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Recall:

D,

Given categories and functors C
G

an adjunction | F 4 G|is specified by functions

9
FX = rxLy
9x,y~l/ g T ¥ f
X—=>GY X>GY

(for each X € C and Y € D) satisfying f = f, g = g and

Fx' 2 xSy FXLv>y

g g G
X5X5GY X5GY Z5GY
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Theorem. A category C has binary products iff the
diagonal functor A = (id¢c, id¢) : C — C X C has a right
adjoint.

o

Theorem. A category C with binary products also has
all exponentials of pairs of objects iff for all X € C, the
functor (_) X X : C — C has a right adjoint.
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Theorem. A category C has binary products iff the
diagonal functor A = (id¢c, id¢) : C — C X C has a right
adjoint.

o

Theorem. A category C with binary products also has
all exponentials of pairs of objects iff for all X € C, the
functor (_) X X : C — C has a right adjoint.

Both these theorems are instances of the following theorem, a very useful
characterisation of when a functor has a right adjoint (or dually, a left adjoint).
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Characterisation of right adjoints

Theorem. A functor F : C — D has a right adjoint iff
for all D-objects Y € D, there is a C-object GY € C and a
D-morphism ey : F(GY) — Y with the following
“universal property”:

forall X e Cand g e D(FX,Y)

(UP) |there is a unique g € C(X,G Y)
satisfying ey c F(g) = ¢
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Characterisation of right adjoints

Theorem. A functor F : C — D has a right adjoint iff
for all D-objects Y € D, there is a C-object GY € C and a
D-morphism ey : F(GY) — Y with the following
“universal property”:

forall X e Cand g e D(FX,Y)

(UP) |there is a unique g € C(X,G Y)
satisfying ey c F(g) = ¢

Y

‘A

FX



L13

Characterisation of right adjoints

Theorem. A functor F : C — D has a right adjoint iff
for all D-objects Y € D, there is a C-object GY € C and a
D-morphism ey : F(GY) — Y with the following
“universal property”:

forall X e Cand g e D(FX,Y)

(UP) |there is a unique g € C(X,G Y)
satisfying ey c F(g) = ¢
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Characterisation of right adjoints

Theorem. A functor F : C — D has a right adjoint iff
for all D-objects Y € D, there is a C-object GY € C and a
D-morphism ey : F(GY) — Y with the following
“universal property”:

forall X e Cand g e D(FX,Y)

(UP) |there is a unique g € C(X,G Y)
satisfying ey c F(g) = ¢

Y GY F(GY) L —~Y

A . A
N4 / ! gl with Fg: /

|
FX X FX
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Proof of the Theorem—“only if” part:

Given an adjunction (F, G, 0), for each Y € D we produce ¢y : F(GY) —» Y inD
satisfying (UP).
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Proof of the Theorem—“only if” part:

Given an adjunction (F, G, 0), for each Y € D we produce ¢y : F(GY) —» Y inD
satisfying (UP).
We are given Oxy : D(FX,Y) = C(X,GY), natural in X and Y. Define

&y =0 GYY(ldGY) F(G Y) — Y

In other words ¢y = idgy.
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Proof of the Theorem—“only if” part:

Given an adjunction (F, G, 0), for each Y € D we produce ¢y : F(GY) —» Y inD
satisfying (UP).

We are given Oxy : D(FX,Y) = C(X,GY), natural in X and Y. Define

&y =0 GYY(ldGY) F(G Y) — Y

In other words ¢y = idgy.

:FX —>Y inD
Given any 7 !n , by naturality of 6 we have
f:X—=GY inC
9 F i
FX—>Y y gYoFf:FX—];F(GY)—deY
= an
x5y fixLoy X gy

Henceg=¢yocFgandg=¢yoFf = g=f.
Thus we do indeed have (UP).
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Proof of the Theorem—“if” part:

We are given F : C — D and for each Y € D a C-object GY and C-morphism
ey : F(GY) — Y satisfying (UP). We have to

1. extendY — GY toa functorG:D — C

2. construct a natural isomorphism 6 : Homp o (F°P X idp) = Homc © (idce X G)
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Proof of the Theorem—“if” part:

We are given F : C — D and for each Y € D a C-object GY and C-morphism
ey : F(GY) — Y satisfying (UP). We have to

1. extendY — GY toa functorG:D — C

For each D-morphismg: Y — Y we get F(GY’) 2y 2 ¥ and can apply (UP)
to get

Gg=geey :GY' - GY
The uniqueness part of (UP) implies
Gid=id and G(¢'°g) =Gg' °Gg

so that we get a functor G: D — C. O
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Proof of the Theorem—“if” part:

We are given F : C — D and for each Y € D a C-object GY and C-morphism
ey : F(GY) — Y satisfying (UP). We have to

2. construct a natural isomorphism 6 : Homp o (F°P X idp) = Homc © (idce X G)
Since forall g: FX — Y thereisaunique f : X - GY withg=¢yoFf,

frofxeyoFf

determines a bijection C(X,GY) = C(F X, Y); and it is natural in X & Y because

Goofou=eyoF(Guo fou)

= (eyr o F(Gov))oFfoFu since F is a functor
=(voey)oFfoFu by definition of G o
ZUO]_COFLL by definition of]_v

So we can take 0 to be the inverse of this natural isomorphism. O
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Dual of the Theorem:

G : C < D has a left adjoint iff for all X € C there are
FX € D and nx € C(X, G(F X)) with the universal

property:

forallY e Dand f € C(X,GY)
there is a unique f € D(FX,Y)
satisfying G fonx = f
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Dual of the Theorem:

G : C < D has a left adjoint iff for all X € C there are
FX € D and nx € C(X, G(F X)) with the universal

property:

forallY e Dand f € C(X,GY)
there is a unique f € D(FX,Y)
satisfying G fonx = f

E.g. we can conclude that the forgetful functor U : Mon — Set has a left adjoint
F : Set — Mon, because of the universal property of

F> = (ListX2,@,nil) and py:X — ListX

noted in Lecture 3.
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Why are adjoint functors
important/useful?

Their universal property (UP) usually embodies some
useful mathematical construction

(e.g. “freely generated structures are left adjoints for forgetting-stucture”)

and pins it down uniquely up to isomorphism.
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