Ordered pairing

Notation:

(a,b) or (a,b)

Fundamental property:

(a>b):(x>y) — a=x /N b:U
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A construction:

For every pair a and b,

<Cl,b> — {{a}> {a>b}}

defines an ordered pairing of a and b.
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Proposition 108 (Fundamental property of ordered pairing)
For all a, b, x,y,

(a,b) = (x,y) &= (a=x N b=y)

PROOF:
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Products

The product A x B of two sets A and B is the set

AxB={x|JaeAbeB.x=(a,b)}
where

V(l],CleA,b],szB.
(a1,b1) = (az,b2) & (a1 =a; A b; =by)

Thus,

Vx e AxB.dlae A.dlbe B.x=(a,b)
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Pattern-matching notation

Example: The subset of ordered pairs from a set A with equal
components is formally

{(xeAXA | daeA.da, e A x=(aq,a;) N ag=aqa;}
but often abbreviated using pattern-matching notation as
tlana) EAXAlag=a} .

Notation: For a property P(a,b) with a ranging over a set A and b
ranging over a set B,

{(a,b) € AxB|P(a,b)}
abbreviates

{(xeAxB|daeA.dbeB.x=(a,b) A\ P(a,b)} .
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Proposition 110 For all finite sets A and B,

H(AXB) = #A-#B .
PROOF IDEA: A—"-‘f Qyq,. .- ﬁnn& B;{ b;,.-., lm}

b . : : ’ (
LQ “: : Ct’:c', ba) |
b, . : .
ba ¢ ' ’ .
@, 4y . Hy - o/
I - ’
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Sets and logic

P(U) { false, true }

0 false

u true

U \V4

N /\
(+)° —(+)

U =

M %
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Big unions
Example: Eﬁj‘ f o 4,2/’3,97{ '

» Consider the family of sets

( )
the sum of the elements of
T = { TCI5]

\ T is less than or equal 2 )

= {0,{0}, (1}, {0,1}, {0,2}%, § 2. §

» The big union of the family T is the set [ J T given by the union of
the sets in T
nelJT &< ITeT.neT .

Hence, | JT ={0,1,2}.
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W, Fe2(Pw) = U TFe W)

’
—

Definition 111 Let U be a set. For a collection of sets F € P(P(U)),
we let the big union (relative to U) be defined as

JF ={xeU|3AecF.xeA} €P(U)

— 357 —



U(UF)€ PW)
7'
U F e P(P(W)
Vi

Proposition 112 For all 5 € P(P(P(U))), ()

J(UT) ZFU{UA e P(U) \Aeff}]e?(u) .
PROOF: IQUCU )
G g x. XeUFaxek
= BK.EA.AGH—:AXQAAIQX.
&> AN AeFAIN XeAnTEX
& FA AT A 1eUA & 2 ff)
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Big intersections

Example:
» Consider the family of sets

S = { S C [5] ‘ the sum of the elements of S is 6 }

= {{2,4},{0,2,4},{1,2,3}} §0,1,2,3% }

» The big intersection of the family S is the set (S given by the
iIntersection of the sets In S:
ne()d & vSesd.neSs

Hence, (1S ={2}.
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Definition 113 Let U be a set. For a collection of sets & C P(U),
we let the big intersection (relative to U ) be defined as

NF = {xeU|VAeTF.xecA} .
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Theorem 114 Let

J = { SQR‘(OES) AN (xeRxeS = (x+1)€S) } .
Then, (i) N e Fand (ii) N C (F. Hence, (\F = N.
PROOF: K € ¥

R\

Z2e3 <¢>Vz.zéll\f:=7 zeN ¥
NEF Jauf reN.
_ RTP : 7€ﬂ¥
- \ %
y/zewwe;ze% YSeF zel.
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Proposition 115 Let U be a set and let ¥ C P(U) be a family of

subsets of U. /re QW [ U:r‘

1. Forall S € P(U), a,_[—@b/{iﬂ«. :
S=U7F

iff
(V[VAE€F.ACS]
@[VXe:P(U).(VAe?.AgX) = S CX]|

2. Forall T e P(U), To Show T . VT
iff
CD[VAe?.TgA}

fPVY e PU). (VA €F.YCA) = YC T
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Union axiom

Every collection of sets has a union.

UK

xelJTF & IXeTF.xeX
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For non-empty F we also have

ok

defined by

. xeNTF & (VXeT.xeX)
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< oaph ad toa hwat connider
St S = {(t,A)[AéQS

D1isjoint unions

Definition 116 The disjoint union A W B of two sets A and B is the
set

AWB = ({1} xA)U ({2} xB) .

Thus, ($15xAY (2= B) =P

Vx.x € (AWB) < (JacA.x=(1,a)) V (IbeB.x=(2,b)).

dele
(O,;)ﬁmjb{ntm;m = '&«fﬂf #“) r;%* ‘4/5
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Proposition 118 For all finite sets A and B,

ANB=0 = #(AUB) = #A+#B .

PROOF IDEA: L
Jok AnB=@ A fa— an) Db by
%Aug: ? 8- - aw\bl,_-lvnpe

J#A/UGS:: m+rn .

Corollary 119 For all finite sets A and B,

4 (AWB) = #A+#B .
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