pT , ˛qq ô IPpS, ‚q ^ IPpT , ˛q

What about SL?

Consider the product of two selective semigroups, such as

pN, minq ˆ pN, maxq.

p10, 10q ‹ p1, 3q “ p1, 10q R tp10, 10q, p1, 3qu

The result in this case is not selective!
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Direct product and SL?

SLppS, ‚q ˆ pT , ˛qq ô pIRpS, ‚q ^ IRpT , ˛qq _ pILpS, ‚q ^ ILpT , ˛qq

IR is right ” @s, t P S, s ‚ t “ t

IL is left ” @s, t P S, s ‚ t “ s

IRppS, ‚q ˆ pT , ˛qq ô IRpS, ‚q ^ IRpT , ˛q
ILppS, ‚q ˆ pT , ˛qq ô ILpS, ‚q ^ ILpT , ˛q

Remember : we have an implicit assumtion that 2 ď |S|.
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Revisit other semigroup constructions ...

To close our simple collection tAddId, AddAnu of semigroup

combinators we need

PSG
1 ” PSG

0 Y tIR, ILu

and

IRpAddIdpα, pS, ‚qqq ô FALSE

ILpAddIdpα, pS, ‚qqq ô FALSE

IRpAddAnpα, pS, ‚qqq ô FALSE

ILpAddAnpα, pS, ‚qqq ô FALSE
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Operations for adding a zero, a one

AddZerop0, pS, ‘, bqq ” pS Z t0u, ‘id

0
, ban

0
q

AddOnep1, pS, ‘, bqq ” pS Z t1u, ‘an

1
, bid

1
q

Easy Exercises

LDpAddZerop0, pS, ‘, bqqq ô LDpS, ‘, bq

RDpAddZerop0, pS, ‘, bqqq ô RDpS, ‘, bq

ZApAddZerop0, pS, ‘, bqqq ô TRUE

OApAddZerop0, pS, ‘, bqqq ô OApS, ‘, bq
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Easy Exercises?

Consider left distributivity (LD)

a b c aban

0
pb ‘id

0
cq paban

0
bq ‘id

0
paban

0
cq

inlpa1q inlpb1q inlpc1q inlpa1 b pb1 ‘ c1qq inlppa1 b b1q ‘ pa1 b c1qq

inrp0q inlpb1q inlpc1q inrp0q inrp0q

inlpa1q inrp0q inlpc1q inlpa1 ‘ c1q inlpa1 ‘ c1q

inlpa1q inlpb1q inrp0q inlpa1 ‘ b1q inlpa1 ‘ b1q

inlpa1q inrp0q inrp0q inrp0q inrp0q

inrp0q inrp0q inrp0q inrp0q inrp0q
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However, adding a one is more complicated!

Consider left distributivity (LD)

a b c abid

1
pb ‘an

1
cq pabid

1
bq ‘an

1
pabid

1
cq

inlpa1q inlpb1q inlpc1q inlpa1 b pb1 ‘ c1qq inlppa1 b b1q ‘ pa1 b c1qq

inrp1q inlpb1q inlpc1q inlpb1 ‘ c1q inlpb1 ‘ c1q

inlpa1q inrp1q inlpc1q inlpa1q inlppa1 ‘ pa1 b c1qq

inlpa1q inlpb1q inrp1q inlpa1q inlppa1 b b1q ‘ a1q

inlpa1q inrp1q inrp1q inlpa1q inlpa1 ‘ a1q

inrp1q inrp1q inrp1q inrp1q inrp1q
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Absorption

what does a “ pa b bq ‘ a represent?

Let a ď b ” a “ a‘ b. Then a “ pab bq ‘ a is telling us something

else, that

a ď ab b.

That is, that multiplication is inflationary or non-decreasing.

ABsorption properties (name is from lattice theory)

RABpS, ‘, bq ” @a, b P S, a “ pab bq ‘ a “ a‘ pab bq
LABpS, ‘, bq ” @a, b P S, a “ pb b aq ‘ a “ a‘ pb b aq

To close our simple collection tAddZero, AddOneu of bisemigroup

combinators we need

PBS
1 ” PBS

0 Y tRAB, LABu.
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Rules for absorption for AddZero? Consider RAB

AddZero

a b paban

0
bq ‘id

0
a a‘id

0
paban

0
bq

inlpa1q inlpb1q inlppa1 b b1q ‘ aq inlpa1 ‘ pa1 b b1qq

inrp0q inlpb1q inrp0q inrp0q

inlpa1q inrp0q inlpa1q inlpa1q

inrp0q inrp0q inrp0q inrp0q

RABpAddZerop0, pS, ‘, bqqq ô RABpS, ‘, bq

LABpAddZerop0, pS, ‘, bqqq ô LABpS, ‘, bq
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Rules for absorption for AddOne? Consider RAB

AddOne

a b pabid

1
bq ‘an

1
a a‘an

1
pabid

1
bq

inlpa1q inlpb1q inlppa1 b b1q ‘ aq inlpa1 ‘ pa1 b b1qq

inrp1q inlpb1q inrp1q inrp1q

inlpa1q inrp1q inlpa1q inlpa1 ‘ a1q

inrp1q inrp1q inrp1q inrp1q

tgg22 (cl.cam.ac.uk) L11: Algebraic Path Problems with applications to Internet RoutingT.G.Griffin c©2017 17 / 40

Property management for AddOne

LDpAddOnep1, pS, ‘, bqqq ô LDpS, ‘, bq ^ RABpS, ‘, bq
^ IPpS, ‘q

RDpAddOnep1, pS, ‘, bqqq ô RDpS, ‘, bq ^ LABpS, ‘, bq
^ IPpS, ‘q

ZApAddOnep1, pS, ‘, bqqq ô ZApS, ‘, bq

OApAddOnep1, pS, ‘, bqqq ô TRUE

RABpAddOnep1, pS, ‘, bqqq ô RABpS, ‘, bq ^ IPpS, ‘q

LABpAddOnep1, pS, ‘, bqqq ô LABpS, ‘, bq ^ IPpS, ‘q
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Lexicographic Product of Semigroups

Lexicographic product semigroup

Suppose that semigroup pS, ‚q is commutative, idempotent, and

selective and that pT , ˛q is a semigroup.

pS, ‚q ~̂ pT , ˛q ” pS ˆ T , ‹q

where ‹ ” ‚ ~̂ ˛ is defined as

ps1, t1q ‹ ps2, t2q “

$

’

&

’

%

ps1 ‚ s2, t1 ˛ t2q s1 “ s1 ‚ s2 “ s2

ps1 ‚ s2, t1q s1 “ s1 ‚ s2 ‰ s2

ps1 ‚ s2, t2q s1 ‰ s1 ‚ s2 “ s2
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Examples

pN, minq ~̂ pN, minq

p1, 17q ‹ p2, 3q “ p1, 17q
p2, 17q ‹ p2, 3q “ p2, 3q
p2, 3q ‹ p2, 3q “ p2, 3q

pN, minq ~̂ pN, maxq

p1, 17q ‹ p2, 3q “ p1, 17q
p2, 17q ‹ p2, 3q “ p2, 17q
p2, 3q ‹ p2, 3q “ p2, 3q

pN, maxq ~̂ pN, minq

p1, 17q ‹ p2, 3q “ p2, 3q
p2, 17q ‹ p2, 3q “ p2, 3q
p2, 3q ‹ p2, 3q “ p2, 3q
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Assuming CMpS, ‚q ^ SLpS, ‚q

ASppS, ‚q~̂ pT , ˛qq ô ASpS, ‚q ^ ASpT , ˛q
IDppS, ‚q~̂ pT , ˛qq ô IDpS, ‚q ^ IDpT , ˛q
ANppS, ‚q~̂ pT , ˛qq ô ANpS, ‚q ^ ANpT , ˛q
CMppS, ‚q~̂ pT , ˛qq ô CMpT , ˛q
IPppS, ‚q~̂ pT , ˛qq ô IPpT , ˛q
SLppS, ‚q~̂ pT , ˛qq ô SLpT , ˛q
IRppS, ‚q~̂ pT , ˛qq ô FALSE

ILppS, ‚q~̂ pT , ˛qq ô FALSE

All easy, except for AS (very tedious!). We are assuming commutativity

and selectivity in order to guarantee associativity.
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Lexicographic product for Bi-Semigroups

Assume ASpS, ‘Sq ^ ASpT , ‘T q ^ CMpS, ‘Sq ^ SLpS, ‘Sq

Let

pS, ‘S, bSq ~̂ pT , ‘T , bT q ” pS ˆ T , ‘S ~̂ ‘T , bS ˆbT q

That is, the additive component is a lexicographic product, and the

multiplicative component is a direct product.
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Examples

‘ “ min ~̂ max, b “ ` ˆ min

p3, 10q b pp17, 21q ‘ p11, 4qq “ p3, 10q b p11, 4q
“ p14, 4q

pp3, 10q b p17, 21qq ‘ pp3, 10q b p11, 4qq “ p20, 10q ‘ p14, 4q
“ p14, 4q

‘ “ max ~̂ min, b “ min ˆ`

p3, 10q b pp17, 21q ‘ p11, 4qq “ p3, 10q b p17, 21q
“ p3, 31q

pp3, 10q b p17, 21qq ‘ pp3, 10q b p11, 4qq “ p3, 31q ‘ p3, 14q
“ p3, 14q
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Distributivity?

Theorem: If ‘S is commutative and selective, then

LDppS, ‘S, bSq ~̂ pT , ‘T , bT qq ô
LDpS, ‘S, bSq ^ LDpT , ‘T , bT q ^ pLCpS, bSq _ LKpT , bT qq

RDppS, ‘S, bSq ~̂ pT , ‘T , bT qq ô
RDpS, ‘S, bSq ^ RDpT , ‘T , bT q ^ pRCpS, bSq _ RKpT , bT qq

Left and Right Cancellative

LCpX , ‚q ” @a, b, c P X , c ‚ a “ c ‚ b ñ a “ b

RCpX , ‚q ” @a, b, c P X , a ‚ c “ b ‚ c ñ a “ b

Left and Right Constant

LKpX , ‚q ” @a, b, c P X , c ‚ a “ c ‚ b

RKpX , ‚q ” @a, b, c P X , a ‚ c “ b ‚ c
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Why bisemigroups?

But wait! How could any semiring satisfy either of these properties?

LCpX , ‚q ” @a, b, c P X , c ‚ a “ c ‚ b ñ a “ b

LKpX , ‚q ” @a, b, c P X , c ‚ a “ c ‚ b

For LC, note that we always have 0b a “ 0b b, so LC could only

hold when S “ t0u.

For LK, let a “ 1 and b “ 0 and LK leads to the conclusion that

every c is equal to 0 (again!).

Normally we will add a zero and/or a one as the last step(s) of

constructing a semiring. Alternatively, we might want to complicate our

properties so that things work for semirings. A design trade-off!
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Proof of ð for LD (Very carefully ...)

Assume
p1q LDpS, ‘S, bSq
p2q LDpT , ‘T , bT q
p3q LCpS, bSq _ LKpT , bT q
p4q IPpS, ‘Sq.

Let ‘ ” ‘S ~̂ ‘T and b ” bS ˆbT . Suppose

ps1, t1q, ps2, t2q, ps3, t3q P S ˆ T .

We want to show that

lhs ” ps1, t1q b pps2, t2q ‘ ps3, t3qq
“ pps1, t1q b ps2, t2qq ‘ pps1, t1q b ps3, t3qq
” rhs

tgg22 (cl.cam.ac.uk) L11: Algebraic Path Problems with applications to Internet RoutingT.G.Griffin c©2017 26 / 40



Proof of ð for LD

We have

lhs ” ps1, t1q b pps2, t2q ‘ ps3, t3qq
“ ps1, t1q b ps2 ‘S s3, tlhsq
“ ps1 bS ps2 ‘S s3q, t1 bT tlhsq

rhs ” pps1, t1q b ps2, t2qq ‘ pps1, t1q b ps3, t3qq
“ ps1 bS s2, t1 bT t2q ‘ ps1 bS s3, t1 bT t3q
“ pps1 bS s2q ‘S ps1 bS s3q, trhsq
“p1q ps1 bS ps2 ‘S s3q, trhsq

where tlhs and trhs are determined by the appropriate case in the

definition of ‘. Finally, note that

lhs “ rhs ô trhs “ t1 b tlhs.
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Proof by cases on s2 ‘S s3

Case 1 : s2 “ s2 ‘S s3 “ s3. Then tlhs “ t2 ‘T t3 and

t1 bT tlhs “ t1 bT pt2 ‘T t3q “p2q pt1 bT t2q ‘T pt1 bT t3q.

Since s2 “ s3 we have s1 bS s2 “ s1 bS s3 and

s1 bS s2 “p4q ps1 bS s2q ‘S ps1 bS s3q “p4q s1 bS s3.

Therefore,

trhs “ pt1 bT t2q ‘ pt1 bT t3q “ t1 bT tlhs.

Case 2 : s2 “ s2 ‘S s3 ‰ s3. Then tlhs “ t2 and

t1 bT tlhs “ t1 bT t2.

Since s2 “ s2 ‘S s3 we have

s1 bS s2 “ s1 bS ps2 ‘S s3q “p1q ps1 bS s2q ‘S ps1 bS s3q.
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Case 2.1 s1 bS s2 ‰ s1 bS s3. Then trhs “ t1 bT t2 “ t1 bT tlhs.

Case 2.2 s1 bS s2 “ s1 bS s3. Then

trhs “ pt1 bT t2q ‘T pt1 bT t3q “p2q t1 bT pt2 ‘T t3q

We need to consider two subcases.

Case 2.2.1: Assume LCpS, bSq. But s1 bS s2 “ s1 bS s3 ñ s2 “ s3,

which is a contradiction.

Case 2.2.2 : Assume LKpT , bT q. In this case we know

@a, b P X , t1 bT a “ t1 bT b.

Letting a “ t2 ‘T t3 and b “ t2 we have

trhs “ t1 bT pt2 ‘T t3q “ t1 bT t2 “ t1 bT tlhs.

Case 3 : s2 ‰ s2 ‘S s3 “ s3. Similar to Case 2.
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Other direction, ñ (Very carefully ...)
Prove this:

 LDpS, ‘S, bSq _  LDpT , ‘T , bT q _ p LCpS, bSq ^  LKpT , bT qq
ñ  LDppS, ‘S, bSq ~̂ pT , ‘T , bT qq.

Case 1:  LDpS, ‘S, bSq. That is

Da, b, c P S, abS pb ‘S cq ‰ pabS bq ‘S pabS cq.

Pick any t P T . Then for some t1, t2, t3 P T we have

pa, tq b ppb, tq ‘ pc, tqq
“ pa, tq b pb ‘S c, t1q
“ pa,bSpb ‘S cq, t2q
‰ ppabS bq ‘S pabS cq, t3q
“ pabS b, t bT tq ‘ pabS c, t bT tq
“ ppa, tq b pb, tqq ‘ ppa, tq b pc, tqq

Case 2:  LDpT , ‘T , bT q. Similar.

tgg22 (cl.cam.ac.uk) L11: Algebraic Path Problems with applications to Internet RoutingT.G.Griffin c©2017 30 / 40



Case 3: p LCpS, bSq ^  LKpT , bT qq. That is

Da, b, c P S, c bS a “ c bS b ^ a ‰ b

and

Dx , y , z P T , z bT x ‰ z bT y .

Since ‘S is selective and a ‰ b, we have a “ a‘S b or b “ a‘S b.

Case 3.1 : Assume a “ a‘S b ‰ b.

Suppose that t1, t2, t3 P T . Then

lhs ” pc, t1q b ppa, t2q ‘ pb, t3qq
“ pc, t1q b pa, t2q
“ pc bS a, t1 bT t2q

rhs ” ppc, t1q b pa, t2qq ‘ ppc, t1q b pb, t3qq
“ pc bS a, t1 bT t2q ‘ pc bS b, t1 bT t3q
“ pc bS a, pt1 bT t2q ‘T pt1 bT t3qq
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Our job now is to select t1, t2, t3 so that

tlhs ” t1 bT t2 ‰ pt1 bT t2q ‘T pt1 bT t3q ” trhs.

We don’t have very much to work with! Only

Dx , y , z P T , z bT x ‰ z bT y .

In addition, we can assume LDpT , ‘T , bT q (otherwise, use Case 2!),

so

trhs “ t1 bT pt2 ‘T t3q.
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We need to select t1, t2, t3 so that

tlhs ” t1 bT t2 ‰ t1 bT pt2 ‘T t3q ” trhs.

Case 3.1.1: z bT x “ z bT px ‘T yq. Then letting t1 “ z, t2 “ y , and

t3 “ x we have

tlhs “ z bT y ‰ z bT x “ z bT px ‘T yq “ z bT py ‘T xq “ trhs.

Case 3.1.2: z bT x ‰ z bT px ‘T yq. Then letting t1 “ z, t2 “ x , and

t3 “ y we have

tlhs “ z bT x ‰ z bT px ‘T yq “ trhs.
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Case 3.2 : Assume b “ a‘S b ‰ a.

Suppose that t1, t2, t3 P T . Then

lhs ” pc, t1q b ppa, t2q ‘ pb, t3qq
“ pc, t1q b pb, t3q
“ pc bS b, t1 bT t3q

rhs ” ppc, t1q b pa, t2qq ‘ ppc, t1q b pb, t3qq
“ pc bS a, t1 bT t2q ‘ pc bS b, t1 bT t3q
“ pc bS b, pt1 bT t2q ‘T pt1 bT t3qq
“ pc bS b, t1 bT pt2 ‘T t3qq
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We need to select t1, t2, t3 so that

tlhs ” t1 bT t3 ‰ t1 bT pt2 ‘T t3q ” trhs.

Case 3.2.1: z bT x “ z bT px ‘T yq. Then Then letting t1 “ z, t2 “ x ,

and t3 “ y we have

tlhs “ z bT y ‰ z bT x “ z bT px ‘T yq “ trhs.

Case 3.2.2: z bT x ‰ z bT px ‘T yq. letting t1 “ z, t2 “ y , and t3 “ x

we have

tlhs “ z bT x ‰ z bT px ‘T yq “ z bT py ‘T xq “ trhs.
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Computing Counter Examples

Note that from pa, b, cq such c bS a “ c bS b^ a ‰ b and px , y , zq such

that z bT x ‰ z bT y our proof computes a counter example to LD as

if a “ a‘S b

then if z bT x “ pz bT xq ‘T pz bT yq
then ppa, zq, pb, yq, pc, xqq
else ppa, zq, pb, xq, pc, yqq

else if z bT x “ pz bT xq ‘T pz bT yq
then ppa, zq, pb, xq, pc, yqq
else ppa, zq, pb, yq, pc, xqq
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Examples

True or counter example

name S ‘ b LD LCpS,bq LKpS,bq

min_plus N min ` ‹ ‹ p0, 0, 1q
max_min N max min ‹ p0, 0, 1q p1, 0, 1q

For example, p0, 0, 1q is a counter example for LCpN,minq since

0 min 0 “ 0 min 1, but 0 ­“ 1.

Let’s turn the crank

LDpmin_plus ~̂ max_minq
ô LDpmin_plusq ^ LDpmax_minq ^ pLCpN, `q _ LKpN, minqq
ô TRUE
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Examples

Another turn of the crank

LDpmax_min ~̂ min_plusq
ô LDpmax_minq ^ LDpmin_plusq ^ pLCpN, minq _ LKpN, `qq
ô FALSE

Note that the counter examples to LC and LK can be plugged into the

proof above to produce the a counter example to LD,

pp0, 0q, p0, 0q, p1, 1qq

and sure enough, with ‘ “ max ~̂ min and b “ minˆ` we have

p0, 0q b pp0, 0q ‘ p1, 1qq “ p0, 0q b p1, 1q “ p0, 1q

but

pp0, 0q b p0, 0qq ‘ pp0, 0q b p1, 1qq “ p0, 0q ‘ p0, 1q “ p0, 0q
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Another construction

Suppose that pS, ‘Sq and pT , ‘T q are both commutative and

idempotent semigroups. Recall that S Z T represents the disjoint

union of sets S and T . That is,

S Z T ” tinlpsq | s P Su Y tinrptq | t P T u.

Define the operation ‘ ” ‘S ` ‘T over S Z T as

inlpsq ‘ inlps1q ” inlps ‘S s1q
inrptq ‘ inrpt 1q ” inrpt ‘T t 1q
inlpsq ‘ inrptq ” inlpsq
inrptq ‘ inlpsq ” inlpsq
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Homework 1: Due 1 November

Recall

S Z T ” tinlpsq | s P Su Y tinrptq | t P T u

Suppose that pS, ‘S, bSq and pT , ‘T , bT q. are two semirings.

1 We want to define a combinator (combinators?) to combine these

semirings to produce a semiring of the form

pS Z T , ‘, bq.

Explore ways in which you can define ‘ and b.

2 Can you give an informal interpretation for the resulting

semiring(s)?

3 Present a network configuration using the above.
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