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1. Show that for any objects X and Y in a cartesian closed category C, there are functions
feCX,Y)— f1eC(1,YX)
geC(1,YX) »geC(X,Y)

that give a bijection between the set C(X, Y) of C-morphisms from X to Y and the set C(1, YX)
of C-morphisms from the terminal object 1 to the exponential YX. [Hint: use the isomorphism
(7) from Exercise Sheet 2, question 2.]

2. Show that for any objects X and Y in a cartesian closed category C, the morphism app :
YX x X — Y satisfies cur(app) = idyx. [Hint: recall from equation (4) on Exercise Sheet 2
that ldyX X ldX = idYXXX']

3. Suppose f : YXX — Zand g: W — Y are morphisms in a cartesian closed category C. Prove
that

cur(f ° (9 x idx)) = (cur f) = g € C(W, 2¥) (1)

[Hint: use Exercise Sheet 2, question 1c.]

4. Let C be a cartesian closed category. For each C-object X and C-morphism f : Y — Z, define

e (W xx By Lo z) e c(vX, 2% (2)

(a) Prove that (idy)* = idyx.
(b) Given f € C(Y X X,Z) and g € C(Z, W), prove that

cur(ge f) = g5 o cur f € C(Y, W) 3)
(c) Deduce that ifu € C(Y,Z) andv € C(Z, W), then (v o u)X = vX o uX € C(YX, WX).
[Hint: for part (4a) use question 2; for part (4b) use Exercise Sheet 2, question 1c.]

5. Let C be a cartesian closed category. For each C-object X and C-morphism f : Y — Z, define

id
XF 2 cur(X? x ¥ 22, X% 5 7 2, x) e c(xZ,XY) (4)

(a) Prove that X% = id,v.
(b) Giveng € C(W,X) and f € C(Y X X, Z), prove that

cur(fo(idy X g)) = Z9 o cur f € C(Y,Z") (5)

(c) Deduce thatifu € C(Y,Z) andv € C(Z, W), then X(@%) = X% o X? € C(XW, XY).



[Hint: for part (5a) use question 2; for part (5b) use Exercise Sheet 2, question 1c.]

6. Let C be a cartesian closed category in which every pair of objects X and Y possesses a binary

inlxy inrxy A A .
coproduct X —— X +Y «—— Y. For all objects X,Y,Z € C construct an isomorphism

(Y+Z)xX = (Y xX) + (Z x X). [Hint: you may find it helpful to use some of the properties
from question 4.]

7. Using the natural deduction rules for Intuitionistic Propositional Logic (given in Lecture 6),
give proofs of the following judgements. In each case write down a corresponding typing
judgement of the Simply Typed Lambda Calculus.

@ oyr(p=>9) =y
) oor-(p=>9)=Y
© o(lp=>Y)=>Y)=>yre=>9Y

8. (a) Given simple types A, B, C, give terms s and t of the Simply Typed Lambda Calculus that
satisfy the following typing and fy-equality judgements:

0,x: (AxB) - Crs:A—- (B—C) (6)
oy:A-(B—-C)rt:(AxB) - C (7)
o,x: (AxB) = Ctrt[s/y] =g, x : (AxB) = C (8)
0,y:A—= (B—=C)rs[t/x] =g y:A— (B-C) 9)

(b) Explain why question (8a) implies that for any three objects X,Y and Z in a cartesian
closed category C, there are morphisms

f . Z(XXY) — (ZY)X (10)
g: (ZH)X — zXD (11)
that give an isomorphism Z**Y) = (z¥)X in C.

9. Make up and solve a question like question 8 ending with an isomorphism X* = X for any
object X in a cartesian closed category C (with terminal object 1).



