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Where We Are

We have seen the Curry Howard correspondence:

- Intuitionistic propositional logic «+— Simply-typed
lambda calculus
- Second-order intuitionistic logic «— Polymorphic lambda

calculus
We have seen effectful programs:

- State
- 1/0
- Monads

But what about:

- Control operators (eg, exceptions, goto, etc)
- Classical logic



A Review of Intuitionistic Propositional Logic
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Disjunction and Falsehood
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Intuitionistic Propositional Logic

- Key judgement: ¥ R true
- “If everything in W is true, then R is true”
- Negation =P is a derived notion
- Definition: =P =P — L
- “Not P" means “P implies false”
- To refute P means to give a proof that P implies false

What if we treat refutations as a first-class notion?



A Calculus of Truth and Falsehood

Propositions A == T | AAB| L | AvB | —A
True contexts I == - | T,A
False contexts A == - | AA
Proofs MnAFAtrue IfTistrue and A is false, A is true

Refutations I AFAfalse Iflistrueand A is false, A is false
Contradictions T;AF contr T and A contradict one another

- —A is primitive (no implication A — B)

- Eventually, we'll encode itas AV B
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Refutations
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75% of the Way to Classical Logic

Connective | To Prove To Refute
T Do nothing | Impossible!
ANB Prove A and | Refute A or
prove B refute B
1 Impossible! | Do nothing
AV B Prove A or Refute A and
prove B refute B
—A Refute A Prove A




Something We Can Prove: A entails ——A

— HypP
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Something We Cannot Prove: ——A entails A

77

——A: -+ A true

- There is no rule that applies in this case
- Proofs and refutations are mutually recursive

- But we have no way to use assumptions!
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Something Else We Cannot Prove: A A B entails A

77

ANAB:-+A true

- This is intuitionistically valid: Ax : A x B.fstx
- But it's not derivable here

- Again, we can't use hypotheses nontrivially
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A Bold Assumption

- Proofs and refutations are perfectly symmetrical
- This suggests the following idea:

1. To refute A means to give direct evidence it is false

2. This is also how we prove —A

3. If we show a contradiction from assuming A is false, we
have proved it

4. If we can show a contradiction from assuming A is true, we
have refuted it

I A AFE contr [ A; A contr
MAFA true AR Afalse
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Contradictions

M AFA true I AFAfalse
I Ak contr

CONTR

- A contradiction arises when A has a proof and a refutation
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Double Negation Elimination

—-—A; A - A false
——A; A —A true
—-—A; A+ ——A true ——A; A ——A false
—-—A; A contr
——A;- A true
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Projections: A A B entails A

AN B; A Afalse
ANB,AEAAB true ANB;AEAABfalse
AN B;AF contr
AAB;-FA true
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Projections: AV B false entails A false

A;AV BEA true
A;AV BE AV Bfalse A;AVBEAVB true
A;AV B F contr
AV BE Afalse




The Excluded Middle

AV -AL Afalse
AV -AFE —A true
AV -AREAV -A true AV -AE AV -Afalse
AV -AE contr
AV A true




Proof (and Refutation) Terms

Propositions A
True contexts I
False contexts A
Values e

Continuations kR

Contradictions ¢

T|AAB | L | AvB | A

| Tyx:A

| Aju:A

O | (ee) | Le | Re | not(k)
pu s A.c

[l | [k,R] | fstk | sndk | not(e)
ux :A.C

(e la k)



Expressions — Proof Terms

X:Ael
AFX:Atrue
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Continuations — Refutation Terms

X:AeA
M AFx:Afalse

Hyp

1R
(No rule for T) AR : L false
AFR:Afalse I AFFK :Bfalse "
v
AR [fejfe'] : AV B false
MAFR:Afalse AR Fk:Bfalse
AR4 ARz
AR fstk:AABfalse MAFsndk:AABfalse

AFe:Atrue
I A not(e) : —A false 20




Contradictions

AFe:Atrue MAFR:Afalse
I AF (e|aR) contr

CONTR

A, u:AlF ccontr ILx:A Al ccontr
AR pu:A.c:Atrue AR pux:A.c:Afalse

21



Operational Semantics

((e1,€2) lang fstR) = (era k)
((e1,€2) lang SNAR) = (ez[s k)
(Lelave [k ko)) = (e]af)
(Re|avs [k Ry = (e s ko)
(not(R) |-a not(e)) — (elak)
{uu = A.clak) — [R/u]c
(elapx:A.C) —  [e/x]c
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A Bit of Non-Determinism

(uu :A.Clapx:Ac)y — 72

- Two rules apply!

- Different choices of priority correspond to evaluation
order

- Similar situation in the simply-typed lambda calculus
- The STLC is confluent, so evaluation order doesn’t matter

- But in the classical case, evaluation order matters a lot!

23



Metatheory: Substitution

- IfI;AFe: Atrue then

1. IfMx:A;A ke : Ctruethen T; A+ [e/x]e’ : C true.
2. IfM,x:A;AF k:Cfalse then T; A F [e/x]k : C false.
3. If [,x:A; A+ ccontrthenT; A [e/x]c contr.

< If I A F R:Afalse then
1. IfF;A,u: Ak e : Ctrue then T; A F [R/ule’ : C true.
2. If ;A x: AR : Cfalse then I; A = [R/u]k’ : C false.
3. If A, u: AF ccontrthen I; A+ [R/u]c contr.

- We also need to prove weakening and exchange!

- Because there are 2 kinds of assumptions, and 3 kinds of
judgement, there are 2 x 3 = 6 lemmas!
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What Is This For?

- We have introduced a proof theory for classical logic
- Expected tautologies and metatheory holds...

- ..but it looks totally different from STLC?

- Computationally, this is a calculus for stack machines

- Related to continuation passing style (next lecture!)
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Questions

1. Show that =AV B, A; - F B true is derivable
2. Show that =(=A A =B);- AV B true is derivable

3. Prove substitution for values (you may assume exchange
and weakening hold).
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