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Summary

This thesis is about the formal semantics of name-passing process calculi. We study operational
models by relating various different notions of model, and we analyse structural operational se-
mantics by extracting a congruence rule format from a model theory. All aspects of structural
operational semantics are addressed: behaviour, syntax, and rule-based inductive definitions.

A variety of models for name-passing behaviour are considered and developed. We relate classes
of indexed labelled transition systems, proposed by Cattani and Sewell, with coalgebraic models
proposed by Fiore and Turi. A general notion of structured coalgebra is introduced and developed,
and a natural notion of structured bisimulation is related to Sangiorgi’s open bisimulation for the
n-calculus. At first the state spaces are organised as presheaves, but it is reasonable to constrain
the models to sheaves in a category known as the Schanuel topos. This topos is exhibited as
equivalent to a category of named-sets proposed by Montanari and Pistore for efficient verification
of name-passing systems.

Syntax for name-passing calculi involves variable binding and substitution. Gabbay and Pitts
proposed nominal sets as an elegant model for syntax with binding, and we develop a framework
for substitution in this context. The category of nominal sets is equivalent to the Schanuel topos,
and so syntax and behaviour can be studied within one universe.

An abstract account of structural operational semantics was developed by Turi and Plotkin.
They explained the inductive specification of a system by rules in the GSOS format of Bloom et al.,
in terms of initial algebra recursion for lifting a monad of syntax to a category of behaviour. The
congruence properties of bisimilarity can be observed at this level of generality. We study this
theory in the general setting of structured coalgebras, and then for the specific case of name-passing
systems, based on categories of nominal sets.

At the abstract level of category theory, classes of rules are understood as natural transforma-
tions. In the concrete domain, though, rules for name-passing systems are formulae in a suitable
logical framework. By imposing a format on rules in Pitts’s nominal logic, we characterise a sub-
class of rules in the abstract domain. Translating the abstract results, we conclude that, for a
name-passing process calculus defined by rules in this format, a variant of open bisimilarity is a
congruence.
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Sometimes he [Pierre] remembered how he had heard
that soldiers in war when entrenched under the en-
emy’s fire, if they have nothing to do, try hard to find
some occupation the more easily to bear the danger.
To Pierre all men seemed like those soldiers, seeking
refuge from life: some in ambition, some in cards,
some in framing laws, some in women, some in toys,
some in horses, some in politics, some in sport, some
in wine, and some in governmental affairs. “Nothing
is trivial, and nothing is important, it’s all the same —
only to save oneself from it as best one can,” thought
Pierre. “Only not to see it, that dreadful it!”

Leo Tolstoy
War and Peace, Book Eight, Chapter I
Translated by Louise and Aylmer Maude
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Chapter 1

Introduction

We survey the background for this thesis, and outline the main contributions.

1.1 Background

We set the background for this thesis by summarising the key developments in theoretical computer
science that form its basis. Relevant aspects of name-passing process calculi, and the m-calculus
in particular, are considered. We then introduce some models for name-passing calculi, with an
emphasis on operational models for bisimulation. This background section concludes with a survey
of relevant aspects of the structural approach to operational semantics, with particular attention
paid to category-theoretic analysis, and issues of variable binding.

Note. The research projects mentioned here all have a direct impact on the present work. The
reader should turn to the concluding chapter of this thesis to find a discussion of more orthogonal
problems that go beyond the scope of this thesis.

1.1.1 Rudiments of name-passing process calculi

Name-passing process calculi are calculi that involve the communication of names along named
channels. Channels for communication have been named for as long as communication channels
have been considered, but the novelty of name-passing is that these names can also be communi-
cated along those channels. As Needham [1989] explains, the concept of pure name is fundamental
to computer science.

Milner’s Calculus of Communicating Systems [CCS: 1980; 1989] supports the communication
of values along channels, and even in his first introduction Milner mentioned his interest in the
idea of name-passing [Milner, 1980, 11.5(i)]. A first serious attempt at a name-passing calculus
was made by Engberg and Nielsen [see 2000], but there can be no doubt that the most notable and
pervasive calculus with this facility is the m-calculus as introduced by Milner, Parrow, and Walker
[1992]. Full details of the wt-calculus are provided in the article of Milner et al., and in Section 3.1
of this thesis, and also in the comprehensive book by Sangiorgi and Walker [2001]. The reader will
also find insight in Parrow’s introduction [2001] and in Milner’s book [1999]. For now, we take
a cursory glance at some of the important aspects of this calculus. These aspects may indeed be
considered as important characteristics of any reasonable name-passing calculus.

Restriction and scope extrusion. The syntax of the w-calculus includes a restriction operator, v.
When names are considered as channels, this serves to hide a name within a process. For instance,
the m-calculus term P = (¢d.0|c(d).0) can perform an output action, of name d on channel c, to
become the process (0]c(d).0); alternatively, the process P can perform a silent action T during
which the two parallel processes communicate to become (0|0). If the name c is restricted, as in

11



12 Introduction

the process vc.(¢d.0]|c(d).0), then the latter transition remains possible, while the former does
not, because the channel c is hidden.

The v operator acts to hide names when they are used as channels, and this is in common
with the restriction operator of CCS. But when names are considered as data, the operator v has a
different behaviour. The process vd.cd. 0 can perform an output action; here it is helpful to think of
the operator v as describing the generation of a new name d. The output of newly generated names
is described as bound output. This behaviour gives rise to the phenomenon of scope extrusion. For
instance, in the n-calculus, we have a silent transition

(vd.2d.Q) | ¢(d).Q' — vd.(Q|Q)

during which the scope of d extrudes to include Q’. (Here Q and Q’ are arbitrary w-calculus terms.)
This phenomenon has been used to describe mobility of communication links.

Equivalences for name-passing systems. No study of a process calculus is complete without a
discussion of appropriate notions of behavioural equivalence. Sangiorgi and Walker [2001, Chap-
ters 2 and 4] provide a thorough discussion of behavioural equivalences for the n-calculus.

In this thesis we focus on (strong) bisimulation equivalences. This is primarily because they are
elegant from a mathematical perspective, though there are also practical reasons for this approach.
Indeed, no matter what equivalence happens to be relevant from the pragmatic viewpoint, one
cannot dispute the power of proof techniques based on bisimulation. There are automatic and
efficient ‘partition refinement’ techniques for finite state systems [see e.g. Paige and Tarjan, 1987],
and, even when these are not relevant, ‘bisimulation up-to’ techniques are powerful [an account
is given by Sangiorgi, 1998]. From this point of view, bisimilarity need not be the most relevant
equivalence, for it is sufficient that it is contained in a relevant equivalence, i.e. that the bisimulation
proof techniques be sound. In most situations this is the case, for bisimilarity is the most refined
equivalence that it is ever reasonable to consider. Ideally, though, a proof technique is complete,
and there has been a significant amount of interest in characterising important equivalences in
terms of bisimulations. For instance, notions of contextual equivalence [e.g. Gordon, 1999; Jeffrey
and Rathke, 2005] and observational equivalence [e.g. Sewell, 2002; Leifer and Milner, 2000] have
been characterised in terms of bisimulation.

When defining bisimulation for the 7-calculus, some care must be taken over free and bound
variables. For instance, the process P; = vd.cd.0 can perform a bound output of name e on
channel ¢, whereas the process P, = vd.cd. [e = e]0 cannot, because the name e happens to appear
free in that term. The processes P; and P, should not be distinguished for this reason, and so any
notion of bisimulation should only consider bound labels where the binder is sufficiently fresh.

A second complication for bisimilarity in the 7-calculus is that none of the most natural notions
of bisimilarity are congruences; that is, they are not respected by the syntax. To see this, notice
that the process P, = [c = d]cd. 0 is certainly bisimilar with P, = 0, because the name c is different
from the name d and so neither process can reduce. The context (¢d.0|c(c).[—]) can distinguish
these two processes: we have the sequence of transitions

£d.0|c(c).P, = &d.0]c(c).[c=d]ed.0 - 0|[d=d]dd.0 2% o]0
which cannot be matched by (¢d.0]c(c). P,).

Congruence of bisimilarity is important for a variety of reasons, depending on the one’s moti-
vation for working with bisimilarity. If bisimilarity is a relevant equivalence in its own right, then it
must be a congruence if one is to have a compositional understanding of systems. If bisimilarity is
used as a characterisation of another specified process equivalence, then the property of bisimilarity
being a congruence is often crucial in the characterisation proof. Even if we are only interested in
a sound bisimulation proof technique, congruence of bisimilarity permits compositional reasoning
within that proof technique.
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The above example illustrates that the failure of congruence of bisimilarity for the w-calculus
arises because bisimilarity is not closed under arbitrary substitutions, while input contexts are able
to force these substitutions. The solution that we take in this thesis is to consider only those
bisimulations that are closed under arbitrary substitutions. We say that these bisimulations are
wide open, and the greatest such bisimulation we call wide open bisimilarity. This equivalence is a
congruence for the m-calculus.

Wide open bisimilarity has been studied by various authors, although under different names. It
is the equivalence used in the models of Cattani and Sewell [2004] (there called open bisimilarity),
and in the models of Fiore and Turi [2001] (called early/late congruence). Sangiorgi [1996] studies
wide open bisimilarity for a fragment of the m-calculus, and Sangiorgi and Walker [2001, Sec. 4.6]
briefly record some properties. Wide open bisimilarity is related to the notion of hyperbisimilarity
considered for the update calculus of Parrow and Victor [1997]. It is a mathematically natural
notion: firstly, wide-open bisimilarity is (strong) dynamic congruence [in the sense of Montanari
and Sassone, 1992]; secondly, the coalgebraic models of wide open bisimilarity of Section 3.4 (of
this thesis) arise in a rather elegant way.

It has been argued, however, that wide open bisimilarity is too fine, in that it distinguishes pro-
cesses that could perhaps never be told apart. Some more elaborate notions have been suggested
to deal with some anomalies. These include open bisimulation [Sangiorgi, 1996, and Section 9.3.5
of this thesis] and symbolic bisimulation [see e.g. Hennessy and Lin, 1995; Boreale and Nicola,
1996; Lin, 2003], but will not concern us here.

1.1.2 Models of name-passing

The presentation of the n-calculus semantics of Milner et al. [1992] is in the structural operational
semantics style of Plotkin [1981]. This style of semantics is concerned with those transitions that
are provable, and as such the theory can be developed to a very large extent without paying much
attention to notions of model. This proof-theoretic attitude is further developed by Miller [e.g.
2006] and others.

In spite of this, model theories play an important role in theoretical computer science. For one
thing, they distinguish aspects of behaviour from the syntax of languages, and as such provide an
important abstraction mechanism. By studying notions of model, important properties of behaviour
can be isolated.

The first explicit work on models for the 7t-calculus appeared in 1996, with the domain-theoretic
models of Fiore, Moggi, and Sangiorgi [2002] and Stark [1996]. A central concern in giving de-
notational semantics for name-passing systems is that the free names of a term must be captured
abstractly in the model: firstly, this is convenient when specifying a denotational semantics; sec-
ondly, the notions of bisimulation for name-passing explicitly involve the free names of terms. The
two domain-theoretic models both address this concern in the same way, by indexing their cate-
gory of domains by the category I of finite sets of names and injective functions between them, or
equivalently the skeletal category I of natural numbers (considered as sets) and injective functions
between them. Thus one seeks a solution P of a domain equation in a functor category Dom!
(here Dom is an appropriate category of domains). For each set of names C € I there is thus
a domain P(C) of denotations of name-passing processes with free names C, and for each injec-
tion 1: C > D in I there is a continuous map P(C) — P(D) converting denotations of processes
involving names C into denotations of processes involving names D; after all, behaviour should be
stable under injective substitution.

It seems that fully abstract models could still have been found if the indexing category I was
replaced with the lattice of finite sets of names — that is, if the non-identity bijection maps were
stripped from I. The bijective morphisms in I are not redundant, though; they imbue a certain
uniformity into the model. One might argue that the best model is the one that fits tightest around
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the intended semantics while remaining independent from syntax. This will be a guiding principle
in the development of models for name-passing in this thesis.

Operational models of name-passing. We mention here three different approaches to modelling
name-passing calculi. The first approach has its roots in the denotational semantics of CCS origi-
nally offered by Milner [1980]. There, the models are somewhat ‘operational’: synchronisation trees
explictly describe the stepwise evolution of processes, and are not derived from abstract mathemat-
ical constructions. However, as Aczel [1988, Chapter 8] observed, quotiented synchronisation trees
can be equivalently seen as elements of the final coalgebra for the endofunctor #(Lab x (—)) on the
category of classes. (Here, & is a covariant powerset functor, and Lab is a suitable set of labels.)
Indeed, Abramsky [1991, Sec. 7] has noted that an operational semantics, i.e. a labelled transition
system, can be understood as a coalgebra for the above-mentioned endofunctor, explictly by giv-
ing a set X of states together with a ‘next-step’ function X — % (Lab x X); on the other hand, as
Abramsky notes, a denotational semantics for such a system can be given in a solution for a domain
equation of the form D = #(Lab x D), where & is now considered as a powerdomain construc-
tion. Thus coalgebraic principles became recognised from the domain-theoretic perspective. These
principles are made explicit in the abstract development of Freyd [1991] and in the techniques of
Pitts [1994], and in other related work.

In this way, using notions of algebraic compactness [Freyd, 1991, 1992], the solutions of do-
main equations for name-passing systems proposed by Fiore et al. [2002] and Stark [1996] are
not only initial solutions but also final solutions. The resulting coinductive reasoning technique
is essential, and allows the domains to be considered from an operational stance. Thus the or-
der structures are not necessary: one can provide fully abstract semantics in the final coalgebra
of a certain endofunctor on Set!. This idea is made explicit in the work of Fiore and Turi [2001,
Sec. 2.2].

From the operational perspective, finality is not especially important. All the coalgebras provide
a general notion of transition system, and notions of bisimulation can be studied there. This
viewpoint was developed in the work of Rutten [e.g. 2000] and others throughout the 1990s.
Thus ideas from operational semantics become relevant at the level of model theory.

A rather different approach to operational models of name-passing calculi is provided by Cattani
and Sewell [2004] in their provision of a denotational semantics of the n-calculus. Their models
are based on a kind of labelled transition system. Let F be the full subcategory of Set whose objects
are finite sets of names, and, instead of a set of states, a functor P : F — Set (a ‘presheaf’) is given.
The intention is that, for any set C of names, there is a set P(C) of states that use some of the
names in C, and that the functorial action of P describes a substitution of names in states. The
labelled transition systems that they consider are over the sets of elements of the presheaf of states;
an element (C, p), with p € P(C), represents the state p in name-context C.

The structuring of the states in this way allows, firstly, for appropriate notions of bisimulation
to be defined at the level of the model theory. Secondly, it allows the class of models to be restricted
by imposing conditions on how the transition system interacts with the indexing by name contexts.
A most basic example is that if there is an output transition

€.p) <% (0,9

then the channel ¢ on which the output occurs must be known by the process — so ¢ must be in the
set C. (The idea of presenting the semantics of the r-calculus with explicit name contexts appears
elsewhere in less model-theoretic presentations: see e.g. Sewell [2001], Bruni et al. [2004].)

The final operational model that we mention here is the model of history dependent automata
due to Montanari and Pistore [1997]. The main idea in this work is to regard models of the
n-calculus as automata with extra structure. This approach is especially amenable to efficient
verification techniques. A problem with model-checking for the r-calculus is that an infinity of
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names must be considered when checking input transitions, and to solve this problem one must
recognise that all these names are treated uniformly. History dependent automata deliver this
solution in a particularly efficient way: the states of history dependent automata provide canonical
representations of n-calculus terms up-to renaming of free variables, and so the state space can be
significantly reduced.

1.1.3 Structural operational semantics

Rule formats. The Aarhus notes of Plotkin [1981] introduced the structural approach to opera-
tional semantics (SOS). Soon after, the work of de Simone [1985] demonstrated that whole classes
of systems can be simultaneously studied in a formal way. The idea of de Simone was that instead
of studying the particular semantics of a particular system, one could consider an arbitrary SOS
specification, and that by imposing constraints on the kinds of rules under consideration, results
could be established for arbitrary systems in general. An overview of such rule formats is provided
by Aceto et al. [2001, Sec. 5]. The rule format with which we are most interested is a positive
version of the GSOS format of Bloom, Istrail, and Meyer [1995]. To paraphrase Bloom et al.: a rule
for defining a labelled transition system is in the positive GSOS format if it has the form

Uﬁzl{xiinj \1§j§mi}

op(X1,...,X;) — C[X,¥]

where all variables are distinct, [ > 0 is the arity of op, m; > 0, and C [X’ , 17] is a context with free
variables including at most the X’s and Y’s. Bloom et al. [1995, Sec. 5] establish a variety of results
about systems defined by such rules. Importantly, bisimilarity is a congruence for such systems.

Mathematical Structural Operational Semantics. The rule formats of Bloom et al. [1995] are
general and profound. To understand what is going on at an abstract level, though, one can study
the structures and procedures in terms of category theory. Structural operational semantics is
concerned with the interplay between behaviour and syntax, by means of recursion on the structure
of the syntax. In this Introduction, we have already discussed how operational models can be
considered in a general category-theoretic way using coalgebras and bisimulation. For a long time,
the concepts of syntax, recursion and induction have been understood in terms of the category-
theoretic machinery of initial algebras and free monads; an early introduction for computer science
is provided by Goguen, Thatcher, and Wagner [1978]. Thus structural operational semantics can
be studied in the setting of category theory.

The concepts of structural operational semantics were first understood at this more abstract
level by Turi and Plotkin [1997]. (The ideas that we now overview are made precise in that paper
and also in Chapter 6 of this thesis.) It is helpful to think of two universes. The first is a category %
which is a domain for syntax, and as such is equipped with a monad T whose algebras are models of
that syntax. The second universe is a category 2 of behaviour, whose objects represent denotations
of systems. These categories are typically related by a forgetful functor 8 — &, mapping a system
to its set of states. For an example, we consider the case where & = Set; the monad T is the monad
of terms of Milner’s CCS [1980]; 28 is the category of coalgebras for the endofunctor & (Lab x (—)),
or equivalently, 43 is a category of labelled transition systems with functional simulations between
them. An important guiding principle that holds at the abstract level is that

a lifting of a monad T on & along the forgetful functor 8 — & is a specification of
well-behaved semantics.
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For the situation of CCS, just described, this means that the initial algebra for a lifting of the
monad T (of CCS terms) to the category of #(Lab x (—))-coalgebras provides a labelled transition
system semantics over CCS terms, for which bisimilarity is a congruence.

Under certain conditions, rule-based inductive definitions for operational semantics can be seen
as the definition of a monad lifting by initial algebra recursion. For a specific example, consider
one of the CCS rules for synchronisation

P-5Q p’i)Q’
PIP'—5Q|Q

which, informally, says that if P and P’ can perform complementary actions then they will syn-
chronise in parallel and only a silent (t) action will occur. As Plotkin [2004] observes, the rules
will typically be read only in a clockwise manner, so that the following alternative presentation is
sensible. i
p{Sa} [P {=e} = @

This latter presentation is to be thought of as saying that if P, which can perform an action a to
become Q, is in parallel with P’, which can perform action a to become Q’, then P and P’ will
synchronise to become Q in parallel with Q’. Here, the source (left-hand side) of this generic
transition is a basic expression of the language that additionally involves behaviours. Thus the
source is an element of the set %(X x BX), where: X is a set of process variables, including P, P’,
Q and Q’; the endofunctor T on Set defines the signature of CCS syntax, and is a sum including a
term ((—) x (—)) for the operator of parallel composition; and B is the endofunctor & (Lab x (—))
on Set whose coalgebras are labelled transition systems. On the other hand, the transition label
and the target (right-hand side) together comprise a behaviour involving a term of the language;
that is, an element of the set BTX. In this way we can see GSOS rules as functions from %(X x BX)
to BTX. Natural families of such functions, i.e. natural transformations

Z((=)xB(=)) = BT(-) (1.1.1)

between endofunctors on Set, provide the data for using initial algebra recursion to lift the monad T
to the category of T-coalgebras. Thus the congruence of bisimilarity for GSOS systems can be
understood at an abstract level.

Syntax with variable binding. An inadequacy of traditional rule formats, such as the GSOS
format, with respect to modern semantics research, is that they are not relevant when syntax
involves variable binding. Variable binding is an essential part of the syntax for value-input in
any value-passing process calculus, and in name-passing calculi in particular. Moreover, in the
mt-calculus, the binding behaviour of the restriction operator plays an essential role.

Variable binding can be a tricky issue in operational semantics. For a simple example, suppose
that an early semantics for input in the m-calculus was specified by the following axiom.

7 (1.1.2)
c(c).P =5 [d/c]P’

One might argue informally that ¢ is binding in P, and so the axiom can be equivalently written as
follows.

c(2).P <% [d/2]P’

However, let us take the axiom (1.1.2) literally for a moment. Then the process P; = c(2).0
is a-equivalent to c¢(c).0, and from this we can use the axiom (1.1.2) to derive a transition

c(c).0 “, 0. On the other hand, though, the process P, = c(z).[c = ¢] 0 cannot be a-converted



1.1. Background 17

into a form relevant to the axiom (1.1.2), for certainly P, is not a-equivalent to c(c).[c = ¢]0. So
we cannot derive any input transitions for P,. This is obscure: the test [¢ = c] in process P, is
surely redundant and in any sensible semantics, P; and P, should have the same behaviour.

Fokkink and Verhoef [1998], Middelburg [2001] and others have studied properties and mean-
ings of transition system specifications over syntax with variable binding. Their work provides
guidance for any subsequent study of operational semantics over syntax with binding. But these
developments cannot be immediately studied in a mathematical way, at the level of category the-
ory, because the model of syntax developed by Goguen et al. [1978] is not immediately relevant in
the variable-binding setting.

Variable binding became something of a ‘hot-topic’ in the late 1990s and the early 2000s, when a
myriad of formal frameworks, both model-theoretic and proof-theoretic, were suggested. A suitable
framework should be rigorous, and yet relevant to the informal intuitions one has when reasoning
about binding. For instance, the convention of Barendregt [1981, 2.1.13] is too informal for some
purposes, while the notation of de Bruijn [1972] is rigorous and efficient, yet difficult to read.

In this thesis, we focus on the models of Fiore, Plotkin, and Turi [1999] and of Gabbay and
Pitts [e.g. 2001]. The approach of Fiore et al. is as follows. Instead of working with sets of terms,
one works with variable sets, i.e. functors X : F — Set; here I is the category of natural numbers
(considered as sets) and functions between them, so it is a skeleton of the category F mentioned
above. The intention is that, for any number n, a set X(n) of terms with at most n free variables is
given, and for each function f : n — m between numbers, a renaming function X(f) : X(n) — X(m)
is specified. The ‘set’ of all variables can be seen as the inclusion V of F in Set. The presheaf
category Set” is Cartesian closed, as usual, and exponentiation by V is an abstract form of variable
binding, as can be seen by the equation X" (n) = X(n +1).

Substitution can be formulated within this framework. There is a monoidal structure on Set”,
for which the tensor defines a variable set of substitutable pairs. A substitution structure can then
be defined as a monoid over this monoidal structure.

This framework provides an abstract account of the principles of variable binding and substi-
tution. One can use this framework to study principles of recursion and induction for syntax with
variable binding, in terms of initial algebras and free monads.

These techniques and constructions, however elegant, remain somewhat removed from the in-
formal pen-on-paper arguments that mathematicians and computer scientists use every day. It is in
this aspect that the framework of nominal sets, developed by Gabbay and Pitts [2001], excels. The
basic idea of nominal sets is to consider sets that are equipped with actions of the symmetric group
on names. In other words, we consider sets X that are equipped with an assignment from per-
mutations of variables to functions X — X describing how the permutations ‘rename’ the elements
of X (all subject to the requirement that the identity permutation and composition of permutations
are suitably respected). Notions of ‘free variable’ can be considered at this abstract level using the
concept of support. Notions of a-equivalence can be defined in terms of the permutation action
structure.

An important attraction of nominal sets, in contrast with the functor category approach, is that
one can work with a set of terms, as in traditional studies of syntax, and consider the permutation
action as an additional structure. Construction and manipulation of nominal sets can then be seen
in terms of the traditional construction and manipulation of sets, provided that the additional group
action structure is respected.

Abstract notions of substitution have not been extensively studied in the setting of nominal sets
[although first steps are made by Gabbay and Mathijssen, 2006]. It is well-known, however, that
the category of nominal sets is equivalent to a sheaf topos, and in this way the theory of nominal
sets can be connected with the framework of Fiore et al..
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1.2 Contributions

The pinnacle of this thesis is the rule format for name-passing that is presented in Chapter 8: the
important result is that for any system defined using rules in this format, wide open bisimilarity is
a congruence. This format is derived from a model based on mathematical structural operational
semantics, and the development and analysis of this model forms the body of this thesis.

We now collect and summarise the contributions of this thesis. The contributions are split into
strands that span the length of the thesis. A chapter-by-chapter synopsis is provided in Section 1.3.

Indexed labelled transition systems and coalgebras. The coalgebraic model for the early se-
mantics of name-passing proposed by Fiore and Turi [2001] involves an endofunctor on the pre-
sheaf category Set'. (Here, as earlier, I is the category of natural numbers and injections between
them.) Here, instead of I, we work here with the equivalent category I of sets of names and injec-
tions between them. An additional novelty of our presentation is that we consider both an early
semantics and a ground semantics. (The ground semantics is concerned only with input of fresh
names, and it is not interesting in itself, but in the context of wide open bisimulation.)

The notion of behaviour suggested by the coalgebraic model of Fiore and Turi incorporates the
complex constructions involved in the behaviour endofunctor. Moreover, morphisms in Set' are
families of functions subject to a naturality requirement, and this requirement plays a central role.
In this thesis we explore this notion of behaviour by making all the constructions and requirements
explicit. To do this we require a more bland, permissive notion of model for name-passing.

The more permissive models that we study are indexed labelled transition systems, loosely fol-
lowing the analysis of Cattani and Sewell [2004]. An indexed labelled transition system over a
presheaf P € Set! is a labelled transition system in which the states are pairs (C,p) with C an ob-
ject of I, and p € P(C). Our intuitions about the coalgebraic model of Fiore and Turi suggest a
straightforward translation from coalgebras to indexed labelled transition systems.

Indexed labelled transition systems thus provide a foundation within which the requirements of
the coalgebraic notion of model can be studied explicitly. For instance, the naturality requirements
on the coalgebra structures ensure that transitions are invariant under bijective renamings. We can
write this as a property of indexed labelled transition systems: for any bijection 8 : C = D in I,

If (C,p) - (C,p') then (D,[Blp) 2> (D, [BIp")

By axiomatising exactly those indexed labelled transition systems that are induced by coalgebras,
we arrive at a characterisation of the coalgebraic model in which the requirements on behaviour
are made explicit.

From another point of view, indexed labelled transition systems provide a basic model theory
within which many lemmas about the transition systems of the m-calculus can be phrased with-
out reference to syntax. The axiom about bijective renaming, mentioned above, is an important
example of an abstract form of such a lemma. A notion of model of name-passing can thus be
found by treating lemmas of the 7t-calculus as axioms on indexed labelled transition systems. As
mentioned in the background discussion, this is the approach taken by Cattani and Sewell [2004].
A contribution of this thesis, then, is that this approach is related with the coalgebraic approach of
Fiore and Turi.

Sheaf conditions on state spaces. The axioms imposed on indexed labelled transition systems
help to characterise notions of behaviour for name-passing systems. However, no requirements
are imposed on the presheaves of states, other than functoriality. In this thesis we assert that it is
appropriate to impose a sheaf condition on the presheaves of states, and demonstrate that all the
constructions and developments can be carried out for this restricted notion of state space. (This is
an idea that was first considered in this context by Pitts and Stark [1993, Example 4.3(i), (iii)].)
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The first step in this direction is to recognise that the presheaves that arise in models of the
nt-calculus have the property that the actions of the injections in I are themselves injective. This
property of presheaves is not imposed by functoriality, but corresponds to separatedness for a
certain topology on I. A further, more sophisticated observation is that for a presheaf P € Set!,
if p € P(C) and p € P(D), we should imagine that the ‘free names’ of p are included both in C
and in D, and so we can expect that p € P(C N D). This informal description, when formalised,
constitutes the sheaf condition for that topology on I.

One can write down these requirements on presheaves with no knowledge of sheaf theory, but
the sheaf-theoretic characterisations connect the work with a well-developed mathematical theory.
Thus some basic constructions, such as limits and function spaces, can be immediately understood,
and adjoint connections between models can be observed by using results of a general kind.

Indeed, the sheaf category that arises in this way, which has been called the Schanuel topos, is
well known to be equivalent to the category of nominal sets of Gabbay and Pitts [e.g. 2001]. Thus
the model using coalgebras over sheaves can be seen as a model of name-passing in nominal sets.
Nominal sets have been championed as an elegant domain for models of syntax, and we are now
able to assess their elegance in the context of behaviour. When developing a theory of semantics
for name-passing, it is helpful to have syntax and semantics considered within the same universe.

The restriction to the sheaf subcategory permits a simpler characterisation of behaviour. Fiore
[2001] has observed that sheaves in the Schanuel topos are freely determined by their action
on bijections. Using this idea, we consider indexed labelled transition systems over presheaves
in Set®: here, B is the category (actually, groupoid) of sets of names and bijections between them.
We use the constructions of Fiore [2001] to relate indexed labelled transition systems over Set®
with those over sheaves in the Schanuel topos. The resulting axiomatisation of indexed labelled
transition systems over Set® is simpler than that over Set!, and thus a new model of name-passing
is designed.

Another important property of the Schanuel topos is that it is equivalent to a category of named-
sets used by Ferrari, Montanari, and Pistore [2002] in their article about model-checking with
history dependent automata. This correspondence is seen to arise from a categorical version of the
orbit-stabiliser theorem. Thus, by requiring extra properties of the state spaces, the models become
amenable to efficient verification.

Name-for-name substitution. Arbitrary name-for-name substitutions play an important role in
theory of name-passing. Consider the axiom for input in the early treatment, and one of the rules
for communication in the late treatment. Both involve potentially non-injective substitutions in the
right-hand-side of the conclusion.

. pEp gLy
y (input-early) . (com-l-late)
c().P = [d/z]P P|Q — [d/z]P'|Q

Here we have a problem: the presheaves and sheaves over I that we have used for the models
so far only support injective substitutions. To consider arbitrary substitutions within the abstract
framework, we must move to presheaves over F, the category of finite sets of names and functions
between them.

It is straightforward to compare the presheaf categories Set' and Set’. However, if we are to
restrict to a sheaf subcategory of Set!, it makes sense to also restrict to a sheaf subcategory of SetF.
In this thesis we introduce an appropriate topology on F, and observe that the sheaf condition for
this topology has a very simple meaning.

The sheaf subcategory of Set! is equivalent to the category of nominal sets, and this is an
important equivalence to exploit. Thus we are led to develop a ‘nominal’ view of the sheaf subcat-
egory of Set". We do this by defining a ‘nominal algebraic theory’ of nominal substitutions, whose
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models in the category of nominal sets correspond to sheaves over F, and whose model homo-
morphisms correspond to natural transformations between sheaves. Axioms of the theory provide
an abstract axiomatisation of the concept of substitution: we enforce the identity law of substitu-
tion, [a/a]x = x; we require that if a is fresh for x, then [b/a]x = x; and we also enforce a kind of
substitution lemma stating when the order of substitutions is irrelevant.

Structured coalgebras and wide open bisimulation. It is common in operational semantics for
the states of a system to have structure, some of which is not respected by the behaviour. The
central example of this phenomenon for this thesis involves the arbitrary name-for-name substitu-
tions that play an important role in name-passing calculi. The behaviour is not respected by such
substitutions: one does not expect a theorem stating that for any substitution f,

xi>y if and only if [f]xm [fly

(The left-to-right implication is an important property of some fragments of the 7-calculus, but the
right-to-left implication is certainly obscure.)

To cope with situations such as this we introduce a new and general concept of structured
coalgebra. Consider a functor U : 2 — ¥ together with an endofunctor B on ¥. Then a U-structured
B-coalgebra is an object X of 2 together with a morphism UX — BUX in ¥ — i.e. a B-coalgebra
structure for UX.

For modelling the mt-calculus, the forgetful functor U : 9 — % is the obvious forgetful functor
Set’ — Set! (or a version thereof restricted to sheaf subcategories): “if you know what to do
with all functions, you know what to do with injections”. There is a natural notion of structured
bisimulation, which, for the 7-calculus, coincides with wide open bisimulation.

The correspondence between coalgebras and indexed labelled transition systems is important.
To handle arbitrary substitutions in indexed labelled transition systems one can require that pre-
sheaves of states are over F rather than I, and the axioms on transition systems developed before
still make sense. However, when arbitrary substitutions are in the model, it is possible to consider
an extra axiom, about uniformity of input: informally,

if P2 Q then P <% [d/2]Q

(Notice that the substitution in the consequent need not be injective.) Indexed labelled transition
systems that satisfy this additional axiom are shown to correspond to indexed labelled transition
systems with ground labels (with only fresh input data). Thus the ground semantics is relevant
from the perspective of wide open bisimulation.

A rule format for name-passing calculi. The abstract developments of Turi and Plotkin [1997]
can be reworked in the setting of structured coalgebras. We have models of both syntax and
semantics in nominal sets and nominal substitutions, and thus an abstract GSOS-like rule format
arises for name-passing calculi. Structured coalgebras defined using this format have the property
that wide open bisimulation is a congruence.

A problem with this result is that rules in this format are not logical statements, but rather natu-
ral transformations between functors. So, while this development is illuminating at the conceptual
level, the result is not much use to the working operational semanticist. The final contribution
of this thesis is the extraction of a concrete rule format from this abstract result. This concrete
rule format provides a notation, at a logical level, for a class of natural transformations from the
abstract domain.

A first challenge is in identifying a logical formalism that is sufficiently expressive so as to
support appropriate notions of rule. The format that we extract must be generous enough to
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support the specification of the w-calculus. For an example of the kinds of feature that are required,
consider the m-calculus rule for scope opening, as presented by Milner et al. [1992, II, Table 2].

p X p

y7#Xx
wéef(vy.P)

x(w)

vy.P — [w/y]P’

This exhibits several aspects of rules for name-passing that are not catered for in the GSOS for-
mat of Bloom et al. [1995]: (i) there is universal quantification over both processes (P,P’) and
names (w, x, y); (ii) there are binding operators, such as v; (iii) there are explicit substitutions in
the conclusion target; (iv) there are side conditions about the freshness and distinctness of name
variables.

Given the role of nominal sets in our model theory, a suitable candidate for a logical framework
is Pitts’s nominal logic [2003]. We identify the following GSOS-like template for rules in nominal

logic that we will focus on.

ll / 12 /
P]_ — Pl PZ — P2

z (1.2.1)
op(...) — ¢t

Here, op is an operator from a special kind of binding signature: the parameters of this operator can
be name or process variables, and may include binders. The target t of the conclusion is a complex
expression built from name and process variables using the binding signature, augmented with the
additional operator sub for substitution. We refer to structures of this shape as ‘rule structures’.

Note that nominal logic is merely a first order theory, and therefore a-equivalence is not in-
cluded in syntactic equality. Thus, when reasoning about rule structures at this metalogical level,
we are concerned with terms of raw syntax, without a-equivalence. It is only possible to reason
up-to a-equivalence once one is reasoning within nominal logic, or working in a suitable model.

The astute reader will have noticed that the rules used to define the m-calculus include side
conditions about freshness and distinctness of certain variables, and yet there is no provision for
such side conditions in the shape of rule structures in (1.2.1). It is a little messy to reason about
these side conditions in a general way, and so here we adopt a convention that makes these side
conditions implicit: whenever two different name variables are written in the rule, there is an
implicit side condition requiring that the name variables are distinct; there is also an implicit side
condition requiring that the bound names of the conclusion label are fresh for the conclusion
source. While these conventions are technically convenient, they make presentations of calculi
slightly clumsy — for instance, the w-calculus rule for output must be rewritten as the following
two rules.

¢d.p <L p ce.p <5 p
(The first rule here has an implicit side condition: ¢ # d.) In general, though, this rewriting is
rather mechanical.

Presupposing some GSOS-like conditions on a rule structure of the form (1.2.1) we can de-
rive a family of functions of the form (roughly) {3(X x BX) — BTX}; here X ranges over nominal
substitutions. (Since our model of behaviour involves structured coalgebras, some additional struc-
ture operators are required in the type of these functions, which, for brevity, are omitted in this
overview.) This family of functions is almost of the form (1.1.1) required to recursively define
a lifting of the monad of syntax to the category of behaviour. In general, though, the functions
in this family are not equivariant — they do not preserve the renaming structure of nominal sets.
Moreover, the family need not be natural. Thus an important question is:

What conditions must be placed on a rule structure to guarantee equivariance and natu-
rality?
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Viewing the rule structures of the form (1.2.1) as nominal logic formulas, we can consider
the least labelled transition system over process terms that satisfies the rule. We would like the
induced transition system to reside in the model theory developed for name-passing behaviour, and
moreover we are interested in the congruence of wide open bisimilarity. None of these properties
hold for systems defined by rule structures in general. From this perspective, the above question
can be reformulated as:

What conditions must be placed on a rule structure to guarantee a well-behaved transition
system and congruence of wide open bisimilarity?

To answer these questions we suggest conditions for well-behaved rule structures. These condi-
tions include GSOS-like conditions about the appearance of process variables, as well as conditions
about name variables. For instance, it is necessary to forbid the anomalous semantics for input
described by the axiom

c(0).P <% [d/c]p

discussed earlier. We forbid this axiom by requiring that, in the conclusion source, names that
appear bound cannot also appear free.

To prove that the two questions are answered, we prove that the induced family of maps is
equivariant and natural.

Final coalgebraic bisimulations. To conclude this discussion, we mention an attitude to the
theory of coalgebras which pervades this thesis. Researchers in the theory of coalgebras often make
use of final coalgebras. For an endofunctor B on a category %, the carrier of the final B-coalgebra
is a kind of universal domain of the behaviour described by B. Often, however, the final coalgebra
for an endofunctor does not exist. As a basic cardinality argument will show, this problem arises
even for the basic endofunctor #(Lab x (—)) on Set, whose coalgebras are Lab-labelled transition
systems. In other words: there is no universal labelled transition system. When the final coalgebra
does not exist, I identify three possible ways to progress.

1. One can usually find a restricted form of the endofunctor for which the final coalgebra does
exist. For the case of labelled transition systems, non-determinism can be bounded. Many
authors (including Rutten [2000]) have considered the endofunctor &{Lab x (—)) on Set;
here % is the covariant finite powerset endofunctor. Coalgebras for this endofunctor are
finitely branching Lab-labelled transition systems, and the final coalgebra is the set of finitely
branching synchronisation trees, quotiented by bisimilarity.

Although such restrictions are often computationally natural, this approach might be consid-
ered distasteful because the notion of behaviour is restricted, not primarily to arrive at an
improved notion of behaviour, but to activate some mathematical machinery.

2. One can add enough objects to the category so that the final coalgebra exists. For the case
of labelled transition systems, one can work in the category of classes, instead of in the
category of sets: the final coalgebra can then be found, and its carrier is a proper class. This
is the approach taken in the non-well-founded set theory of Aczel [1988], and is advocated
for more general categories by Adamek, Milius, and Velebil [2005]. This approach is an
interesting one, and warrants further investigation for base categories other than Set.

3. One can reason about behaviour without mentioning final coalgebras. One can instead work
with the universal properties of final bisimulations. For the case of labelled transition systems,
this amounts to reasoning about bisimulations and bisimilarity, rather than about synchroni-
sation trees.
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The last approach is the one taken in this thesis. By working with bisimulations rather than final
coalgebras, one is freer to work with more general notions of equivalence, such as final structured
bisimulations, and, most generally, what we call final lifting spans.

In our development we establish basic results in this direction: final bisimulations are typically
relations; right adjoints between categories of coalgebras preserve final bisimulations; final bisim-
ulations exist in a very wide variety of situations. Final bisimulations can often be constructed
in a manner related to the terminal sequence [studied by e.g. Worrell, 2005]; this construction is
related to partition refinement techniques [of e.g. Paige and Tarjan, 1987]. We provide a termina-
tion proof for this construction, at an abstract level, using properties of finite presentability. Most
importantly, the results of the GSOS format can be understood without requiring any conditions of
the categories or constructions concerned: a lifting of a monad of syntax to a category of coalgebras
defines a semantics for which the final bisimulation, if it exists, is a congruence.

1.3 Synopsis

This thesis is split into two parts. In the first part, we relate and develop notions of model for
name-passing. In the second part, we analyse structural operational semantics for name-passing
caluli.

Each part begins with a chapter dedicated to recalling and developing some abstract notions,
and illustrating these notions with basic examples from CCS-like systems.

Part 1. Operational models.

Chapter 2: Transition systems, coalgebras, and bisimulation. This chapter is concerned with
miscellaneous general notions from the theory of coalgebras that will be useful throughout
the thesis. We introduce coalgebras as an abstract form of transition system, and, through ex-
amples from CCS with value-passing, we explain how restrictions to the model of behaviour
can be described by modifying the behaviour endofunctor. We introduce the general notions
of structured coalgebra and structured bisimulation.

We introduce a convenient way of comparing categories of coalgebras, by working with mor-
phisms between endofunctors, and we establish basic results about bisimulations.

Chapter 3: Transition systems and coalgebras for name-passing. In this chapter we compare
and develop models for name-passing, where state spaces are considered as presheaves on the
categories I and F. We begin this chapter by recalling definitions and properties for the r-cal-
culus. We then survey coalgebraic models and transition system models for name-passing.
An explicit characterisation of the coalgebraic models is established by axiomatising a class
of transition systems.

Chapter 4: Models for name-passing, refined. In this chapter we consider the implications of
imposing a sheaf condition on the state spaces of the models of name-passing. We redevelop
the theory of Chapter 3 in this context. Inspired by a result of Fiore [2001], we study a class
of transition systems over presheaves on the category B.

Chapter 5: Practicality. The final chapter of this part is concerned with model checking problems
for the models introduced in Chapter 4. In the first half of this chapter, we establish a corre-
spondence between the Schanuel topos and a category of named sets. In the second half, we
investigate conditions implying the existence of final bisimulations, and study a procedure
for constructing these final bisimulations.
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Part II. Operational semantics.

Chapter 6: Rule induction and mathematical operational semantics. The first chapter in this
second part recalls and introduces some developments in abstract syntax and the analysis
of rule induction, providing a thorough account of the analysis of Turi and Plotkin [1997],
taylored to our needs. We recall basic notions for the categorical treatment of abstract syn-
tax, considering fundamental notions of monad morphism and free monad. A mathematical
theory of structural operational semantics is introduced and made relevant to the case of
structured coalgebras. We illustrate this theory by explaining the positive GSOS rule format.

Chapter 7: Nominal sets for syntax and behaviour. In this chapter we recall some aspects of the
framework of nominal sets of Gabbay and Pitts [2001], and develop some notions for this
thesis. Basic definitions and properties for nominal sets and nominal logic are summarised. A
theory of nominal substitutions is introduced, and an equivalence is established between the
category of nominal substitutions and the category of sheaves on F used in Chapter 4.

A notion of nominal algebraic signature is proposed, as a generalisation of the notion of
algebraic signature to handle syntax with binding. We explain how functors between different
models of syntax arise as morphisms between models of such signatures. Finally, we develop a
nominal logic theory of nominal transition systems. A correspondence is established between
nominal transition systems and a model of Chapter 4.

Chapter 8: Operational semantics for name-passing. In the final chapter of this part we intro-
duce the rule format for name-passing. We introduce a notion of rule structure, and consider
conditions on rule structures that guarantee good behaviour. We then explain how rule struc-
tures satisfying these conditions give rise to natural transformations, supplying recursion data
for lifting a monad to the category of structured coalgebras. Thus the main theorem is es-
tablished: for a name-passing system defined by a set of rules in our rule format, wide open
bisimilarity is a congruence.

The thesis concludes, in Chapter 9, with a brief summary and a discussion of related ideas and
developments.

1.3.1 Relation with previously published work of the author

To a large extent, the substance of this thesis derives from and builds on work presented in two
articles written by the author with M. Fiore. We tend not to refer to these articles in the body of
the thesis, because the connections are so pervasive and because the most developed form of the
material is here, in this thesis. We now briefly summarise the connections between these articles
and the work presented here.

Comparing operational models of name-passing process calculi [Fiore and Staton, 2006a].
This article forms the basis for Part I of this thesis. Sections 2 and 3 of that article correspond to
Chapter 3 here, and Section 4 of that article corresponds to Chapter 4 here. The internal transition
systems presented in Section 5 of that article are similar in spirit to the nominal transition systems
of Section 7.5 here. In Section 5.1 of that article, we explored the relationships between categories
of named-sets and the Schanuel topos, which is also done in Section 5.1 here.

A congruence rule format for name-passing process calculi from mathematical structural
operational semantics [Fiore and Staton, 2006b]. This article forms the basis for Part II of
this thesis. In Section 1 of that article we develop a general theory of mathematical operational
semantics for structured coalgebras; this theory is developed in Chapters 2 and 6 of this thesis.
Section 2 of that article is concerned with nominal sets for modelling abstract syntax with variable
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binding and substitution, and thus involves the concepts covered here in Chapter 7. Section 3
of that article introduces models for name-passing behaviour in the setting of nominal sets. As
such, that section summarises the developments of Chapters 3 and 4 of this thesis, following the
discussion in Section 7.1.5 here. Section 4 of that article introduces the notion of rule structure.
That section corresponds to Chapter 8 of this thesis.
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Operational Models
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Chapter 2

Transition Systems, Coalgebras, and
Bisimulation

Labelled transition systems provide a model of the stepwise evolution of systems, from which bisim-
ulation arises as a natural notion of behavioural equivalence. The theory of coalgebras provides a
more abstract approach to modelling such systems, and bisimulation is a natural notion to study in
this general context, too. The first purpose of this section is to recall and motivate these ideas. A
second purpose, which is equally important, is to introduce some novel concepts and observations
that will be important in this thesis.

We begin in Section 2.1 by recalling basic notions of coalgebras, with the specific example of
the coalgebraic representation of labelled transition systems.

In Section 2.2, we consider the particular case of value-passing. Labelled transition systems
provide a suitable model of this paradigm, but we argue that this model is too generous. We
assert that the possibility of input should be independent of the value being input. To resolve this
problem, we axiomatise those labelled transition systems that respect this property. A theme of the
subsequent chapters will be the capturing of such properties within behaviour endofunctors. By
way of introduction, then, we provide an endofunctor for value-passing behaviour.

Having motivated the importance of considering different behaviour endofunctors, we consider,
in Section 2.3, morphisms between endofunctors. In this way we are able to compare behaviour
endofunctors. Indeed, we consider a 2-category of morphisms between behaviour endofunctors.
By using this 2-category it is straightforward to induce functors and also adjunctions between
categories of coalgebras.

Following this abstract development, we take a different tack, and consider a more general
notion of coalgebra. When working with models of systems, the state space often has structure
that is important for defining the model and for reasoning about it, but this structure need not
be respected by the evolving behaviour of the system. To describe such systems we introduce the
notion of structured coalgebra, in Section 2.4.

We conclude this chapter in Section 2.5 with two fundamental theorems about bisimulation.
The first result gives conditions under which bisimulation spans (i.e. intensional bisimulations)
factor through bisimulation relations (that is, extensional relations). The second result explains
when two different behaviour endofunctors give rise to the same notion of final bisimulation. Using
this result, the techniques for comparing behaviour endofunctors introduced in Section 2.3 can be
used to relate notions of bisimulation.

2.1 Transition systems and coalgebras for evolving systems

Transition systems provide a formal description of the stepwise atomic evolution of a system. It is
often helpful to label the evolution steps by the actions that are observed. Let Lab be a set of labels,
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and recall that a labelled transition system is a set X, thought of as a set of states, together with a
ternary relation
—> C X xLabx X

thought of as describing the transitions that are permitted. As usual, we will use infix notation for

.. . l o .
the transition relation. So x — y indicates that from state x the system can evolve to state y, in a
manner described by the label .
To give such a transition relation on the set X is to give a “next step” function

h:X — @(LabxX) , 2.1.1)

writing & for powerset operator. For each state x € X, we have a set h(x) of label-result pairs to
which a system in state x is capable of evolving.

We will use the symbol By for the operator & (Lab x (—)), which takes sets to sets. Structures
of the form (2.1.1) can then be called coalgebras for the operator By: they are maps X — By X. In-
deed, the operator By, can be given an action on functions between sets, by considering a canonical
covariant action of # and the universal characterisation of products. Thus By is an endofunctor
on the category of sets.

It is convenient to allow the state space and the behaviour endofunctor to take a general form,
and we are led to consider coalgebras for arbitrary endofunctors on arbitrary categories.

Definition 2.1.2. Consider an endofunctor B on a category 6. A B-coalgebra is an object X € €
equipped with a morphism X — BX.

A B-coalgebra homomorphism between B-coalgebras, (X,h) and (Y, k), is a morphism f : X —» Y
in ¢ that makes the following diagram commute.

x Loy

hJ Jk
BX ? BY

B-coalgebra homomorphisms are composed according to the composition of the underlying
morphisms in ¢. Thus we have a category, B-Coalg, of B-coalgebras and homomorphisms between
them. We will often use the forgetful functor B-Coalg — ¥ that maps a B-coalgebra, (X,h), to its
underlying ‘carrier’ object, X.

Bisimulation. Central to the theory of coalgebras is the notion of behaviour-respecting relation,
or bisimulation. At times, it will be helpful to view bisimulations as instances of the following
general notion.

Definition 2.1.3. Consider a functor V : 8 — % between categories. A V-lifting span between
objects X and Y of £ is a span (VX R VY) in ¥ for which there exists a span in 4,
(X < 8§ 2, 7)), such that (VS, Vs, Vs,) = (R, 1y, o).

Now bisimulation can be defined as follows.

Definition 2.1.4. Consider an endofunctor B on a category %, and consider the forgetful func-
tor V : B-Coalg — ¥¢. Let (X,h) and (Y, k) be B-coalgebras. A B-bisimulation between (X,h) and
(Y,k) is a V-lifting span between (X, h) and (Y, k).

Thus a B-bisimulation between B-coalgebras (X, h) and (Y, k) is a span (X LR Y) in € for
which there exists a coalgebra structure r : R — BR making a span

(X,h) <= (R, 1) -2 (Y, k)
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in the category of B-coalgebras. To say that [(X,h) L (R,7) 2, (Y,k)] is a span of coalgebras is
to say that the following diagram commutes.

o\
N

BX B

Consider objects X and Y of a category ¥. We say that a span between these objects,
04 AN LN Y), is a relation if it is jointly monic — that is, if, for any object A€ ¥ and any
morphisms f, g :A— R such that r;f =r;g and rof =r,g, we have f = g. When % has products,
this amounts to requiring that the universal morphism (r;,7,) : R — X X Y is monic.

In the process algebra literature, it is conventional to focus on bisimulations that are rela-
tions. Importantly we have a correspondence between By-bisimulation relations and the tradi-
tional bisimulations of labelled transition systems.

By working without this restriction, though, we are working with intensional bisimulations:
bisimulations in which the relationship may be witnessed — and indeed where there may be several
witnesses for each related pair. Extensional bisimulations, by contrast, which are jointly monic,
record only the existence of a relationship.

In this thesis, it will be convenient to work with intensional bisimulations in our analysis at the
abstract level, since many of the bisimulations that will arise from categorical constructions are, by
nature, intensional. We return to this issue in Theorem 2.5.5, where we prove that, under certain
basic assumptions, every intensional bisimulation factors through a extensional one.

Further reading. Rutten [2000] provides a detailed exposition of the theory of coalgebras over
Set. Sections 1.3 and III.12 of Turi’s thesis [1996] deal with some of the basics of the theory of
coalgebras. For category theory, the standard text is that by Mac Lane [1998].

2.2 Transition systems and coalgebras for value-passing systems

In this section we shall be concerned with systems where the observable actions correspond to the
communication of values along named channels. We fix a set C of channels, and a set V of values.
The values in V are to be thought of as basic data, and we will not expect these values to have any
particular structure. A simple class of models for value-passing involves taking labelled transition
relations or coalgebras as above, with label set

Laby = CxV + CxV + 1.

Here, the ‘+’ operator denotes the coproduct of sets, taken to be disjoint union. We write ‘1’ to
denote a chosen initial set, that is, a set with one element. We consider the components of this
sum as labels describing input actions (written c?v), output actions (written c!v) and silent actions
(written 7).

Of course, it remains the case that to give a transition system over these labels is to give a
coalgebra as in (2.1.1), of the form

X — @ (Laby x X)
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V-1 If one value can be input then so can any other:

c?v c?w
x—x = VYweV.Ix"eX. x — x”

Figure 2.1: Axiom V-1 on a value passing transition relation

The situation is made clearer, though, by pushing the structure from the labels into the behaviour
endofunctor. Using the isomorphisms

P(A+B)= 2 (A) x Z(B) (2.2.1a)
P(AXB)X[A= P B] (2.2.1b)

(writing [A = 2 B] is the set of functions A — #B) we can consider coalgebras as in (2.1.1),
assuming labels Laby, as coalgebras

X - [C=[V=2(X)]]
x [CxV=2(X)] (2.2.2)
X [1=2(X)].

Such a coalgebra can be read as follows. The behaviour of each state x € X is described by a triple
of functions
((:Co[V=22X)], 0:CxV->2P(X), t:1—-P(X)). (2.2.3)

The function i assigns to each channel ¢ € C a function, which in turn assigns to each value v € V
the set of possible result states following the input of v on c; the function o assigns to each channel-
value pair (c,v) the set of all possible result states following the output of v on channel c; the
function t returns the set of possible result states following the silent action.

This notion of model for value-passing is perhaps too liberal, as the following example illus-
trates. Pick a channel ¢ € C, and two distinct values, v,w € V. We consider a singleton state
space, {x}, together with the transition relation

— = {(%,c?v, %)}

In state *, the system can perform action c?v but cannot perform c?w. This is unnatural: the system
is choosing which values can be input before the input event has taken place. In other words, the
state is able to selectively refuse values without knowing what they are. Thus we are led to impose
the uniformity Axiom V-1 on transition relations, shown in Figure 2.2.

It is clear that we could impose a similar condition on the coalgebras that we consider. This,
however, would not be in the spirit of the theory of coalgebras! Instead, we will refine our be-
haviour endofunctor to more accurately describe the nature of value-passing.

Recall from (2.2.3) that the behaviour of a state is described by a triple of functions (i,o,t).
Axiom V-1 can be thought of as having the following effect on component i: if, for any ¢ € C, the
function i(c) : V — 2 (X) ever returns the empty set then it always returns the empty set. This can
be enforced in the behaviour functor as follows.

Let .. be the covariant non-empty powerset operator on Set; so & = 1+2... Thus each i(c) is
equivalent to a function of type V — (1 4+ Z,.(X)). We will refine this to the type 1+ (V — Z..(X)),
indicating that the decision about whether or not to input is made before the value is seen. So:
let By : Set — Set be the following endofunctor

By= [C=>1+[V=2Z5(-)]]
X [CXV=(1+Ppe(-))] (2.2.4)
x [1= (1 +(Zne(-)))]
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This endofunctor for value-passing was proposed by Fiore and Turi [2001, eqn. 23]. We have the
following theorem.

Theorem 2.2.5. There is a bijective correspondence between labelled transition systems with labels in
Laby that satisfy Axiom V-1, and By-coalgebras. O

Importantly, coalgebraic By-bisimulation corresponds to bisimulation for these labelled transition
systems.

2.3 Morphisms between endofunctors

It is often useful to relate different notions of behaviour. To this end, we describe how the con-
struction of coalgebras for an endofunctor can be given a functorial action.

We will consider the following 2-category coEndo of endofunctors. The name coEndo is used
because this category is suited to working with coalgebras. In Section 6.1.1 we will introduce an
analogous category for working with algebras.

e Objects of coEndo are pairs (¢, B) of a category ¢ and an endofunctor B on %.

e A morphism from (%,B) to (¥’,B’) is given by a functor F : € — %’ together with a natural
transformation a : FB — B'F.

e The identity morphism is given by the identity functor together with the identity natural
transformation. Composition of two morphisms

4,8) 22 (¢',8) L2, (47, B”)

is given by the composite functor (F’ o F) together with the natural transformation
F'FB 2% F'B'F <5 BYR'F

e Let (F,a) and (G, ) be two morphisms from (€,B) to (¢’,B’). A 2-cell from (F, a) to (G, )
is given by a natural transformation y : F — G such that the following diagram commutes.

FB—"-B'F

YBJ |

GB T) B'G

Composition and identities of 2-cells are as in the category CAT of categories.

2.3.1 From endofunctors to coalgebras

There is a forgetful 2-functor coEndo — CAT, sending an endofunctor (¢,B) to the underlying
category 4. Another 2-functor coEndo — CAT sends an endofunctor (%6, B) to the category B-Coalg
of B-coalgebras. A morphism of endofunctors (F, a) : (¢,B) — (%¢’,B’) induces a functor

(F, a)-Coalg : B-Coalg — B’-Coalg

sending a B-coalgebra (X,h : X — BX) to the B’-coalgebra

(FX,FX Fr rBx) 25 B’(FX))
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A 2-cell y : (F,a) — (G, ) between morphisms of endofunctors induces a natural transforma-
tion y-Coalg : (F, a)-Coalg — (G, 8)-Coalg given as follows. For any B-coalgebra (X,h), the mor-
phism yy : FX — GX describes a B-coalgebra homomorphism

(y-Coalg)x ) : ((F,a)-Coalg) (X,h) — ((G, B)-Coalg) (X,h)

since the following diagram commutes.

Fx " rex — % BFX
YXJ (D iYBX (2) lBYX
GX —g GBX —= BGX

Using: 1: nat. of y; 2: since y is a 2-cell in coEndo.

This construction has been described by Lenisa, Power, and Watanabe [2000, Sec. 2.3], who
write Endo*(CAT) for coEndo. Like them, our 2-category coEndo is inspired by the 2-category
of comonads Mnd(CAT,,), introduced by Street [1972].

The reader may be interested to note that the 2-functor (—)-Coalg : coEndo — CAT is repre-
sentable as the hom-functor coEndo((1,id;), —); here (1,id;) denotes the identity endofunctor on a
terminal category.

2.3.2 Adjunctions in coEndo

As coEndo is a 2-category, one can consider adjunctions in it. By making use of the 2-functor
(—)-Coalg : coEndo — CAT introduced in the previous section, we see that adjunctions between
endofunctors in coEndo induce adjunctions between the corresponding categories of coalgebras.
Such adjunctions will be studied closely in Theorem 2.5.7.

The following characterisation result is fundamental. It follows immediately from a basic result
of 2-dimensional monad theory [see e.g. Kelly, 1972, Sec. 1.3], since coEndo is the category of
algebras and oplax morphisms for the identity 2-monad on CAT.

Proposition 2.3.1. A morphism of endofunctors (G, ) : (¢’,B") — (6, B) has a left adjoint in coEndo
if and only if the underlying functor G has a left adjoint in CAT and [ is an isomorphism. Ol

2.4 Structured coalgebras

A recurring theme in this thesis is that of coalgebras whose carriers are equipped with extra struc-
ture. Examples abound throughout operational semantics, as the following examples illustrate.

Examples 2.4.1. 1. When an operational semantics for a language is given in terms of the lan-
guage structure, it is important that the states of the resulting transition system are terms
built out of the operators of the language. The transition system need not respect the opera-
tors precisely, though. For example, if the language has a unary operator op, then one would
not necessarily expect a theorem

x —y ifandonlyif op(x)— op(y)

2. In value-passing calculi, such as value-passing CCS [Milner, 1980], the transition system
is typically defined over ground terms, i.e. terms with no free variables. But to make the
definition, and for reasoning about the system, it is crucial to consider open terms.
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3. The transition system for the m-calculus is defined over open terms, and that transition re-
lation respects injective substitution of names. Arbitrary substitution of names need not be
respected, though: one does not expect a theorem stating that for any substitution f,

x5y ifandonlyif [f1x Z5 11y

It does make sense, though, to perform arbitrary substitution of names on the terms of the
n-calculus, and indeed this is important when giving semantics.

Only this last example, of the wt-calculus, will be studied in detail in this thesis. All the examples
are catered for by the following general notion.

Definition 2.4.2. Consider a functor U : 9 — %6, and let B be an endofunctor on %.

A U-structured B-coalgebra is an object X of 2 together with a morphism UX — BUX in 6 —
i.e. a B-coalgebra structure for UX.

A U-structured B-coalgebra homomorphism between U-structured B-coalgebras, (X,h : UX — BUX)
and (Y,k : UY — BUY), is a morphism f : X — Y in 2 making the following commute.

Uf
UX —UY

a [x

BUX TUf’BUY

Identity and composite homomorphisms are the identities and composites of the underlying
morphisms in 2. U-structured B-coalgebras and homomorphisms between them form a cate-
gory (U, B)-Coalg.

For such U: 2 — ¢ and B : ¢ — ¢, we always have the following commuting diagram

(U, B)-Coalg —— B-Coalg

|

_
U €

where the unlabelled arrows denote the forgetful functors.

Structured coalgebras include coalgebras in the conventional sense: for any endofunctor B on
a category ¢, an B-coalgebra is the same thing as an id-structured B-coalgebra, writing id,, for
the identity functor on %. Indeed, the categories (idy, B)-Coalg and B-Coalg are isomorphic.

We illustrate Definition 2.4.2 by considering the scenarios from Example 2.4.1 above.

Examples 2.4.3. 1. To treat Example 2.4.1(1), we let T be a monad on a category ¥, and B
an endofunctor on ¥. We let U : T-Alg — ¥ be the forgetful functor from the category of
T-algebras. A U-structured B-coalgebra is a B-coalgebra whose carrier is equipped with a
T-algebra structure. This might be called a bialgebra, following Turi and Plotkin [1997],
although their notion is more symmetric, and involves a distributive law.

2. For the case of value-passing CCS we suppose that 2 is a category whose objects denote sets
of open terms that are equipped with a notion of substitution. An suitable choice would
be the category of monoid actions proposed by Fiore and Turi [2001, Sec. 4]. There is a
functor | |, : 2 — Set mapping a set including open terms to the set of only ground terms.
A |_|p-structured By-coalgebra is a transition system over ground terms, in which the sets of
states also include the open terms, and descriptions of substitution.
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3. To model the w-calculus, we suppose that & is a category whose objects denote sets of states
that are equipped with a notion of arbitrary substitution, and that ¥ is a category whose
objects denote sets of states that are equipped only with a notion of injective substitution. Ar-
bitrary substitution subsumes injective substitution, so there is a forgetful functor U : 2 — 6.
Choosing a suitable behaviour endofunctor B on 4, we have that a U-structured B-coalgebra
is a transition system, where transitions are invariant under injective substitution, but where
the sets of states also admit arbitrary substitution.

It is also interesting to consider some more general situations.

4. Suppose that a functor U : 2 — % has a right adjoint, say G : ¢ — 2. For any endofunctor B
on ¢, to give a morphism UX — BUX is to give a morphism X — GBUX. In this way, the
category of U-structured B-coalgebras is isomorphic to the category of (GBU)-coalgebras.

5. Consider a full and faithful functor i : €’ — € together with endofunctors B, B’ on €, 6’
respectively, and together with a natural isomorphism f3 : iB’ = B’i. (Such a situation arises,
for instance, from a full reflection in coEndo.)

The category (i, B)-Coalg is isomorphic to the category B’-Coalg. To see this, consider the
following chain of natural correspondences.

iX —»BiX .

XX (using )

Xopx (SfD

Structured bisimulation. Since every U-structured B-coalgebra is also a B-coalgebra, the usual
notion of coalgebraic bisimulation remains relevant here. It is also interesting, though, to consider
the following notion of bisimulation, that involves the additional structure.

Definition 2.4.4. Consider a functor U : 2 — %, and let B be an endofunctor on 4. Let V
be the forgetful functor (U,B)-Coalg — 2. A U-structured B-bisimulation between U-structured
B-coalgebras, (X,h) and (Y, k), is a V-lifting span between (X, h) and (Y, k).

Thus a U-structured B-bisimulation between U-structured B-coalgebras (X,h) and (Y,k) is a
span (X R Y) in 2 for which there exists a coalgebra structure r : UR — BUR (ie. a
morphism in %) making a span [(X,h) LS (R,1) LR (Y, k)] in the category of U-structured B-coal-
gebras.

In other words, a U-structured B-bisimulation is a B-bisimulation that is in the image of the
functor U : 2 — €. Indeed, if € = 2 and U is the identity functor, then U-structured B-bisimulation
is the same thing as B-bisimulation.

We illustrate this notion of bisimulation in terms of the previous examples.

Examples 2.4.5. 1. First, we return to the case when we have a monad T on a category ¥,
and also an endofunctor B on ¥. Again, we let U : T-Alg — ¢ be the forgetful functor from
the category of T-algebras. Now, a U-structured B-coalgebra homomorphism is a morphism
in ¥ that is both a B-coalgebra homomorphism and a T-algebra homomorphism. Thus a
U-structured B-bisimulation is a T-congruence that underlies a B-bisimulation. This kind of
span might be called a bicongruence, following Turi and Plotkin [1997].

2. For the case of value-passing CCS, we return to the situation involving | |,-structured By-coal-
gebras. The relation involved in a |_|,-structured By-bisimulation relation is defined over all
(potentially open) terms. Thus this structured notion provides a way of reasoning about the
‘open extension’ of bisimilarity, as considered by Milner [1980, Sec. 5.8].
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3. For the proposed model of the 7-calculus, a U-structured B-bisimulation is a B-bisimulation
that is closed under arbitrary substitution. Thus U-structured B-bisimulations are a kind of
open bisimulation, in the sense of Sangiorgi [1996].

4. Consider the case of a functor U : 2 — % that has a right adjoint, say G : ¥ — 2, and let B be
an endofunctor on ¥. A U-structured B-bisimulation between two U-structured B-coalgebras
is a (GBU)-bisimulation between the corresponding (GBU)-coalgebras.

5. We will return to the case of Example 2.4.3(5) following Theorem 2.5.7.

2.5 Notions of bisimulation

We now develop the theory of bisimulations by providing two fundamental results. The first result
provides conditions under which bisimulation spans factor through bisimulation relations. For the
second result, we introduce final bisimulations as an abstract formulation of the notion of bisimi-
larity. The result is concerned with how functors between categories of coalgebras preserve final
bisimulations. We illustrate this by showing that certain kinds of morphism between endofunctors
exhibit the endofunctors as describing the same notion of bisimulation.

In most of the work in the literature, it is assumed that, for the endofunctors under considera-
tion, a final coalgebra exists. The unique final morphisms provide a kind of denotational semantics,
which is necessarily ‘fully abstract’ with respect to bisimulation. The reader should note that nei-
ther of the endofunctors considered in this chapter have final coalgebras, essentially because they
involve the unbounded powerset functor. Indeed, throughout this thesis, we take a purely oper-
ational approach: we will never assume the existence of final coalgebras. With this attitude, the
notion of bisimulation, as opposed to the notion of denotational coincidence, takes a prominent
role.

2.5.1 Bisimulation relations

In Section 2.1 we defined relations as jointly-monic spans. The aim of this subsection is to provide
(in Theorem 2.5.5) conditions under which all bisimulations factor through bisimulation relations.

Regular relations. Note that any span that arises as a pullback, as in the following diagram, is

jointly monic.
R
N
X Y.
Z

This can be seen by modifying the familiar argument that equalisers are monic.
We now introduce a technical lemma, which establishes a result at the generality of lifting
spans.

(2.5.1)

Lemma 2.5.2. Consider a functor V : 8 — % between categories 8 and 6. Suppose that every
span in 9 completes to a square, and that for every cospan in 4, the pullback of the image under V
exists in ¢, and lies in the image of V.

Then every V-lifting span factors through a V-lifting relation.
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Proof. Consider obje_cts X and Y of &, and a V-lifting span (R, r;, ) between them. By definition,

we have a span (X <X R-%Y)in % such that (R, r1,75) = (VR,V#y,Vi,). We complete this span
to a square in 4,

R (2.5.3)
v\
X Y
A
Z
and then form the pullback in 4 of the image of the resulting cospan
S (2.5.4)
VN
VX VY
Vz, Vz,
VZ
Since diagram 2.5.4 is a pullback, we know that S is jointly monic, and that R factors uniquely
through S.
Moreover, by assumption, the relation (S,s;,s,) is in the image of V — that is, it is a V-lifting
span. 0

We now use this lemma with respect to structured bisimulations. Recall that a weak pullback
(resp. pushout) is a pullback (resp. pushout), but for which the mediating maps need not be unique.

Theorem 2.5.5. Let U : 9 — € be a functor, and let B be an endofunctor on 6. If 2 has pullbacks
and weak pushouts, U preserves weak pullbacks and weak pushouts, and B preserves weak pullbacks,
then every U-structured B-bisimulation factors through a U-structured B-bisimulation relation.

Proof. We show that the forgetful functor V : (U,B)-Coalg — 9 satisfies the conditions of
Lemma 2.5.2.
We first show that every span in (U, B)-Coalg completes to a square, as follows. Consider a span

[(X,h) L (R,1) BER (Y,k)] in (U,B)-Coalg. We take a weak pushout in 2 of the underlying span

in 9.
R
y \ri/
X Y
VA

Observe that the following diagram commutes in 4.

(2.5.6)

UR

Ury J Ury
r

BUR Uy

UX
BUX BUY
m%

BUZ
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Thus we have a cocone over the span (UR,Ur;,Ur,). Now diagram 2.5.6 is a weak pushout in 2,
so the image under U is a weak pushout in ¥, because U preserves weak pushouts. Thus we have
a morphism z : UZ — BUZ in ¢ making the following diagram commute.

UX uy
h k

BUX uz BUX
\ lz /
BUz; BUzy

BUZ

So we have the following commuting square in (U, B)-Coalg, as required.

(R,r)

(X,h) (Y, k)

To show that the second condition of Lemma 2.5.2 is satisfied, we consider an arbitrary
cospan [(X,h) AR (W, w) 22 (Y, k)] in (U, B)-Coalg. We construct the following pullback in 2.

S
X Y
w

We must show that the span (S,sq,s,) lifts to a span of U-structured B-coalgebras. Since B and U
preserve weak pullbacks, we have the following weak pullback in 4.

BUS
BUX BUY
BUW

There is another cone for this cospan, since the following diagram commutes.

U

S
YI
Uy
N s

BUX

N

w BUY

w

BUW

>
Ux
m
U
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Thus we have a mediating morphism s : US — BUS making the following diagram commute in €.

us

P

UXx BUS Uy

| b

BUX BUY

Thus we see that the pullback span in 2 lifts to (U, B)-Coalg.
So the conditions of Lemma 2.5.2 are satisfied, and so every U-structured B-bisimulation factors
through a U-structured B-bisimulation relation. O

2.5.2 Relating notions of bisimulation

The purpose of this section is to investigate conditions under which functors between categories
of coalgebras preserve final bisimulations. We begin with Theorem 2.5.7, which works at the
generality of lifting spans. The conditions for this theorem are a little obscure and technical.

Following the proof we illustrate the theorem with some important examples. In Section 2.3 we
introduced morphisms between behaviour endofunctors, that induce functors between categories
of coalgebras. The two example scenarios that we consider involve a full reflection in the category
coEndo, and the case where a behaviour endofunctor is a split subfunctor of another endofunctor
on the same category. In both cases, we are able to say that the two endofunctors that are involved
‘describe the same notion of bisimulation’.

Final lifting spans and final bisimulations. The greatest bisimulation plays an important role
in operational semantics. Greatest bisimulations can be expressed in a universal way, as follows.
We have defined bisimulations and structured bisimulations in terms of the general notion of
lifting span. We now introduce a notion of universal span.
Consider a functor V : 8 — €. We say that a V-lifting span (R, r,,1,) between objects X and Y
in A is a final V-lifting span if every other V-lifting span (S, s;,s,) between X and Y factors uniquely
through it, that is, if there is a unique map r : S$ — R in ¢ making the following diagram commute

in 6.
S
ry lr 'y
R

AN

VX vy

Note that, under the conditions of Theorem 2.5.5, every final U-structured B-bisimulation is a
relation. Indeed, for the situation introduced in Section 2.1 involving the endofunctor B, on Set,
the final B-bisimulation is the usual bisimilarity relation on the corresponding transition systems.

We address the issue of existence of final bisimulations later, in Section 5.2. Now, we establish
a theorem that compares final lifting spans over different categories.

Theorem 2.5.7. Consider the following situation between functors and categories.
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Suppose that there are natural transformations € : F'G’ — 14, n : 1, — GF, such that the following
diagram of natural transformations (a ‘triangle identity’) commutes.

/ nve / = Il Al 2.5.8
VG’ — GFVG' — VG'F'G (2.5.8)

VG’

Let X and Y be objects of %’. If (R,ry,15) is a final V’-lifting span between X and Y
then (GR,Gry,Gr,) is a final V-lifting span between G’X and G'Y.

Proof. [Warning: throughout this proof we elide the equalities FV = V'F’ and GV’ = VG’ —
hopefully the proof remains readable.]

Suppose that (R, r;, 1) is a final V’-lifting span between objects X and Y of 4’. It is immediate
that (GR, Gry,Gr,) is a V-lifting span between G’X and G’Y; it remains for us to show that it is
final.

Consider another V-lifting span (S,s;,s;) between G’X and G’'Y. We must have a span
(G'X 133 G'Y) in & such that (VS,V3s,,Vs,) = (S,s1,5,). From this, we derive the following
span in %’.

x X pex L ps s pey Ly
Applying V’, we see that the following span in 2’ is a V’-lifting span.

/ F F /
vix X rvex <L s ZA rvey LN vy

Thus, since (R, r;,75) is a final V'-lifting span, we have a unique map m : FS — R in 9’, making the
following diagram commute.

/ F F /
VX L UG FS — 2 PV QY Y2 vy (2.5.9)

m
r T

R

Observe that the following diagram commutes in 2.

S1 So

VG'X S VG'Y

nvc’xl (1) Jns (2) lnvc’y
GFs, GF's,
GFVG'X GFS GFVG'Y
GV'SXJ( (3) le 4 lGV’sY
/ /
GV'X o GR Gry GV'Y

Using: 1,2: nat. of n; 3,4: dgm. 2.5.9.

It follows, from diagram 2.5.8, that (S,s;,s,) factors, via (Gm o nS), through (GR, Gry, Grs).
It remains for us to show that this factorisation is unique. Suppose that there is a mor-
phism m’ : S — GR such that the following diagram commutes.

S

S1 , $2
m

VG'X — GR— 2 VG'Y
1 ra
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We must show that m’ = Gm o 7S.
First, note that since R is a V'-lifting span between X and Y, the span (R,r;,r,) in 2’ lifts to

a span (X <~ R —% Y) in %’ with (V'R,V'F, V') = (R, r1,75). Next, observe that the following
diagram commutes, in 2.

ES
Fs, Fsqy
Fm'
, FGry FGr, ,
FVG'X FGR FVG'Y
V/F/G/ V/F/G/- /
\% F’G’X<—V F’G’R4>V F'G'Y
V'eX V’eR V'eY
V'X " R P V'Y

But m : FS — R was introduced as the unique mediator, in diagram 2.5.9. Thus we know that the
following triangle commutes in 2’.

FGR (2.5.10)

N
FS - R

We conclude by putting all this together, to see that the following diagram commutes in 2.

GFS

1 OF m’l @
GS GFGR

m/\}

ns Gm

Using: 1: nat. of n; 2: dgm. 2.5.10; 3: dgm. 2.5.8.

Thus m’ = Gm o 1S; one might say that m’ : S — GR is a right adjunct of m : FS — R. So the
factorisation is unique. O

The situation considered in Theorem 2.5.7 is curious. The functors F’, G’ are almost required
to be adjoint, but not quite: firstly, the ‘unit’ is associated with the underlying functors F, G, and
secondly, only one of the triangle identities is considered.

Adjunctions. The case when F’, G’ and F, G are adjoint is particularly interesting. Specifically, we
consider the situation induced by a full reflection

(¢/,BY, _ T " (%,B)

in coEndo, as in Example 2.4.3(5). In this circumstance, Theorem 2.5.7 says that, for B’-coalgebras
(that is, G-structured B-coalgebras), final B’-bisimulation (i.e. final G-structured B-bisimulation) is
the same thing as final B-bisimulation.
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Note that G’ preserves limits, since it has a left adjoint. Thus if the final B’-coalgebra ex-
ists, and %, ¢’ have pullbacks, and B, B’ preserve weak pullbacks, then the result in the previous
paragraph is obvious — G’ must send the final B’-coalgebra to the final B-coalgebra, and final
bisimulations are determined by the final coalgebras. In this thesis, though, we will often work
with endofunctors that do not have final coalgebras.

Split subfunctors. Because we only require one of the two triangle identities, Theorem 2.5.7 is
also relevant in other situations. For instance, given two endofunctors B, B’ on a category ¥, if B’
is a split subfunctor of B then Theorem 2.5.7 says that, for B’-coalgebras, final B’-bisimulation is
the same thing as final B-bisimulation.

For a first example of this scenario, we return to the case of value-passing systems. The end-
ofunctor By of (2.2.4) is a split subfunctor of By. Hence we see that By-bisimulation is the same
thing as bisimulation for the induced labelled transition systems.






Chapter 3

Transition Systems and Coalgebras for
Name-Passing

This chapter is concerned with models of name-passing process calculi. We study models involving
labelled transition systems, and models involving coalgebras.

In the theory of name-passing calculi, notions of ‘free names’ and of substitution play a cen-
tral role. In this chapter, we treat these aspects from a model theoretic perspective by consider-
ing the ‘state spaces’ of the models as presheaves. Thus a state space is given by specifying, for
each set C of names, a set P(C) of states with free names contained in C. Moreover, for every
appropriate function f : C — D between sets of names, a substitution function between sets of
states Pf : P(C) — P(D) must be specified. Thus all states are associated with a name context, and
substitution in states is described by presheaf action.

We begin the chapter, in Section 3.1, with an overview of the 7-calculus, which is our principle
example of a name-passing calculus. We emphasise some results for the rw-calculus that will be
considered in the abstract setting as axioms for transition systems for name-passing.

In Section 3.2, we consider coalgebraic models for name-passing, based on the models intro-
duced by Fiore and Turi [2001]. To do this, it is important to consider some of the sophisticated
type constructions that arise from working in a presheaf category. For instance, the function space
of the presheaf category is convenient for describing input behaviour. The actions of the presheaves
of states account for injective substitution, and the coalgebra structures are natural transformations
between presheaves. As a result, the invariance of transitions under injective substitution is built
into the model.

We consider labelled transition system models of name-passing in Section 3.3. The approach
we take is loosely related to one of Cattani and Sewell [2004]. As with the coalgebraic model,
the state spaces are specified by presheaves. The transition systems are built over elements of the
presheaves. Thus we are concerned with transitions of the form

Ckp LN C'+p

to be read as “process p, in name context C, can perform the transition labelled by [ to become
process p’ in name context C’”. The name contexts grow during evolution to record that new names
are learnt through communication.

To achieve a bijective correspondence between the coalgebraic model and the labelled transition
system model, we axiomatise a class of labelled transition systems. The axioms that arise are
abstract forms of properties of the m-calculus. For instance, we enforce that transitions must be
invariant under injective substitution.

The models considered in Sections 3.2 and 3.3 only allow for injective substitution, and so the
notions of early and ground bisimulation can be defined for the models. In Section 3.4 we consider
models that incorporate arbitrary substitution. We endow the states with this additional structure.
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Symbol Meaning Example of
usage
—= Early labelled transition system for the 7-calculus. Fig. 3.2
—= Ground labelled transition system for the 7-calculus. Fig. 3.3
—> Arbitrary labelled transition system. (3.1.5),
(3.1.6).
— Arbitrary indexed early labelled transition system. Defn. 3.3.2,
defn. 3.4.4
— Arbitrary indexed ground labelled transition system. Defn. 3.3.2,
defn. 3.4.4

g— I-indexed ground labelled transition system derived from the (3.3.21)
I-indexed early labelled transition system, —.

—> Indexed early labelled transition system over presheaf P. pp. 61-62
—~ Indexed ground labelled transition system over presheaf P. pp- 71-62

—;, I-indexed early labelled transition system derived from a p. 62
B.-coalgebra with structure h.

n I-indexed ground labelled transition system derived from a p.71
B,-coalgebra with structure h.

e— F-indexed early labelled transition system derived from the (3.4.10)
F-indexed ground labelled transition system, —.

eg—> F-indexed early labelled transition system — is first converted
to an F-indexed ground labelled transition system, and then Thm.3.4.12
back to a F-indexed early labelled transition system.

Figure 3.1: Some symbols for relations that are used in this chapter.

From the coalgebraic perspective this amounts to working with structured coalgebras. The natural
notion of bisimulation that arises is a form of open bisimulation.

Once all substitutions are considered, it is possible to impose an additional axiom on transition
systems, asserting that input behaviour is suitably uniform. Thus we arrive at the labelled transition
system model proposed by Cattani and Sewell [2004]. In this way the transition systems of Cattani
and Sewell are given a coalgebraic foundation.

A variety of symbols are used for transition relations in this chapter. A summary is provided in
Figure 3.1.

3.1 A name-passing process calculus: the n-calculus

We begin this chapter with an overview of the r-calculus of Milner et al. [1992]. We introduce some
basic notions such as the early and ground labelled transition systems (Sections 3.1.1 and 3.1.2
respectively), and some forms of bisimulation (Section 3.1.3).
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Further discussion, and proofs, of the results mentioned in this section can be found in the book
by Sangiorgi and Walker [2001], hereafter referred to as SWO1.

Syntax. We will assume a class A4 of names, ranged over by c,d,... and z. The syntax of the
n-calculus is given by the following grammar.

p =0 deadlock
| plp parallel composition
| p+p non-deterministic sum
| c(z).p input prefix
| cd.p output prefix (3.1.1)
| T.p silent prefix
| [c=d]p match prefix
| [c#d]p mismatch prefix
| vz.p restriction

Syntax up-to-a-equivalence. In the expressions vz.p and c(z).p the name z is binding in p. Thus
we have a notion of a-equivalence, that is, equality up-to renaming of binders. Here, we will
consider a-equivalent terms as equal.

In their discussion, Milner et al. [1992, Part II, Sec. 3.1] seem not to equate a-equivalent terms.
This is a little confusing since it follows from their Defn. 6 that a variant of a-equivalence is con-
tained in syntactic identity.

Other presentations [e.g. Milner et al., 1993] work with more sophisticated equivalence classes
of terms, involving structural congruences. Although the models that we consider in the first part
of this thesis appear to support the equating of structurally congruent terms, we will not explicitly
consider notions of structural congruence in this thesis.

Substitution. We write [c/z]p for the term p with the name c¢ substituted for z. We assume
that the substitution operation respects the binders, and hence respects the a-equivalence classes
of terms. Notions of a-equivalence and substitution will be treated formally within an abstract
framework in Chapter 7. Alternatively, the reader will find an account in SW01 (Defns. 1.1.5
and 1.1.8). Our conventions differ from those of SWO01 only in that we write substitution as a
prefix (rather than postfix) operator.

Notation. For any r-calculus term p, we write fn(p) for the set of variables that occur free (i.e.
not bound) in p. A precise explanation of the fn function is found in Defn. 1.1.2 of SWO01, or
alternatively in the supp function of Section 7.1.

Remark: finiteness. Many presentations of the rw-calculus provide language features such as
recursive definitions or replication, for describing processes with infinitary behaviour. No such
constructs have been included in the grammar presented here (3.1.1), but we remark the models
introduced in this thesis do work very well with infinitary behaviour.

3.1.1 Early semantics
We recall the early operational semantics of the m-calculus.
Labels. For the early semantics we consider four sorts of labels: input labels (written cd for

any c,d € 4); output labels (¢d for any ¢,d € .4); bound output labels (¢(z) for any ¢,z € A); and
silent labels (7).
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Silent Input
T cd
T.p —= D c(z).p — [d/z]p
Output
cd.p <o p
Match Mismatch
¢ ¢
b =9 P —=q (c #d,
————— (c€bn({) —_—
7 [ cegbn(l)Fd)
[c=clp = ¢ [c#d]lp = ¢ ©

Sum left choice

¢
@ (bn(¢) N fn(p’) = 0)
ptp —=¢q

Parallel on right

p—=q

(bn(¢) Nfn(p) = 0)
plp" — plq’

Communication output on left

Restriction

p-bq p-oq p—=q
e LTI Ggny
plp" = qlq’ VZ.p — V2.9

Scope closure output on left

Scope opening

@) / i) / D i) q
P —= qT P —=dq (z & n(p')) # (z #¢)
plp" — vz.(qlq") vzZ.p — q

Figure 3.2: The early semantics of the m-calculus. Symmetric versions of the rules for sum, parallel
transitions, communication, and scope closure, are elided. [C.f SWO01, Table 1.5.]

Notation. For any label ¢, we write n(£) for the set of all names that appear in the label. We
write bn(¢) for the names in the label that appear in binding position — so

bn() = {z} if3dce JV L =c(z2)
0 otherwise

The early semantics of the n-calculus is the least labelled transition relation —~ over the set of
terms that satisfies the rules in Figure 3.2. The presentation in Figure 3.2 is not quite standard; we
return to this point in the discussion preceeding Prop. 3.1.7.

We now collect some results about the early semantics. These results are important in our
axiomatisation of transition systems for name-passing in Section 3.3.

Proposition 3.1.2 (c.f SW01, Lemma 1.4.1).
1. Ifp <% b’ then c € fn(p) and fn(p’) € fn(p) U {d}.
2. Ifp L ' then c,d € fn(p) and fn(p’) C fn(p).
3. Ifp S5 o then c € fn(p) and fn(p’) < fn(p) U {z}.

4. If p —> p’ then and fn(p’) < fn(p). O
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Regarding input behaviour:

Proposition 3.1.3 (c.f SW01, Lemma 1.4.4(i,ii)).
1. Ifp 2 p’ and 5 & fn(p) then for any d € A, p ~ [d/2]p".

2. Ifp C—z> p’ and z & fn(p) then there is p” such that p — p” and [d/z]p” = p'. O

The following weaker property of input behaviour will be relevant in Sections 3.2 and 3.3. Unlike
Prop. 3.1.3, this property does not make use of non-injective substitutions in 7-calculus terms.

Corollary 3.1.4.

1. Ifp C—z> p’ then for all d’ there is p” such that p % p”.
2. If p = p’ and z & fn(p) then for any other z’ & fn(p) we have p — [z’ /z]p’. O

Fresh versus bound outputs. In the n-calculus semantics suggested by Milner et al. [1992, Part
IT], care is taken to ensure that the following statement holds of an induced transition system:

If p ) p’ and 2’ & fn(p’) then p ) [2'/2]p’. (3.1.5)

Thus the ‘binding’ name on the label appears to be binding in the right hand side of a transition.
For example, the following transition is allowed in the system of Milner et al. [1992, Part II].

vz.i2.0 2o (3.1.6)

In subsequent work, authors have been less careful with regard to property 3.1.5, instead focusing
attention on bound output transitions where the data is fresh, i.e. transitions of the form

p ) p’ with z & fn(p)

After all, it is clear that (i) no reasonable properties or constructions make specific use of non-fresh
bound outputs, and (ii) name generation is an important and natural notion.

Here, we take this one step further, by modifying the usual semantics so that all bound output
data is fresh. This is sensible because (i) non-fresh bound output data is not relevant for any
reasonable properties or constructions, and (ii) it is conceptually natural to think of bound output
transitions as transitions describing the output of fresh names. Thus the following statement holds
of the semantics presented in Figure 3.2. (We obtain this result by adding side conditions to the
usual presentations of rules for sum, match and mismatch.)

Proposition 3.1.7 (c.f SWO01, Exercise 1.4.2). If p i,il p’ then z & fn(p). O

Hence, in particular, the transition in (3.1.6) is not allowed in the semantics presented here.

In view of Prop. 3.1.2(2), we could omit the parentheses on bound output labels; instead, an
output can be considered to be bound if it is not in the free names of the transition source. Thus
the early semantics of the m-calculus can be described more simply in terms of input, output and
silent labels. This approach will be taken in the labelled transition system models that we consider
later in this chapter. For the remainder of Section 3.1, though, we will continue to mark bound
outputs explicitly so that connections with the more common presentation can be seen.

It remains for us to record a weaker form of property 3.1.5 that applies to our transition system.
A version of Corollary 3.1.4(2) holds for bound output transitions:

Proposition 3.1.8 (c.f SWO01, Lemma 1.4.9). If p &th)) p’ then for any 2’ & fn(p) we have that
é(z")
p —= [#'/z]p". O
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3.1.2 Ground semantics

The ground semantics of the 7t-calculus is an alternative semantics in which the data of input labels
is considered to be binding.

Labels for ground transitions. The ground semantics uses the same output, bound output and
silent labels as the early semantics. In place of input labels we have bound input labels, written
c(z), for any names c, z. For any ground label we let

{{z} ifIce . L=c(z)orl=2(z)
bn(¢) = .
0 otherwise

The intention is that a bound input label c(z) describes the action of input on channel ¢, and the
name g is a placeholder for the name that is actually received.

In Figure 3.3 we present rules defining the ground transition relation —. (The ground tran-
sition relation is distinguished from the early one by the use of a ‘harpoon’ arrow.) Because the
bound input data is only a placeholder, the substitution of the input data does not appear in the
axiom for input transitions, as it did in the early semantics. Instead, this substitution is described
in the rules for communication and scope closure.

Many authors, including Milner et al. [1992, Part II], refer to the semantics that we have intro-
duced in Figure 3.3 as late semantics. As will be seen in Definition 3.1.10, the ground semantics as
presented here is more closely related to ground bisimulation than to late bisimulation. The phrase
‘late semantics’ is perhaps best reserved for abstraction/concretion presentations of the m-calculus
[see e.g. SWO1, Sec. 4.3.1].

By contrast with most presentations of the ground semantics, we have designed the operational
semantics so that all bound inputs have fresh data. This matches the behaviour of bound outputs,
as discussed in the previous subsection. It is sensible modification because, as for bound outputs,
no reasonable property or construction will make use of non-fresh bound input parameters.

The following proposition makes precise the connection between the early and ground seman-
tics. It exhibits the ground semantics as a variation of the early semantics where only fresh input
data is allowed.

Proposition 3.1.9 (c.f SW01, Lemma 4.3.2).
cz c(2)
1. If p — q and z ¢ fn(p) then p —* q.
2. Ifp L?\ q then for all d, p C—i> [d/z]q.
3. p “% qifand only if p = g
4. p D qifandonlyifp L q
5.p —>qifandonly if p — q.

3.1.3 Bisimulations: early, ground, late, and wide open

We introduce four kinds of bisimulation. We begin with early, ground, and late bisimulation. The
first of these, early bisimulation, is arguably the most elegant notion. Ground bisimulation on its
own is a rather useless notion, since, for instance, it is not a congruence for the parallel composition
operator. A definition of late bisimulation is included here only for quick comparison with the other
notions. Late bisimulation will not be studied in this thesis. Following these three basic kinds of
bisimulation, we introduce wide open bisimulation, which is a more refined kind of bisimulation
that gives rise to a congruence.
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Silent Input (x)
— ——— c#9)
T.p 7w P cz).p —p
Output
¢dp o p
Match Mismatch
p . p — (c#d
T T C
(c & bn(£)) —_— ’
4 cgbn(f)Fd)
[c=clp = [c#d]lp —= ¢
Sum left choice Parallel on right
p i\ q / L /
— L (bn(®)nfn(p") =0 % (bn(¢)Nfn(p) =0
p+p —= ¢ plp" = plq
Communication output on left () Restriction
T TT T
— ; (z & n(€)
plp" —= qlld/z]q VZ.p — V3.q
Scope closure output on left () Scope opening
) (2 R
P—=q p—=q P=9 (z #¢)
;T , c(z)
plp’ —= vz (q1q) vz.p —= q

Figure 3.3: The ground semantics of the m-calculus. Symmetric versions of the rules for sum,
parallel transitions, communication, and scope closure, are elided. The rules marked with (x) are
the only rules that are different from the presentation in Figure 3.2. [C.f SWO01, Table 4.1.]

Definition 3.1.10 (c.f SWO01, Defns. 2.2.1, 4.4.1, 4.5.2). Let R be a binary relation on r-calculus
terms. Let p, p’, g be arbitrary w-calculus terms, and let ¢ be an arbitrary early label, and ¢’ an
arbitrary ground label.

e R is an early simulation if whenever pRq and p i,g p’ with bn(¢) N fn(p,q) = @ we have ¢’
with q L,p q’ and p’Rq’.

e R is a ground simulation if whenever pRq and p Lﬂ p’ with bn(¢) nfn(p,q) = @ we have ¢’

with g Ln* q’ and p’Rq’.

e R is a late simulation if whenever pRq and p Lﬂ p’ with bn(¢) nfn(p,q) = 0, then

/

1. if ¢/ = c(z) then there exists ¢’ such that g Ln\ q’ and for all names d we have
[d/z]p’ R [d/z]q’, and

2. if £ is not an input label then we have q’ with ¢ Lﬂ q’ and p’Rq’.

A binary relation R on m-calculus terms is an (early/ground/late) bisimulation if both R and its
inverse are (early/ground/late) simulations.
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Two m-calculus terms p, p’ are (early/ground/late) bisimilar (written p ~, p’) if they are
related by some (early/ground/late) bisimulation.

The three notions of bisimilarity are all bisimulations:

Proposition 3.1.11 (c.f. SWO01, Convention 2.1.6). The relations (~.), (~,), and (~) are respectively
early, ground, and late bisimulations. O

Invariance under injective substitutions. Since injective substitutions do not join names they
do not affect transitions.

Notation. For a function f : A — B and a subset A" C A, we let f|y : A - f(A") be the surjection
found by restricting the domain of f to the subset A’ and restricting the codomain of f to its image
onA.

Proposition 3.1.12 (c.f SWO01, Lems. 1.4.8, 2.2.3; Ex. 4.4.2). For any endofunction f on names,
any m-calculus terms p,p’,q and any w-calculus early label £ and ground label £’:

! e e . [fle
1. If p — p’ and flgn(p)ufn(pufnce) 1S bijective then [f1p — [f1q.

2. If p ~e q and flgn(p)ufn(q) 1S bijective then [f]p ~¢ [f]q.

I e . [F1¢
3. Ifp —=p and f |gn(pyufn(p)utn(er) 1S bijective then [f]1p == [f]q.

4. If p ~g q and f g (p)ufn(q) IS bijective then [f]p ~, [f]q. O

(Similar results hold for late bisimilarity but do not concern us here.)

Invariance under all substitutions. Neither early, ground nor late bisimilarity is invariant under
all substitutions. For an example, consider the w-calculus terms

p; = [c=d]cc.0 p,=0

Now p, and p, are related by all three forms of bisimilarity, while all three forms distinguish [c¢/d]p;
from [c/d]ps.

For a similar reason, neither early, ground nor late bisimilarity is a congruence for the
n-calculus. To see this, consider the bisimilar terms p;, p, as before, but now in the con-
text ((c(d).[—]) | (cc.0)). The following transitions are derivable in both the early and ground
semantics.

(c(d).py) | (€c.0) = [c/dlp;  (c(d).py) | (€c.0) — [c/d]p,

So the context ((c(d).[—]) | (cc.0)) distinguishes bisimilar terms.

Wide open bisimulation. In the introduction to this thesis we argued that a process equivalence
that is not a congruence is of little practical use. For instance, if a process equivalence is not a
congruence then one cannot reason in an equational way. We now introduce a notion of bisimilarity
that is a congruence.

Definition 3.1.13 (c.f Sangiorgi [1996, Defn. 3.6, Prop. 3.9]). A binary relation R on 7-calculus
terms is wide open if for all endofunctions f on names and all w-calculus terms p, p’,

pRp" = [fIpRI[f1Ip’
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We introduce the term ‘wide open’ (suggested by Peter Sewell) because the term ‘open bisimu-
lation’ is perhaps best saved for the less discerning notion proposed by Sangiorgi [1996], which is
studied briefly in Section 9.3.5 of this thesis.

If only wide open relations are considered, the early, ground and late bisimilarities are identi-
fied. This result follows straightforwardly from Prop. 3.1.9.

Proposition 3.1.14. Let R be a binary relation on m-calculus terms. If R is wide open then the
following are equivalent.

1. Ris an early bisimulation.
2. Ris a ground bisimulation.
3. Ris a late bisimulation. O

(A related result will be established at the model theoretic level, in Theorem 3.4.9.)

We will say that a relation satisfying these three equivalent conditions is a wide open bisimula-
tion. Two n-calculus terms p, p’ are wide open bisimilar (written p ~,,, p’) if they are are related by
some wide open bisimulation. Following Prop. 3.1.11, wide open bisimilarity is itself a wide open
bisimulation. Indeed, wide open bisimilarity is the greatest wide open bisimulation. Note that it
is not the substitution closure of early, ground or late bisimilarity. These latter relations have been
called strong equivalences [Milner et al., 1992, Defn. I1.10], strong congruences [Parrow, 2001,
Defn. 6.2], and full bisimilarities [Sangiorgi and Walker, 2001, Defn. 2.2.2], but will not concern
us here.

The following important result will be seen to arise from the abstract framework presented in
Chapter 8.

Proposition 3.1.15 (c.f SWO01, Exercise 4.6.1(2)). Wide open bisimilarity is a congruence. Ol

Comparing bisimilarities. The different forms of bisimilarity introduced so far are related as
follows.

Proposition 3.1.16 (c.f SWO01, Lems. 4.4.4, 4.5.3). (~yo) & (~1) S (~e) & (~g) O

3.2 Coalgebras for name-passing

We now present the theory of name-passing from a coalgebraic point of view. An aim of this section
is to introduce behaviour endofunctors for coalgebras for name-passing. The endofunctor that we
use for early behaviour is essentially the one introduced by Fiore and Turi [2001, eq. (26)].

The definitions of bisimulations for the m-calculus (Definition 3.1.10) are coinductive, but are
different from the usual notions of bisimulation on transition systems because of the requirement
that binding names in the transition labels be fresh for the transition sources. To cast such bisimu-
lations in an abstract light, we need the states of the system to be tagged with the names that they
may use. The solution that we consider here is to work with coalgebras in presheaf categories; the
indexing of the presheaf serves to tag the states with the names that are available.

We begin this section with a discussion of the presheaf category that is under consideration. In
Section 3.2.1, we formulate some constructions in this presheaf category, and in Section 3.2.2 we
use these constructions to specify endofunctors for both early and ground behaviour.
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Presheaves. According to Prop. 3.1.12, both transtions and bisimilarity are stable under injective
renaming. This will be taken as an important abstract characteristic of the systems that we consider.
For this reason, notions of free names of a state and injective substitution are crucial. One way to
embed these notions into a model is to index the states by the names that they may use. To this
end we let I be the category with objects given by finite subsets of .4, the class of all names, and
with morphisms injective functions between them. A covariant presheaf P : I — Set can be thought
of as associating to each finite set of names C, a set P(C) of states that may use these names; to
each injection 1 : C ~ D is associated a function P: : P(C) — P(D) intended to model substitution
in the states in P(C) according to 1.

Notation. We write [1]p for Pi(p), when the presheaf P is clear from the context. Whenever C is a
subset of D, we have the inclusion morphism C — D in I, which we denote (C — D).

Throughout this thesis, we write “X C; Y” to mean that X is a subset of Y, and moreover that X
is finite.

For any C ¢ 4, and any z,z” ¢ C, we have an injection [z/z] : CU {z} » C U {2’} acting as
identity on C, and mapping z to z’.

More generally, given an injection 1 : C > D in I, and 2’ € (D —im(1)), and z &€ C, we let
[1,2"/2] : C U {z} — D be the injection given as follows.

i(c) ifcecC
2/ ifc=g

[1,2"/2](c) = {

A trivial but important fact is that for any finite set of names C, we can always find a name z € A
that is not in C.

Natural transformations between presheaves. A natural transformation a between presheaves
P.Q :1— Set is a family of functions between sets of states

{ac: P(C) = QC)} g

that respects injective substitutions in the sense that for any injection t : C > D in I the following
square commutes.

P(C) —55Q(C)

p{ JQI

P(D) —— Q(D)

Example: presheaf for the w-calculus. The state space of the mw-calculus is represented by a
presheaf P, € Set! defined as follows. For C €1,

pP.(C)= {p | p is a m-calculus term and fn(p) € C} (3.2.1a)
while for any C,D €1 and injection 1 : C > D, and any term p € P,(C):

Pa(p)=[p — i.e. the substitution 1 applied to p. (3.2.1b)

Sets of elements of presheaves. It will be useful to consider the states at all the stages of
a presheaf, to yield a set of all the states. For any small category C we have a faithful func-
tor f : Set® — Set mapping a presheaf P € Set® to its set of elements, viz.

[p= Z P(C) . (3.2.2a)

CceC
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We write (C F p) for an element p € P(C) injected into fP. In case C = I, the element (C F p)
denotes a state p in the context of names C. To each natural transformation a : P — Q we associate
a function of sets ( f a): fP — fQ, given as follows.

(Ja)(CFp)=CF (acp) (3.2.2b)

A category with a faithful functor to Set has been called concrete. From the point of view of
presheaves as structured state spaces, the concretion functor f serves to ‘forget’ the substitution
structure and to give a ‘global’ view of the state space.

For the presheaf of nt-calculus terms, P, € Set! as defined above in (3.2.1), we have

fP7T = {(C Fp) | p is a m-calculus term and fn(p) € C} .

So f P, is the set of w-calculus terms in name contexts.

3.2.1 Constructions in Set!

By considering presheaves in Set' we have at our disposal a rich collection of types and type con-
structions. We now recall the constructions that Fiore and Turi [2001] found useful in their models
of name-passing. (Fiore and Turi work with a skeleton T of I, by representing names by numbers.
Here, by working with I, we treat names as names, but a disadvantage is that the ‘plus’ tensor prod-
uct of T is unnatural in I, and so the descriptions of some of the constructions are more involved
here. )

It is perhaps worth remarking that the main motivation behind all these constructions is their
utility in modelling name-passing systems. Many of the constructions that we introduce here could
be defined by universal properties, but instead we take a concrete approach because this will be
more useful in the remainder of this chapter. A disadvantage of this pragmatism is that, when
we move to categories other Set' in Chapter 4 there is some extra work involved in lifting the
constructions to the different categories.

A different approach to take when modelling name-passing would be to simply reinterpret the
constructions of Section 2.2 internally within the presheaf topos Set!. We return to this idea in
Section 9.3.2. At this stage, though, it is hard to motivate this approach from a pragmatic point of
view. For now, then, the structure of Set' is used simply to capture the essence of invariance under
injective substitutions. The constructions that we consider in this subsection are suggested more
by the nature of name-passing than by mathematical elegance.

Products, coproducts. Products and coproducts are computed ‘pointwise’ in Set! (as are all limits
and colimits in any functor category). That is, for any presheaves P,Q € Set!, and C €1,

(PxQ)(C)=P(C)xQ(C) and  (P+Q)(C)=P(C)+Q(C)

The pointwise projections/injections and mediating morphisms are natural.

Type of names. Let the presheaf of names N € Set! be given as follows. For any name context
C<e A,

N(C)=C
while for any injection:: C > D in I, and any c € C,
Ni(c) =1(c)

(This presheaf will play a role analogous to that played by the set V of values in Section 2.2.)
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Function space. For each state space P € Set!, we have a space [N = P] of ‘functions’ from N to
P. For any C &, N,

[N:xp](c):{qb e[ [rcuidh

deN

Vz,2' € C. P[2'/2](¢(2)) = 4)(2’)} (3.2.3a)

Thus an element ¢ of the function space [N = P] at name-context C is an assignment from each
name c € C in the name-context to an element ¢ (c) € P(C), together with a uniform assignment of
each name z € (A —C) not in the name-context to an element ¢ (z) € P(CU{z}). This captures some
of the nature of the input behaviour described in Corollary 3.1.4, as will be seen in Section 3.3.

The functorial action of [N = P] is given as follows. For any D ¢ A, 1 : C — D in I, and
¢ € [N = P](C), and 2,2’ € A&, we let

B Pi(p(171(2)) if z€im(1)
(V= Ph(9)) (=) = {P[l,z/z’](dJ(z’)) if z¢im(1) and 2’ € C (3.2.3b)

The definition in equation 3.2.3b is unambiguous because if z ¢&im(1) and z’,z” &€ C then
Pl1,2/2"](¢(z")) = P[1,2/2'](¢(z")).

If we consider inclusion maps and bijections seperately, we have the following identities. For
any C,D S A with C € D, and any ¢ € [N = P](C) and z € .4, we have

(IN = P][C = D)($)) (=) = P[CU{z} > DU {z}](¢(=)) - (3.2.30)

For any C,C’ C; A4 and any z € ./, we have that for any bijection  : C U {z} = C’ and
any ¢ € [N = P](C),
([N = PI(Blc)(¢)) (B()) =P(B)p(2)) - (3.2.3d)

For any other presheaf Q, and any natural transformation a : P — Q in Set!, we let [N = a] be
the natural transformation a : [N = P] — [N = Q] in Set! given as follows. For each C <; .4 and
¢ € [N = P], and each z € ¥, let

[N = alc(¢)(z) =ac(e(z)) . (3.2.3¢)

Name generation/abstraction. The operator 5 of name generation in Set! is defined on a pre-
sheaf P € Set! as follows. For C €1, we let

spC)={¢e [] Pcutp Ve € (N =C). (3.2.4)

2€(H—C) ¢ (=) =P[z'/z](¢(2))

Thus an element ¢ of the presheaf 6P at name-context C describes a uniform treatment of fresh
names, i.e. names not in C. This captures some of the nature of the bound output behaviour
described in Prop. 3.1.8, and also of the bound input behaviour used in the ground semantics.

The name generation operator can also be seen as a name abstraction operator, by considering
its ‘colimit’ form. We have the following isomorphism, natural in C € I:

5P(C) Z P(CU{sh))

z€(N—-C)

where inj,(p) ~p¢ inj,(P[2'/2]p). Thus an element [inj,(p)].pc provides an equivalence class of
treatments of fresh names. This interpretation will be important in Chapter 7.
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The functorial action of 6P is as follows. For any name sets C,D C¢ A4, any injection 1 : C = D,
and any function ¢ € 6P(C), and names z € (A — D), 2’ € (AN — C), we let

(6Pu@)) (2) =P[1,2/2')(¢(z") . (3.2.4b)

To each natural transformation a : P — Q between presheaves in Set!, we associate a natural
transformation 6a : 5P — 6Q as follows. For each name set C < A4/, and each function ¢ € 6P(C)
and name z € (A& — C), let

((6a)c(9)) ()= acupy(@(2)) . (3.2.40)

Notice the similarity between the definition of [N = (—)] in equations 3.2.3 and the definition
of 6 in equations 3.2.4. Indeed we have a natural transformation

r:[N=(-)]—-6(-) (3.2.5)

that acts by restricting the domains of functions.

Pointwise powerset. Fiore and Turi [2001] introduce non-determinism in Set! using variations
of a ‘pointwise powerset’ functor & on Set!, given as follows. For any name context C C; A, we let

(ZP)(C)=2(P(C)) . (3.2.6a)

Thus an element of the powerset of P at a name context C is a set of elements of P at the same
name context C.

The functorial action of P is given by direct image. So for any injection : : C > D in I, and
any subset S € P(C),

(@Pu(S)={qeP(D) |Ipes. Pip)=q} . (3.2.6b)

For any natural transformation a : P — Q between presheaves in Set!, we have a natural trans-
formation Za : P — Q given by pointwise direct image. So, for any name context C and any
subset S C P(C) we have

(@a)c($)={a€Q(C) |IpeS. aclp)=a} - (3.2.60)
The isomorphism (2.2.1a) is natural and so we have a natural isomorphism
PP)xZ(Q)=Z(P+Q) (3.2.7)
between presheaves in Set!. We also have a natural isomorphism
i:2(5(-) = 6(2(-) (3.2.8)
given as follows, for any presheaf P € Set!, any name context C C; 4 and any set S € (2(5P))(C):
ipc(S)=Aze (¥ —C). {peP(CUz}) |Fp€S. ¢p(x)=p} .

It is straightforward to verify that such ip.(S) satisfies the uniformity conditions imposed in the
definition of (6(£? P))(C), and that the resulting family {ip,c} pesed cep 1S natural in C and P.
The pointwise non-empty powerset functor %, is also of interest. It is the subfunctor & given by

PneP(C) = {S€2P(C) | S #0}
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Pointwise partial functions. Sets of partial functions play an important role in describing input
behaviour in Section 2.2. We now recall the related notions suggested by Fiore and Turi for the
context of name-passing.

Consider a presheaf Q € Set! that has injective action, i.e. such that for every injection 1 : C = D
in I, the function Qi : QC — QD is injective. We define an operator [Q=(—)] on Set.

For any presheaf P € Set!, let [Q=-P] be given as follows, for any C C; A:

[Q=P](C)={¢ :Q(C)—P(C)} . (3.2.92)

(Here, we write (Q(C) — P(C)) for the type of partial functions between sets Q(C) and P(C).) For
any other name context D < 4/, any injection 1 : C = D, and any partial function ¢ : Q(C) — P(C),
we let

[Qq=Plu(¢) = (Q(D) @ Q(C) 2. p(C) 2% P(D)) (3.2.9b)

where (Q1)~! : D — C is the partial injective function given by, for any q € Q(D):

_ q if Qg =q
Q) Hq) = : .
undefined if g € im(Q1)
For any natural transformation a : P — P’ between presheaves in Set!, we define a natural trans-
formation [N=a] : [Q=P] — [Q=P’] as follows. For any name context C < .4, and any partial
function ¢ : Q(C) — P(C), we let

[Q=a]c(¢) = (Q(C) 2. pe) P’(C))

A class of presheaves that have injective actions will play an important role in the next chapter.
For now it is sufficient to note that the presheaves 1, N and indeed (N x N) all have injective
actions. Indeed, to give an element of [N=P] is to give an element of the full function space
[N = (P + {undefined})], as specified in (3.2.3), that is always undefined on fresh names.

One explanation as to why the [Q=>(—)] construction is appropriate is that we have the follow-
ing natural isomorphism (c.f (2.2.1b)).

[Q=Zh ()] =2 (Qx () (3.2.10)

Notation. For any partial function f : A— B between sets A and B, if a is an element of A then we
write (f | a) to mean that f is defined at a.

3.2.2 Behaviour endofunctors for early and ground bisimulation

We now describe two endofunctors on Set!, using the constructions that we introduced in the
previous section. In Section 3.3 we will see that coalgebraic bisimulation for these endofunctors
respectively corresponds to the early and ground bisimulations introduced for the m-calculus in
Section 3.1.

Fiore and Turi [2001, eqn. (24)] have also introduced an endofunctor that captures late bisim-
ulation, but this will not be considered here.

Early behaviour endofunctor. Fiore and Turi [2001, eqn. (26)] have suggested the following
behaviour endofunctor B, on Set! for capturing the early semantics of name-passing systems. The
endofunctor takes a similar shape to that for value-passing introduced in equation 2.2.4. We now
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have two forms of output, though, and we use the restricted partial exponential and powerset
functors. In the definition here we explicitly name the components of the product.

B(=)= inp: [N=[N=Z(-)]] Input
x out: [(NXN)=2Z .(-)] Free output 3.2.11)
x bout: [N=6(Z.(-))] Bound output
x tau: [1=2Z.(-)] Silent.

As indicated, we will write i, ,, Touts Thouts Tray fOT the projection functions.
A B,-coalgebra is given by a presheaf P € Set! together with a natural family of functions

{he: P(Q)—  [C= (IN = 2,P)(C))]

x [(C x CO)= ((Z5P)C))]
X [C= (6(2P)(C))]

x [1= (ZaP)ON] |,

(3.2.12)

For each p € P(C) (thought of as a state p whose free names are included in C), the 4-
tuple h-(p) is to be thought of as follows. Each component is a partial function. If the first
component, 7i,,(hc(p)), is defined at some ¢ € C, then we understand that the state p is ca-
pable of input on channel c; in this case the value of 7;,,(hc(p))(c) is a function associating to
each input value d € 4 a non-empty set S of states with free names included in C U {d}; the in-
tended interpretation is that the state p might input d on channel ¢ to become any state in S. The
second component 7, ,(hc-(p)) is defined at (c,d) € C x C if p can output data d on channel c;
in this case the value of 7 ,:(hc(p))(c,d) is to be thought of as a set of resumptions. The third
component 7ty,.,:(hc(p)) is defined at ¢ € C if p can perform a bound output on channel c; then
we have p’ € (pou(hc(p))(c)) (2) if p can output the fresh name z on channel ¢ to become p’.
Finally, the fourth component 7,,,(h-(p)) is defined if p can perform a silent action, in which
case 7.,,(hc(p))(x) is to be thought of as the set of states that can be reached from p following a
silent action.

Following the above discussion, the interested reader can perhaps imagine how to define a
B.-coalgebra that models the m-calculus. We will introduce a B.-coalgebra for the m-calculus in
(3.3.10), by developing a formal correspondence with a class of labelled transition systems.

Ground behaviour endofunctor. We now introduce an endofunctor B, on Set! for which coalge-
bras are related to the presentation of ground transition systems introduced in Figure 3.3. In that
presentation bound input and bound output are treated the same. Thus we define B, as follows.

By(—)= binp: [N=0(Z(-))] Bound input
X out: N xN)=2Z, (- Fi tput
ou [(N xXN) (=)] ree outpu (3.2.13)
X bout: [N=6(2,.(-))] Bound output
x tau: [1=2.()] Silent.

A B,-coalgebra for the m-calculus is given below, in (3.3.11), by taking advantage of a corre-
spondence with a class of labelled transition systems.

The only difference between the endofunctors B, and B, is in their description of input. In
(3.2.5) we introduced a natural transformation

r:[N=(-)]—-46(-)
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and this induces a morphism of endofunctors (Set!, B,) — (Setl,Bg), in the sense of Section 2.3, and
hence a functor
B.-Coalg — B,-Coalg . (3.2.14)

This provides an abstract account of the derivation of a ground transition system from an early one
(i.e. Prop. 3.1.9(1,3,4,5)).

Another description of B, will be more useful in Chapters 7 and 8. First, we define an endo-
functor L, on Set! for deterministic name-passing systems.

Ly(—) = binp: N x6&(—) Bound input
+ out: NXNXx(—)  Freeoutput
+ bout: N x6(-) Bound output (3.2.15)
+ tau: () Silent.

Via the isomorphisms (3.2.7) and (3.2.10) we have the following isomorphism, which exhibits B,
in a simpler form.
By(—) = 2(Lg(-)) (3.2.16)

Several authors, including Power and Turi [1999] and Hasuo, Jacobs, and Sokolova [2006],
have found that endofunctors of the form (3.2.16) are particularly amenable to the study of linear
time (trace) semantics. This decomposition will prove useful in Chapter 8, for essentially the same
reason.

3.3 Transition systems for name-passing

We now turn from the coalgebraic models of the previous section to transition system models of
name-passing. We begin this section with a notion of I-indexed labelled transition system, which
is a labelled transition system whose states are elements of presheaves. This notion of model
is inspired by the models of Cattani and Sewell [2004]. We are able to consider the transition
systems of the nt-calculus in this framework, and we can frame the kinds of bisimulation that arise
in the m-calculus within the model.

We begin, in Section 3.3.1, by developing a theory of I-indexed early labelled transition systems
(I-IL.TSs) which are intended to model the early semantics of input. We define a notion of bisimula-
tion for these transition systems. In Section 3.3.2, we investigate the connections between I-IL.TSs
and the classes of coalgebras considered in the previous section. Every B.-coalgebra gives rise to an
I-IL.TS, and we axiomatise those I-IL.ISs that are induced by coalgebras in this way, with a result
analogous to Theorem 2.2.5.

Given the tight correspondence that is achieved between the transition system and coalgebra
models of name-passing, one might expect a tight correspondence between the notions of bisimu-
lation arising in the transition system and coalgebra models. We investigate this in Section 3.3.3.

Section 3.3.4 is concerned with reformulating the basic definitions of Section 3.3.1 for ground
transition systems. We explain that every I-IL.T'S gives rise to an I-indexed ground labelled transi-
tion system.

3.3.1 Indexed early labelled transition systems
Labels. We define a set of labels for early transitions by
Labe= N XN + N XN + 1 (3.3.1)

writing c?d, c!d, T for elements of the first (input), second (output) and third (silent) summands
respectively.
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As discussed in Section 3.1, we do not include a distinguished bound output label for the early
transition systems. Bound outputs can be identified as outputs where the data is not in the context
of the source state.

We define functions ch,dat : Lab, — &2 (/") that assign to each label the set of names involved
respectively in the channel and data.

{ € Lab, | ch(?) | dat(?)
c?d {c} {d}
cld {c} {d}

T 0 0

Transition systems. We define I-indexed early labelled transition systems as labelled transition
relations, with labels from Lab,, and with state sets being sets of elements of presheaves.

Definition 3.3.2. An I-indexed early labelled transition system (I-IL.TS) is a presheaf P € Set! to-
gether with a transition relation — C fP x Lab, X f p.

(Here, f P is the set of elements of P, introduced at the beginning of Section 3.2.)

Example: the n-calculus. The n-calculus can be given an early semantics in terms of an I-IL.IS.
The carrier presheaf is P, introduced in equation 3.2.1, while the transition relation is defined
using the relation — on 7-calculus terms introduced in Figure 3.2, as follows. We let 5 be the
least relation

—» € JPrxLab.x [P,

satisfying the following implications. We make use of Prop. 3.1.2 in determining name contexts for
right-hand sides of the transitions. The definition is essentially the body of Lemma 2.3 of Cattani
and Sewell [2004].

cd , c?d /
If p =~ p’and fn(p) SC then C+p —» CU{d}Fp’;

Ifp E—i>p’andfn(p)SCthenCl—pL;> Ckp’;

c(2)

| (3.3.3)
If p = p’ and fn(p) S C #z then Cp 5> CU{z}Fp';

Ifp %p’andfn(p)ECthenCI—p% Ckp'.

Indexed bisimulations. We now introduce notions of bisimulation for these indexed labelled
transition systems.

Definition 3.3.4.

1. Consider presheaves B,Q € Set'. An I-indexed binary relation R between P and Q is a presheaf
R € Set! that is a subobject of P x Q. Concretely, for each name context C C; A a relation
R(C) € P(C) x Q(C) must be given, subject to the constraint that for any injection 1 : C = D,
and any (p,q) € R(C), we have ([t]p, [1]q) € R(D).

2. Consider two I-IL.TSs with carriers P, Q € Set! and relations
—P>§fP><Labefo —Q>§fQ><Labefo

An I-indexed early simulation between (P, —>) and (Q, —Q>) is an I-indexed binary relation
R C P x Q such that

VC S¢ A, (p,q) €R(C), L €Lab,, (C'+pHe [P
Ckp— C'Fp' = 3¢/ €Q(C). C+q —p C'Fq'and (p',q') €R(C))
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3. An I-indexed early bisimulation between I-IL.ISs (P, —>) and (Q, —Q>) is an I-indexed binary
relation R between P and Q such that R is an I-indexed early simulation between (P, —>) and
Q, —Q>) and also R°P is an I-indexed early simulation between (Q, —Q>) and (P, —>).

(Here, R is the I-indexed binary relation between Q and P given by, for each C € I,
R?(C) = (R(C))P.)

In this chapter and the next, when we speak of relations between presheaves we will mean spans
that are not only jointly monic, but which are also componentwise subsets, as in Definition 3.3.4(1).
The notion of bisimulation is justified by the following result.

Proposition 3.3.5 (c.f. Cattani and Sewell 2004, Thm. 2.4). Consider two m-calculus terms, p, q,
with fn(p) Ufn(q) € C. The term p is early bisimilar with q (according to Definition 3.1.10(1)) if and
only if there is an I-indexed early bisimulation R on (P, —> ) such that (p,q) € R(C). O

Remark. It is clear that, using the terminology of Section 2.4, an I-indexed early labelled tran-
sition system is the same thing as a f—structured P (Lab, x —)-coalgebra, and an I-indexed early

bisimulation is the same thing as a f—structured P (Lab, x —)-bisimulation. We will not, however,
make use of these descriptions in this thesis.

3.3.2 Relating I-indexed early labelled transition systems with coalgebras

We now relate the I-IL.ISs introduced in this section with the coalgebraic models introduced in the
previous one. We begin by explaining how every B.-coalgebra gives rise to an I-IL.TS.

We axiomatise those I-IL.ISs that are induced by B.-coalgebras in Figure 3.4. This provides a
complete concrete characterisation of the B.-coalgebras.

I-indexed early labelled transition systems from B.-coalgebras. The discussion after equa-
tion 3.2.12 has informally described how a B.-coalgebra can be thought of as a transition
function. We now make this connection precise. Given a B.-coalgebra (Ph : P — B.P) we let
—, C fP x Lab, X fP be the least relation satisfying the following statements (B,—I)-1 — 4.

(B.—I)-1. Forany C S A, peP(C),ceC,deN,andp’ € P(CU{d}):
if Tinp(he(p)) | ¢ and p” € (minp(he(p))(c))(d)
then C+p &%, culd}+p.

(B.—I)-2. Forany C S A, peP(C),c,deC,and p’ €P(C):
if nout(hc(p)) l (C; d) and p/ € nout(hc(p))((:’ d)
|
thenCI—pc;dqlCI—p’.

(B.—I)-3. Forany C S A, peP(C),ceC,z€(N —C),and p’ € P(CU{z}):
if Thout(hc(p)) | ¢ and p’ € (Tpout(hc(p))(c))(2)
then CFp &hcu{z}l—p.

(B.—I)-4. Forany C S¢ A, p€P(C), and p’ € P(C):
if meau(he(p)) |+ and p’ € mey, (e (p))(*)
thenCHp —, Ckp'.

I-IL.TSs that are induced by B.-coalgebras. Not every I-indexed early labelled transition system
is induced by a B.-coalgebra according to (B.—I)-1-4. We can, however, axiomatise those that are.
Axioms I1-16 in Figure 3.4 are intended to capture those I-indexed early labelled transition systems
that are induced by coalgebras; this is a result that will be shown in Theorem 3.3.8.
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I1. Channel is known and at most transmitted data is learnt:
Ckp -5 C'Fp' = ch(f)SC A C'=Cudat(f)
12. If one name can be input, then so can any other: forall d’ € .#:
crp 2L cutdiFp
— Ip’eP(Cuid]. CrpIhcu{d}rp”
I3. Bijective maps preserve transitions: for all D €1, with C Udat(¢) £ D:
Ckp-5 cudat(®)Fp' A ch(t)<SC

(B¢
= BCO)F [Blclp — D+ [BIp
I4a. Knowing/forgetting input data preserves transitions:

Ctp5cuizitp
e CUBIF[CoCUp B culztkp
I4b. Known output data must really be known:
CU{d}F [C—CU{d}p S culdirp = decC
I5. Inclusion maps preserve transitions:
Ckp -5 cudat(®)Fp’ A (D\C)Ndat(t) =0
— DF [C—D]p —= Dudat(f) - [C Udat(£)—D U dat(¢)]p’
16. Inclusion maps reflect transitions:

DF[C—D]p -5 Dudat(®)F p’ A (D\C)Ndat() =0
— 3p” € P(C udat(l)).

[Cudat(f) — DUdat()]p” =p’ A CFp—— Cudat()F p”

Figure 3.4: Requirements on an I-indexed labelled transition system over P € Set!.

Axiom I1 is an abstract form of to Prop. 3.1.2. Axiom I2 mirrors Axiom V-1 of Figure 2.2:
this axiom, building on Corollary 3.1.4, requires that the eligibility of an input transition is not
dependent on the data involved. Axiom I3 is related to Prop. 3.1.12(1), but it also gives rise to
analogues of Corollary 3.1.4(2) and Prop. 3.1.8. For if fresh data z (i.e. with z & C) can be input
(or output), we have that any other fresh name 2z’ could just have well been input (output), by
considering the bijection [2/z]: CU {z} = CuU {z'}.

Axioms I4-I6 relate to changes in size of name-context. Axiom I4a describes a dichotomy
for input transitions: the eligibility of an input transition is not dependent on the size of the
context of names. Axiom I4b enforces a separation between output of known names and output
of fresh names, allowing us to code bound outputs as outputs of fresh data. Finally, Axioms I5
and 16 capture a dichotomy for transitions — in general, transitions cannot depend on learning or
forgetting names, as long as the data is kept well out of the way.

The I-indexed early labelled transition system —> for the m-calculus, as introduced in (3.3.3),
satisfies Axioms I1-16. Indeed, Axioms I11-I3 appeared as propositions in Section 3.1, while Ax-
ioms I4-16 arise from the definition (3.3.3).

We now continue to explain the correspondence between B,-coalgebras and I-ILTSs.
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Theorem 3.3.6. For every B.-coalgebra (B h), the induced I-IL.IS (P,—},) satisfies Axioms 11-I6.

Our proof of this theorem is rather laborious and is postponed to Appendix 3.A.

B.-coalgebras from I-indexed early labelled transition systems. To each I-IL.TS (P,—) that
satisfies Axioms I2 and I3 is assigned the family of functions

{Rc: P(C) > B.P(O)} oy

defined as follows.

(I-B.)-1. Forany C S¢ A, p<€P(C),ceC:
Tinp(Rc (p)) | ¢ if and only if
there exist d € 4 and p’ € P(C U {d})
suchthatCl—pﬂ cui{d}rp’;
In this case, for every d € A

(7inp (e P)() (@) = {3

(I-B.)-2. ForanyC S¢ A, peP(C),c,deC:
Tout(hc (P)) | (c,d) if and only if
there is p’ € P(C) such that CF p e Fp’;
In this case,

Mo (Fe (P))(c,d) = {p’

(I-B.)-3. Forany C S¢ A, p€P(C),ceC:
Thout(R e (P)) | ¢ if and only if
there exist d € (A& — C) and p’ € P(CuU {d})
suchthatcl—pg cui{d}rp’;
In this case, for every d € (A — C),

(oo 0D©) @ ={p” | cFp =5 cuathp'}.

(I-B.)-4. For any C C; A, p € P(C):
Tau(R e (p)) | * if and only if
there is p’ € P(C) such that C+p — C + p’
In this case,

Mo (D)) = {p'

We must show that the sets constructed by comprehension in the definition are not empty, and
also that (I-B,)-1 and (I—B,.)-3 respect the uniformity conditions imposed in the definitions of
[N = —] (3.2.3a) and of 6 (3.2.4).

When 7,(h¢ (p)) is defined at (c,d), it follows from the definition ((I—-B.)-2) that
Tout(hc (p))(c,d) is inhabited. Similarly, 7, (A (p))(*) is always inhabited whenever it is
defined. The set constructed in (I—B.)-1 is never empty as a result of Axiom I2. As for the set
involved in (I-B,)-3, notice that if m,,(hc (p)) | c then there must be d € (A — C) such that

Ckp ey {d}Fp’. Consider another fresh name d’ € (A4 — C). Axiom I3 together with the
substitution [d’/d] : C U {d} — C U {d’} gives a transition C I p 2 cu {d’} - [d’/d]p’. So we

have [d'/d]p’ € (Tpou(h'c (PI(C)) (d), i.e., (Tpour(hc ()(c)) (d') is inhabited.
We now explain why the uniformity constraints hold of the constructions introduced in
(I-B.)-1 and (I-B,.)-3. As regards (I—B,)-1, we must show that for any d,d’ € (& — C),

(Tinp(Rec (0))©)) (d) = (PoeP)[d' /] (minp (R (2))(E)) ()

c?d
CI—p—>CU{d}I—p’}.

Cl—ngI—p’}.

CI—pLCI—p’}.
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This amounts to showing that for every p’ € P(C U {d}) such that
crp <L cutdiFp

we have CFp 4 cu {d’}F[d’/d]p’. Since d,d’ & C, this arises immediately from Axiom I3.
Validity of (I—-B,)-3 is derived from Axiom I3 in a similar manner. Thus for each I-IL.TS —
that satisfies Axioms I2 and I3, we have a family of maps

{Re: P(C) = (BLPYO)} oy

Theorem 3.3.7. For any I-ILIS— that satisfies Axioms 11-16, the induced family {Fc} ¢ Is natural
in C.

The proof of this theorem is postponed to Appendix 3.A.
Thus we have a procedure for extracting a B.-coalgebra from an I-IL TS that satisfies Axioms I1-
I6. In fact, the class of B.-coalgebras is in bijection with the class of I-IL.ISs satisfying Axioms I11-I6.

Theorem 3.3.8. The procedure of (I-B,)-1-4 is left and right inverse to (B.—I)-1-4.

Proof. We must show that for any presheaf P € Set!, and any B,-coalgebra h : P — B.P, we have

h =g (3.3.92)
and that for any I-IL.TS —C f P x Lab, x f P satisfying Axioms I1-16, we have
— =) - (3.3.9b)

(Here (3.3.9a) is equality of natural transformations and (3.3.9b) is equality of labelled transition
relations.)

Equation 3.3.9a follows straightforwardly from the definitions of (I-B.)-1-4 and (B.—I)-1-4.
As regards equation 3.3.9b, the inclusion

2T
is equally straightforward. To show the inclusion
ST

we make use of Axiom I1 on —. For instance, suppose that we have C,C’ <¢ .4 and p € P(C)
and p’ € P(C’) together with c,d € A4 such that

Cl—pﬂc’l—p’

Axiom I1 ensures that ¢ € C and that C’ = C U {d}. So, by (I=B,)-1, we have that m;,,(h¢ (p)) | c
and

p/ € (ninp(FC (p)))(c)) (d)
So, by (B.—I)-1, we have
C I—p id>(T>) c’ |—p/

The other modes of communication are treated similarly. O
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Coalgebras for the m-calculus. Theorem 3.3.8 allows us to give coalgebraic interpretations of
the n-calculus. The I-IL.TS (P,, —> ) defined in (3.3.3) induces a B.-coalgebra structure

P, —>B.P, . (3.3.10)
Using the mapping described in (3.2.14), we also have a B,-coalgebra structure

P, — B.P, . (3.3.11)

3.3.3 Relating notions of bisimulation

The induction of transition systems from coalgebras is most credible if the bisimulation on the in-
duced transition systems corresponds to coalgebraic bisimulation. For the name-passing case, the
reader may have anticipated that B.-bisimulation between B,-coalgebras coincided with I-indexed
early bisimulation for the corresponding I-indexed early labelled transition systems (induced ac-
cording to (B.—I)-1 —4). Unfortunately, and contrary to the claims of Fiore and Turi [2001, Prop.
2.4], this is not quite the case.

This disparity is only a minor anomaly. The equivalence relation with which we are ultimately
concerned is bisimilarity, the greatest bisimulation. As will be shown, the greatest coalgebraic
bisimulation does coincide with the greatest transition system bisimulation.

We begin this subsection by noting that every coalgebraic bisimulation is a bisimulation for the
labelled transition system; it is the converse that is the problem. An illustration of this problem is
provided, and we then provide a weaker form for the converse of the result, by imposing a closure
condition on the relations under consideration. Thus we can conclude that a final B.-bisimulation
is a final I-indexed early bisimulation.

In the next chapter, in Theorem 4.2.5, we show that, for B.-coalgebras whose carriers satisfy
a sheaf condition, there is no problem and the B.-bisimulations are exactly the I-indexed early
bisimulations.

Coalgebraic bisimulations are labelled transition system bisimulations. We first establish a
general lemma, and then note that every coalgebraic bisimulation is a bisimulation for the labelled
transition system.

Lemma 3.3.12. Consider B,-coalgebras (P, h) and (Q, k) and an I-indexed binary relation R between
P and Q. Suppose we have a B.-coalgebra structure r : R — B.R on R.

The structure r lifts R to a span of coalgebras if and only if the following three properties hold
of the induced I-ILTSs.

1. IfCI—(p,q)Lr C’I—(p’,q’)thenCI—pLhc’}—p’andC}—qL,{C’I—q’.

2. If (p,g) €R(C)and C Fp Lh C’ I p’ then there is ¢’ € Q(C’) such that (p’,q") € R(C") and
14
Ck(p,q) —: C'F(p’,q").

3. If (p,q) €R(C)and C g Lk C’ I ¢’ then there is p’ € P(C’) such that (p’,q") € R(C") and
¢
Ck(p,q) —: C'F(p’,q").

Proof notes. This lemma follows straightforwardly from the definitions. For instance, suppose
that R is a B.-bisimulation. We will show item (2) for the case of bound output labels ¢ = c!(2).

If (p,g) €R(C)and CF p Lh C’ k p’, then we know, from (B.—I)-3, that C’ = C U {z}, and
that 7y, (he(p)) is defined at ¢, and that the set (7,o,:(hc(p))(c))(2) contains p’. Since the left
projection r; : R — P is a coalgebra homomorphism, we know that (B.rq)c(rc(p,q)) =hc(p),
and so, from the action of B,, we know that my,(rc(p,q)) is defined at ¢, and that there is
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an element ¢’ € Q(C U {z}) such that the pair (p’,q") is in R(C U {z}), and moreover that the
pair (p’,q") is in the set (7pout(re(p,q))(c))(z). Thus, by (B.—I)-3, we know that the transition

Ck(p,q) Lr C'F(p’,q") is induced. 0

Proposition 3.3.13. Every B.-bisimulation relation R between B.-coalgebras (B,h) and (Q, k) is also
an I-indexed early bisimulation between the induced I-IL.ISs —} and —.

Proof. We consider B.-coalgebras (P,h) and (Q, k), and a B.-bisimulation relation R between them.
We write the projections of the relation as r; : R — P and r, : R — Q, and we have a natural transfor-
mation r : R — B.R lifting R to a span of coalgebra homomorphisms. It follows that properties 1-3
of Lemma 3.3.12 are satisfied, and from these conditions it follows immediately that R is an I-in-
dexed early bisimulation between (P, —},) and (Q, —). O

Anomaly. We now explain why the converse of Prop. 3.3.13 does not hold. We invent three
distinct states, p, p;, P2, and consider the presheaf P € Set! given by

P(Q) = {P; P1, pZ} + {p) P1, pZ}
P(C):{P>P1>p2} fOI‘C#(Z)
The action of P on injections C > D is identity, except when C = @, in which case the action is the

codiagonal.
We define an I-IL.TS structure — on P to be the least admitting the following transitions.

(Z)I—inlp;(i)l—inlpl (DI—inIpL(ZH—inIpz
OFinrp — O+ inrp, OFinrp— OFinrp,
Ckp—Cktp; Ckp—>Ckp, for C # 0

It is clear that this I-IL.TS satsifies Axioms I1-16, and so, by Theorem 3.3.7, we have a B.-coalgebra
structure P — B.P.
We define an I-indexed binary relation R C P x P as follows.

{(inlp,inlp),(inlpl,inlpl),(inlpz,inlpz), }

R®)=1 . ) ) . ) .

(inrp,inrp), (inrpy,inrpy), (inrpy,inrp;)

R(C) = {(p,p), (P1,P1): (P1,P2), (P2, P1), (P2, P2) } for C #0

It is straightforward to check that this is a I-indexed early bisimulation on (P, —). This relation,
however, is not a B.-bisimulation on the induced B,-coalgebra, since there is no appropriate natural
transformation r : R — B.R. To show this, we suppose that there is such a natural transformation,
and derive a contradiction. The natural transformation r : R — B.R gives rise to an I-IL.IS (R, —,)
satisfying Axioms I1-16, and also satisfying properties 1-3 of Lemma 3.3.12. Property 2 ensures
that
0 F (inlp,inlp) —, @ F (inlpy,inlp;)
By Axiom I5, we must have
T
Ck(p,p) —; CF(p1,P1)

for any non-empty set C, and by Axiom 16, we must have z € R(0) such that
[0 — Clz =(p;,P1) and @ F (inrp,inrp) Lr(l)l—z
From the definition of R, we we can only have z = (inlpy,inlp;), and so

OF (inrp,inrp) Lr OF (inlpy,inlp;)
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But this violates property 1 of Lemma 3.3.12 — a contradiction.

The counterexample that we have presented here is a little artificial. Central to the example is
the property that, in the presheaf of states that is considered, the action of injections is not always
injective. We will argue in the next chapter that this is an unnatural property of a state space.

A closure operator. A peculiar aspect in the above example is that the relation R contains the
pair (p;, p;) at all non-empty contexts, but does not contain (inrpy,inrp;) at the empty context. We
now consider the implications of closing the relation in this way.

Given any presheaves P, Q € Set!, such that Q € P, we let Q € Set! be the subpresheaf of P that
is given on objects C €1 by

Q(C)={peP(C) |3ID2CinL P[C—D](p)€Q(D)} . (3.3.14)

To see that Q is indeed a subfunctor of P, notice that for every span in I of the form (C’ &C o D)
there is a superset D’ of C’ and an injection j : D = D’ such that the following diagram commutes
in L

C~——D

| b

C/ D/

Note that the I-indexed binary relation for early bisimilarity for the m-calculus, considered in
Prop. 3.3.5, is closed in this way.
For the I-indexed binary relation R considered in the example above, we have

(in|p> Inlp): (inlpl) inlpl)’ (inlpb in|p2), (inlpZJ inlpl): (in|p2, inlpZ))
(inlp’ inrp))(inlpln inrpl)’ (inlpln inrpz),(inlpz, inrpl))(inlpZJ inrpZ)

R(0) =
@) (inrp,inlp),(inrpy,inlpy), (inrpy,inlpy), (inrpy,inlpy), (inrpy,inlpy),
(inrp,inrp),(inrpy,inrpy), (inrpy,inrpy), (inrpy,inrpy), (inrpy,inrpy)
R(C)=R(C) = {(p,p), (P1,P1)> (P1,P2), (P2, P1), (P2, P2)} for C #0.

Applying the closure operator to an I-indexed early bisimulation results in a new I-indexed early
bisimulation, as we now show.

Proposition 3.3.15. Consider two I-ILISs, (P, —>) and (Q, —Q>), that both satisfy Axioms 11-16.
Let R be an I-indexed binary relation between P and Q. (So R € P x Q.) If R is an I-indexed early
bisimulation between (P, —>) and (Q, —Q>), then so is R.

Proof. We assume that R is an I-indexed early bisimulation between induced I-IL.I'Ss —> and -
that satisfy Axioms I11-16. We will show that R is also an I-indexed early bisimulation. For brevity,
we will show that R is an I-indexed early simulation; the opposite direction is symmetric.

Suppose that (p,q) € R(C) and that we have a transition

Cl—pip>C’}—p’

We must show that there is a transition C F g LQ> C’Fq’ such that (p’,q") € R(C).

For the case when { = c!z, with z & C, we proceed as follows. Axiom I1 ensures that C’ = C U {z}.
The closure operator ensures that there is D € I such that the pair (P x Q)[C — D](p,q) is in R(D).
We let p, = P[C — D](p) and let g, = Q[C — D](q). We pick a fresh name z’ € (4 — D), and, by
Axiom I3, we know that

Ckp % Cu{z'} +[2'/z1p’
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By Axiom I5 we have

Dl—poif,gDU{z’}l—[CU{Z’}%DU{Z’}][Z’/z]p’

Since R is an I-indexed early bisimulation, we have an element g; € Q(DU{z'}) such that ([C U {z'} — DU {z}][
isin R(D U {z’'}) and

1z’
D+ qq C—Q>Du{z’}l—q(’)
Axiom I6 provides g’ € Q(C U {z'}) such that [C U {2’} — D U {z’}]q’ = q and such that

Cl—q%cu{z’}l—q’

By definition of R, we have that ([z'/z]p’,q") € R(C U {z’}). Functoriality of R ensures that
(p’,[2/2'1q") € R(C U {z}), and Axiom I3 gives

Chq-g Cufzlt[2/2']¢

as required.

The cases for known output, input, and silent labels are similar. For known output, Axiom I4b
is required, and for the input labels, Axiom I4a is required. Thus we can conclude that R is an
I-indexed early simulation, and through a symmetric argument, an I-indexed early bisimulation.

O

We now show that, if we restrict attention to those I-indexed binary relations that are closed,
then the B.-bisimulations are exactly the I-indexed early bisimulations. The reader should note
that we do not assert that every B.-bisimulation is closed, and so the problem of characterising
coalgebraic bisimulations remains open.

Theorem 3.3.16. Let (P h) and (Q, k) be B.-coalgebras, and consider an I-indexed binary relation
R between P and Q. If the closed relation R is an I-indexed early bisimulation between the induced
I-ILISs (P, —y) and (Q, —¢), then it is a B.-bisimulation between B,-coalgebras (P,h) and (Q, k).

Proof. We suppose that R is an I-indexed early bisimulation between (P,—},) and (Q, —), and
show that it is a B.-bisimulation between B.-coalgebras (P, h) and (Q, k). To do this, we define an
I-IL.TS with carrier R. The transition relation —C f R x Lab, X f R is the least such that for any
C,C’ €1, and any label ¢ € Lab,, and any (p,q) € R(C) and (p’,q") € R(C"): if

Crkp-.C'Fp’ and Crq-%.C'Fq

then
4 / A,

We now show that this I-IL.TS (R, — ) satisfies Axioms I1-16. Axiom I1 holds of (R, —) because
it holds of (B, —},). Axiom I2 holds because it holds of (P, —},) and because R is an I-indexed early
bisimulation.

Axioms I3 and I5 hold of (R, —) because R is functorial, and because Axioms I3 and I5 hold
of (,—>}) and (Q,—;). Axioms I4a and I4b hold of (R,—) because they hold of (B,—)
and (Q, —). i

To see that Axiom 16 holds of (R,—): note that 16 holds of (B —},) and (Q, —), and 16
for (R, —) follows from the closure properties of R. For instance, if we have a transition

D+[C = Dl(p,q) — D+ (p',q)
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then we must have
DF[C—D]p—,DFp’ and DF[C<—Dlg—; DFq’

Axiom 16 for (P,—) and (Q,—;) supplies elements p” € P(C) and ¢” € Q(C) such that
P[C — D](p"”)=p’" and Q[C — D](¢") =¢’, and

Ckp——,DFp” and Chkq—DFq"
By definition of the closure construction, (p”,q"”) € R(C), and so

CF(p,q) — C+({®",q")

Thus the I-IL.TS (R, —) satisfies Axioms I1-16. By Theorem 3.3.7, we have a coalgebra struc-
ture 7 : R — B,R that induces the I-IL.TS (R, —). In other words, — = —;.

To conclude that R is a B.-bisimulation we appeal to Lemma 3.3.12. Property 1 of that lemma
holds by definition, while Properties 2 and 3 hold since R is an I-indexed early bisimulation. O

The closure operation (R — R) is inflationary, and so, by considering Theorem 3.3.16 together
with Props. 3.3.13 and 3.3.15, we obtain the following result.

Corollary 3.3.17. The final B.-bisimulation between B.-coalgebras (B h) and (Q,k) is the greatest
I-indexed early bisimulation between the I-IL.ISs (P,—}) and (Q, —). O

3.3.4 Indexed ground labelled transition systems

Having developed a theory of indexed early labelled transition systems over the past three subsec-
tions, we now consider models of ground behaviour. For ground transition systems we will use the
set of labels given by

Labg=N XN + N/ XN + A/ XN + 1 (3.3.18)

writing ¢?(d), c!d, c!(d), T for elements of the first (bound input), second (output), third (bound
output) and fourth (silent) summands respectively.

Notice that we distinguish bound and free outputs in ground labels. In this way our approach
to ground labels differs from the approach to early labels (equation 3.3.1). One reason for this is
that, with the ground systems, bound input and bound output are treated in the same way, and the
distinction in the labels may help to clarify this.

We define channel and data functions ch,dat : Laby — & (") in much the same way as for early
labels.

{ € Lab, | ch(¥) | dat(¢)
c2(d) | {c} | {d}
cld {c} {d}
cl(d) | {c} | {d}
T 0 0

Transition systems. I-indexed ground labelled transition systems differ from I-IL.ISs (Defini-
tion 3.3.2) only in that they use ground labels rather than early ones.

Definition 3.3.19. An I-indexed ground labelled transition system (I-IL,IS) is a presheaf P € Set!
together with a transition relation — C fP X Labg X fP.
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As in Section 3.1, we distinguish ground transitions from early transitions by using ‘harpoon’ ar-
rows.

In (3.3.3) we described how a semantics for the 7t-calculus can be given in terms of an I-ILTS.
A ground semantics for the m-calculus is provided by an I-IL IS in a similar manner, but this time
using the ground transition relation — on m-calculus terms that was introduced in Figure 3.3.
Again, the carrier is P,, while the transition relation is the least relation

— S [P xLabgx [P,
satisfying the following implications.

?(z)

If p ﬁp’andfn(p)gcﬁzthencl-p% Cufz}kp’;

If p <% p’ and fn(p) C C then C Fp S CFp/;
N o (3.3.20)
If p S p’ and fn(p) S C Fz then C - p o CU{z}Fp';

Ifp Ln\p’andfn(p)QCthenCI—pLP* Ckp'.

Ground bisimulation. I-indexed ground bisimulation between I-IL,I'Ss is defined in much the
same way as I-indexed early bisimulation was defined between I-IL.ISs in Definition 3.3.4; the
only difference is that labels come from Lab, instead of from Lab..

It is straightforward to prove a version of Prop. 3.3.5 for the ground case: a m-calculus term p
is ground bisimilar with a term g (according to Definition 3.1.10(2)) if and only if there is an
I-indexed ground bisimulation R on (P, 5 ) such that (p,q) € R(C).

From early to ground labelled transition systems. An abstract form of part of Prop. 3.1.9 is
useful. For every I-ILIS (P,—) We let &— C fP X Labg X fP be the least I-IL;T'S over P satisfying
the following predicates.

c?(2)

If(jl—piz>C’I—p’andz¢CthenC|—pg—>C/|‘P/

IfCI—pid>C’l—p’anddeCthenCI—pgﬂ>C’l—p’
(3.3.21)

IfCI—pC—!Z>C’I—p’andz¢CthenC|—ng!(—Z)>C’l—p’
IfCkp—>C'Fp' thenCkpe—C'Fp’

The I-IL,T'S model of the n-calculus (P, —~ ), defined in (3.3.20), is precisely the I-IL,I'S in-
duced via (3.3.21) from the I-IL.T'S model (P, —> ), of (3.3.10).

I-indexed ground labelled transition systems from B,-coalgebras. An I-IL,S is induced by a
B,-coalgebra in a similar way to the induction of an I-IL TS from a B,-coalgebra (see (B-—I)-1-4

on page 62). Given a B,-coalgebra (P h: P — B,P) we define —, C fP X Labg X fP to be the least
relation satisfying the following statements (B,—I)-1 — 4.
(Bg—I)-1. Forany C SN, peP(C),ceC,ze€ (N —C),and p’ € P(CU {z}):
if Thinp(hc(p)) | ¢ and p’ € (7pinp(hc(p))(c))(2)
thenCI—pC?ﬁzhCU{z}l—p’.
(Bg—I)-2. Forany C S A, p€ P(C), c,d €C, and p’ € P(C):
if mout(he(p)) | (c,d) and p’ € oy (he(p))(c, d)
thenCI—pﬂhCI—p’.
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(Bg—I)-3. Forany C SN, peP(C),ceC,ze€ (N —C),and p’ € P(CU {z}):
if Thout(hc(p)) | ¢ and p’ € (mpout(he(p))(€))(2)
thenCI—p@\hCU{z}l—p.

(Bg—I)-4. Forany C S¢ A, p € P(C), and p’ € P(C):
if ﬂ:tau(hc(p)) l * and p/ € Tctau(hc(p))(*)
then C+p —, C+p'.

In summary, we have the following situation. (Arrows are labelled with references to where the
maps are defined.)
(3.2.14)

B.-coalgebras —————— B,-coalgebras (3.3.22)
(Be—T) -1—4J l(Bg—J)-l—4
I-ILTSs I-ILTSs
(3.3.21)

It is straightforward to verify that the diagram commutes.

Coalgebraic bisimulation versus transition system bisimulation. It appears that the anomaly
that was discussed in Section 3.3.3 (with reference to early bisimulation) will also arise in the
context of ground bisimulation. It seems that the treatment presented there, involving the closure
operator, will be appropriate in the ground setting too.

3.4 Arbitrary substitutions and uniform input

For certain aspects of the theory of name-passing it is essential to consider arbitrary substitutions,
and not just the injective ones. To this end it is necessary to require more structure in our state
spaces than was allowed in the previous section. Indeed, this is always reasonable if the states are
associated with some syntax, as we will see in (3.4.1) and in Section 7.4.

We begin, in Section 3.4.1, by revisiting the labelled transition system and coalgebraic models
for name-passing, in the context of all substitutions. The early (resp. ground) labelled transition
systems in this context we call F-IL.TSs (resp. F-IL¢ISs). For the coalgebraic models, the notion of
structured coalgebra, introduced in Section 2.4, comes into play.

In Section 3.4.2, we investigate the notions of bisimulation that arise in these classes of model.
For the model of the 7-calculus, these notions are the wide open bisimulations considered in Def-
inition 3.1.13. In Prop. 3.1.14 we asserted that, for wide open relations, the notions of early
and ground bisimulation all coincide; we conclude Section 3.4.2 by rephrasing this result in the
coalgebraic setting.

Inspired by this result, we proceed in Section 3.4.3 to derive F-IL.I'Ss from F-IL,T'Ss. The F-IL.TSs
that are so derivable are precisely those that satisfy a uniformity condition on input behaviour. We
conclude this section by showing that the F-IL.T'Ss that satisfy this uniformity condition are precisely
the NV-LTSs introduced by Cattani and Sewell [2004]. Thus the N-LTSs of Cattani and Sewell are
given a coalgebraic foundation.

3.4.1 Coalgebras and indexed labelled transition systems

Presheaves. Let F be the category with objects given by finite subsets of .4, and morphisms by
all functions between them. A covariant presheaf X : F — Set can be thought of as associating to
each set of names C, a set X(C) of states that may use these names. To each function f : C — D
between name contexts is associated a function X f : X(C) — X (D) intended to model substitution
in states according to the function f.
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Notation. The following notation generalises the notation for injections introduced in Section 3.2.
For every set C C¢ A4, and all names c,d € 4, the surjection [d/c]:(CU{c}) — ((C —{cHu{d})
acts as identity on (C — {c}) and maps c to d.

Example: presheaf over F for the n-calculus. The state space of the m-calculus was introduced
in equation 3.2.1 as a presheaf over I. It makes sense to substitute in 7t-calculus terms using non-
injective functions, so we are led to consider the following presheaf X, over F. For C <, 4, let

X (C)= {p | p is a m-calculus term and fn(p) € C} (3.4.1a)
while for any C,D ;¢ 4, any function f : C — D, and any term p € X(C):

X.f(p)=1[f1p — i.e. the substitution f applied to p. (3.4.1b)

[The presheaf X, is precisely the functor 7 introduced by Cattani and Sewell, 2004, Defn. 3.10,
and is the initial algebra T0 of Fiore and Turi, 2001, eqn. 16.]

Relating presheaves over F with presheaves over I. Any presheaf on F can be considered as a
presheaf on I: the obvious faithful identity-on-objects functor jg : I — F induces by precomposition
a faithful functor

UL =(ji)" : Set’ — Set!

given by forgetting non-injective actions. For instance, the presheaf P, on I for the m-calculus
(3.2.1) is related with the presheaf X, on F (3.4.1) by the identity

P, =UX,

Via this equation, we can consider the early and ground coalgebras for the 7-calculus (as introduced
in (3.3.2)) as natural transformations

Rre 1 UpX, — BUpX (3.4.2a)
hug 1 UpX e = BoUpX . (3.4.2b)
Thus we are led to consider Ug-structured B, ,-coalgebras.

An adjunction. The forgetful functor U} : Set® — Set is the inverse image of a geometric mor-
phism Set' — Set®, induced by the inclusion ji : I — F. So the direct image of this geometric
morphism, (ji), : Set' — Set® provides U} with a right adjoint. We do not need an explicit descrip-
tion here. [A more detailed discussion is provided by Fiore and Turi, 2001, Sec. 1.3. They denote
the direct image by (N, —).]
Notice that we have the situation described in Example 2.4.3(2), and as such there is an iso-
morphism of categories,
(UL, B.)-Coalg = ((ji).B.UL)-Coalg . (3.4.3)

So our study of Ug-structured B, j,-coalgebras can equivalently be seen as a study of the kinds of
coalgebras considered by Fiore and Turi [2001, Sec. 3].

Indexed labelled transition systems. We now introduce notions of labelled transition system
over elements of presheaves over F. The notions are very closely related to the I-indexed labelled
transition systems of Definition 3.3.2.
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Definition 3.4.4. An F-indexed early labelled transition system (F-ILTS) is a presheaf X € Set to-
gether with a transition relation — C f X x Lab, % f X.

An F-indexed ground labelled transition system (F-ILgI'S) is a presheaf X € Setf together with a
transition relation — C f X x Labg X f X.

For any presheaf X € Set" we have f X = fUlf,X . So an F-ILTS (resp. F-IL,I'S) with carrier X is
the same thing as an I-IL.TS (resp. I-IL,T'S) with carrier UpX. For instance, the I-IL.TS introduced for
the m-calculus in (3.3.3) can be considered as an F-IL.ISs with carrier X .. In this way Axioms I1-16
(Figure 3.4) on I-IL.T'Ss can be considered as axioms on F-IL.ISs. Recalling Theorem 3.3.8, we note
that

The class of U;-structured B,-coalgebras is in bijective correspondence with the class of
those F-IL.I'Ss that satisfy Axioms 11-16.

3.4.2 Bisimulation

We now introduce notions of bisimulation on F-IL.TSs and F-IL,I'Ss, and compare these notions
with Uj-structured B,-bisimulation and Uj-structured B,-bisimulation.

Indexed bisimulation.
Definition 3.4.5.

1. Consider presheaves X,Y € Setf. An F-indexed binary relation R between X and Y is a pre-
sheaf R € Set! that is a subobject of X x Y. Thus an F-indexed binary relation R is an I-in-
dexed binary relation between ULX and U,;Y such that for any function f : C = D in F, and
any (x,y) €R(C), we have ([f]x, [f]y) €R(D).

2. An F-indexed early bisimulation between F-ILJISs (X, —>) and (Y, —») is an F-indexed bi-
nary relation R between X and Y such that UJR is an I-indexed early bisimulation between
(UpX, —) and (UpY, —).

3. An F-indexed ground bisimulation between F-ILJISs (X,—*) and (Y,—) is an F-indexed
binary relation R between X and Y such that UR is an I-indexed ground bisimulation between
(U:_X, _X\) and (UII:Y, —Y‘)

Wide open bisimulation for the n-calculus. The notion of F-indexed binary relation can be
thought of as an abstract form of the notion of wide open relation on 7t-calculus terms introduced
in Definition 3.1.13: an F-indexed binary relation is an indexed relation that is closed under all
substitutions. The following result follows straightforwardly from Prop. 3.1.14 and Prop. 3.3.5.

Proposition 3.4.6.
Consider two r-calculus terms, p, q, with fn(p) Ufn(q) € C. The following are equivalent.

1. p is wide open bisimilar with q.
2. There is an F-indexed early bisimulation R on (X, — ) such that (p,q) € R(C).
3. There is an F-indexed ground bisimulation R on (X, — ) such that (p,q) € R(C). O

The equivalence of items 1 and 2 has also been established by Cattani and Sewell [2004, Thm.
4.5].
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Coalgebraic bisimulation. We now relate the notions of F-indexed bisimulation with the coalge-
braic notions of structured bisimulation. We begin by defining a closure operator on subpresheaves
in Setf, analogous to that defined in equation 3.3.14 for subpresheaves in Set!. Given any pre-
sheaves X, Y € Set! such that Y C X, we let Y € Setf be the subpresheaf of X that is given on
objects C € F by

Y(C)={xeX(C) |3ID2CinF.X[C —D](x)eY(D)} . (3.4.7)

To see that Y is indeed a subfunctor of X, the important thing to note is that for every span in F

of the form (C’ Lco D) there is a superset D’ of C’ and a function g : D — D’ such that the

following diagram commutes in F.
C~——D

C/ ( N D/

Note that for any subpresheaf of a presheaf in Set, if one first applies the closure operator
of (3.4.7), and then the functor Ulf, : Setf — Set!, the result is the same as if one first applies the
functor U} : Setf — Set! and then the closure operator of (3.3.14). That is, whenever we have Y C X
in Set®, then ULY = @

We highlight the following result, which follows immediately from Prop. 3.3.13 and Theo-
rem 3.3.16. It is related to an assertion of Fiore and Turi [2001, Prop. 3.1].

Proposition 3.4.8. Consider two Ug-structured B.-coalgebras, (X,h) and (Y, k). Let R be an F-indexed
binary relation between X and Y.

1. IfRis a Up-structured B.-bisimulation between (X, h) and (Y, k) then it is also an F-indexed early
bisimulation between induced F-ILISs (X, —3) and (Y, —¢).

2. If R is an F-indexed early bisimulation between induced F-IL.TSs (X,—,) and (Y,—;) then R
is a Up-structured B.-bisimulation between (X,h) and (Y, k). O

Wide open early = wide open ground, revisited. InProp. 3.1.14 we asserted that, for wide open
relations on m-calculus terms, all notions of bisimulation coincide. We now provide an abstract form
of this result.

Theorem 3.4.9. An F-indexed binary relation is a final Ug-structured Bg-bisimulation if and only if it
is a final U}-structured B,-bisimulation.

Proof. To prove this result, we will appeal to Theorem 2.5.7. Because of the isomorphism (3.4.3),
it is sufficient to exhibit a retraction ((j}).B.Up)-Coalg — (( jII:)*Bg U})-Coalg.
Indeed, as discussed in Section 3.2.2, the natural transformation

r:[N=-]-6(-)

of (3.2.5) induces a natural transformation B, — B, between endofunctors on Set!, and hence
also a natural transformation ((jg).B.Uy) — ((jp):BgU}) between endofunctors on Set®. Us-
ing the ideas of Section 2.3.1, this natural transformation can be seen to induce a functor
(( jé)*BeUé)—Coalg —(( jII:)*BgUlI:)—Coalg between categories of coalgebras. It is this functor that we
will show to be a retraction.

We will first describe a natural transformation s : 6UL(—) — [N = Uj(—)] between functors
Setf — Set!; then we will show that s is a section of

rUg: [N = Uy(—)] — 6UL(-)
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For each presheaf X € Set" and each C C¢ A we define sy : §ULX(C) — [N = ULX](C) to be
such that for any ¢ € 5UIX(C), z € (4 —C), and any c € A/,

sx,c(@)(c) =X[c/z] (¢(2))

The uniformity condition in the definition of 6(—) ensures that this equation is independent of
the choice of z, and so can be taken as a definition of s. It is routine to check that for each
presheaf X € Set’ the family {Sx,c} ooy 18 natural, and then that the family {sx }xeserr Of natural
transformations is natural. It is equally straightforward to see that the composite

I
F

ru
5Uy(=) — [N = Uy(-)] — 6Uy(-)
is the identity on 6U} : Set® — Set'.

(As an aside, we note that the natural transformation s : §U}(—) — [N = Uj(—)] has been
used by Fiore and Turi [2001, Sec. 3] to give a coalgebraic semantics to the input operator of the
nt-calculus.)

Now, the pointwise non-empty powerset endofunctor 2, on Set! lifts along the forgetful functor
UL : Set” — Set. That is, we have an endofunctor 2P on Set" such that U'#® = &, U!. Thus the
natural transformation

régﬁiel]; : []\I = 55%1el];] - ésf;%ieljé

also has a section, and so we have a retraction B,U; - B,Uy in the functor category [Setf, Set].
Applying the right adjoint (ji), : Set' — Set®, we arrive at a retraction ((j§),B.Up) - ((j).BgUp) in
the category of endofunctors on SetF.

Using the constructions of Section 2.3.1, we obtain a retraction between categories of coalge-
bras, ((jg)«B.Up)-Coalg - ((j).B,Us)-Coalg, and the result follows, using Theorem 2.5.7. O

3.4.3 Uniform input behaviour

In this subsection, we describe how F-IL,I'Ss give rise to F-ILJISs. The F-ILISs that arise in this
way are shown to be those satisfying an additional axiom, Axiom F2’ (Figure 3.5). In this way
we arrive at a labelled transition system characterisation of the Ug-structured Bg-coalgebras. This
axiom ensures that input behaviour is uniform across known and unknown values. We study the
strength of Axiom F2’, showing that it implies certain of the Axiom I1-16 of Figure 3.4. Finally,
we show that the F-IL.TSs that satisfy 11-16 and F2’ are precisely the N-LTSs of Cattani and Sewell
[2004]. Thus, combining the results of this section, we derive a coalgebraic foundation for N'-LTSs.

F-IL,I'Ss form a subclass of the F-IL.ISs. In our proof of Theorem 3.4.9, it is crucial that the cat-
egory of (( j;)*BgU;)-coalgebras is essentially a split subcategory of the category of ((ji).B.U})-coal-
gebras. We now consider this relationship in a concrete way. In (3.3.21) it was explained how
an I-ILTS induces an I-IL,I'S. Now, to each F-IL,I'S (X, —) we associate an F-IL.I'S with the same
carrier X and with transition relation

e—C fXxLabefo

the least satisfying the following predicates.

c?(2)

IfCp—C'U{z}Fp andz&(CuC’)

then C+p &4 ¢’ U {d} F [d/=]p'
IfCI—pﬂC’I—p’ then CFp eﬂc’l—p’. (3.4.10)
Ifcl—pﬁc’l—p’thencl—p eic’l—p’.
IfCkp—C'Fp'thenCHp e—C'Fp.
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Thus we move between F-ILgI'Ss and F-IL.I'Ss. This can be seen as an abstract form of Prop. 3.1.9.
Observe that we have the following situation. (Compare with diagram 3.3.22.)

Ul-structured  thm. 3.4.9 U}-structured
—
B,-coalgebras B.-coalgebras

(Bg—>l)-1—4‘ B(Be—ﬂ)-l—4

F-ILTSs F-IL.TSs

(3.4.11)

(3.4.10)

(We do not claim that the mapping of (3.4.10) is inverse to the mapping of (3.3.21).)

Which F-ILTSs are F-IL,ISs?. We now investigate the extent to which the F-IL,I'Ss provide a
generous model of name-passing. In Figure 3.5 we introduce Axiom F2’ on F-IL.TSs. It says that all
input data is treated in a uniform way.

F2’. Input is determined by the input of fresh names:

ckxZh cutdirx'
e Be(N-0C), x" eX(Cufz}). [d/z]x" =x" A CFx <5 Cculz}hx”

Figure 3.5: Axiom F2’ on an F-indexed early labelled transition system over X € Setf, expressing
that input behaviour treats all data in a uniform way.

We now justify this axiom by showing that, in the presence of Axiom I1, an F-IL.TS satisfying
Axiom F2’ is the same thing as an F-IL TS that has been been induced from an F-IL,TS.

Theorem 3.4.12.

1. Every F-ILIS satisfying I1 and F2’ is induced from an F-IL,IS. Indeed, for any F-ILIS (X, —)
satisfying I1 and F2’, we have — = eg—>.

2. If the F-IL.TS induced from an F-ILgI'S satisfies I1 then it also satisfies F2”.

Proof. To show item (1), we consider an F-IL.TS (X, —) that satisfies Axioms I1 and F2’; we will
show that — = eg—.

Quick inspection of (3.3.21) and (3.4.10) leads us to the observation that ee— is the least
relation satisfying

fCHx <% C'Ufz}Fx' and 2 € (CUC)
?2d
then C F x es— C' U {d} F [d/z]x’
cld / / cld / / (3.4.13)
IfCFx—C'Fx"thenCFx ee—C'Fx
fCkx—C'Fx'then CF x ee—s C' F x'.

It is clear that for output and silent labels ¢ € Lab,,
Crx-5C'Fx’ iff Chxee—oC kx/

So it remains for us to show this correspondence for input labels. To see that — C eg—, sup-
pose that C F x ok X By Axiom I1, C’ = C U {d}. By Axiom F2’, we have z € (A& —C)
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and x” € X(C U {z}) such that [d/z]x” =x" and C I x * cu {z} F x”. So by (3.4.13), a transition
Ckx egﬂ C’ F x’ is induced, as required.

Now, to see that ee—> C —, suppose that C I x sl ¢’ F x is induced. Then, by (3.4.13) we
must have C” C¢ A, z € (N —(CuC”)) and x”" € X(C"” U {z}) such that C F x LAY {z} B x”
and C’ = C”u{d} and x’ = [d/z]x”. By Axiom F2’ (right-to-left), C - x o X as required.

To show item (2), we consider an F-IL,T'S (X, —) that induces, according to (3.4.10), an F-IL.TS

(X,e—) that satisfies Axiom I1. We will show that (X,e—) also satisfies Axiom F2’.
We show Axiom F2’ from left to right. Suppose that

ckx &L culdiF X!

Then, following (3.4.10), we must have C' ¢ A, z € (& —(CUC’)) and x” € X(C U {z}) such that

kxS {2z} Fx” and (C’'u{d}) = (Cu{d}) and x’ = [d/z]x”. Indeed, (3.4.10) also induces
CFx <2 ¢’ U {2} F x”, and, by Axiom I1, (C’ U {z}) = (C U {z}).

The other direction of Axiom F2’ is proved in a similar manner. Thus Theorem 3.4.12 is proved.

]

From this result we have a labelled transition system characterisation of the Uf-structured
B,-coalgebras.

Corollary 3.4.14. The following data are equivalent.
1. An F-ILTS that satisfies Axioms 11-16 and F2’.
2. A Ug-structured Bg-coalgebra.

Proof. We move from data (1) to data (2) by the process

F-ILTS with (1-B.)-1-4 Ul-structured (32.14) Ug-structured
I1-16, F2’ B.-coalgebra B,-coalgebra

We move from data (2) to data (1) by the process

Ug-structured  tm.3.4.9 Uk-structured (B—1)-14 F-ILTS with
— —
B,-coalgebra B.-coalgebra I1-16, F2’

To see that I1-16 hold of the F-IL.TS that results from the second process, consult Theorem 3.3.6;
as for F2’, consult diagram 3.4.11 with reference to Theorem 3.4.12.

We now show that moving from (1) to (2) to (1) again yields the original F-IL.TS. It follows
from diagrams 3.3.22 and 3.4.11 that the process (1)—(2)—(1) is the same as the process

F-ILTS
with 11-16, F2’

G321, F-ILTS G419, g TS

that is, the process sending an F-IL.TS (X, —) that satisfies I1-16, F2’ to the F-IL.IS(X,es—>). By
Theorem 3.4.12, — = eg—>, and we are done.

To see how moving from (2) to (1) to (2) again yields the original Ug-structured B,-coalgebra,
consider the composite mapping, and apply Theorem 3.3.8 followed by Theorem 3.4.9. O
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Strength of Axiom F2’. Axiom F2’ relates with the other axioms as follows.
Proposition 3.4.15. For any F-IL.IS:
1. Axiom F2’ implies Axiom 12.
2. Axioms F2’, 13, I5 and 16 together imply Axiom 14a.
Proof. We begin with item (1). Consider an F-IL.IS (X, —) of which Axiom F2’ holds. Suppose

that the premise of Axiom I2 holds, i.e.

ckx 24 cuidiFx

Then, by Axiom F2’, we have z € (& — C) and x” € X(C U {z}) such that [d/z]x” = x’ and

crx 5 cu {z} F x”. Consider some other name d’ € 4. Applying Axiom F2’ again, this time
from right-to-left, we have

Chx <5 cu{d'}r [d/z]x"

and so x” provides a witness for Axiom I2.
We turn now to item (2). Consider an F-IL.TS (X, —) of which Axioms F2’, I3, I5 and 16 hold.
We will prove I4a from left-to-right. Suppose that the left-hand-side holds, i.e.

Cl—xﬁcu{z}l—x’

We concentrate on the case z & C, otherwise the result is trivial. Pick some 2z’ € (A4 — (C U {z})).

By 13, considering the bijection [z’/z] : (C Uz) — (C Uz’), we have C F x 2 cu {2} F [/ /z]x".
Now, by I5,

CU{z}F[C—=CU{z}]x = cu {z,2'} F[Cu{s'} > Cu{z2'}][z'/2]x’.

Finally, by F2’,

CufzlF [C o CUfzllx 25 CUfzlF [2/2][CU {2’} — C U {z,2/}][2'/z]x".

But the composite
CU{z}%CU{Z’}%CU{Z,Z’}MGU{Z}

is the identity map, and so the right-hand-side of 14a follows.
The converse of I4a is proved in a similar way, by applying Axiom F2’ followed by Axiom I6 and
Axiom I3. 0

The transition systems of Cattani and Sewell. We now consider the model of name-passing
suggested by Cattani and Sewell. According to Cattani and Sewell [2004, Defn. 3.4], an N/-LTS
is an F-IL.TS that satisfies Axioms N'1-N4 in Figure 3.6. Axioms N1, '3 and A4 only mention
injective substitutions, and so Cattani and Sewell (in Sec. 7) define an N,-LTS to be an I-IL.TS
that satisfies Axioms AV'1, N3 and N'4. (Cattani and Sewell work with transition systems that have
distinguished initial states; we neglect this aspect here.) NV-LTSs and N,-LTSs are related with the
systems that we have introduced, as follows.

Theorem 3.4.16.
1. An LTS is an Ny;-LTS if and only if it satisfies Axioms I1 and I13-16.

2. An F-ILTS is an N-LTS if and only if it satisfies Axioms 11-16 and Axiom F2’.
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N1. Naming:

Ckx -5 C'Fx
= ch(f{)SCAC'=cCcun(l)

N2a. Input — new, where z & C:

Cl-xc—?Z>CU{z}l—x'
— VdeC.Ckx 2% CF[d/z]x"

N2b. Input - old:

c?d
CkFx—CFX’
= Vze (N —-0C). EIx”.CI—xﬁCU{z}I—x” A x'=[d/z]x"

N3a. Injective substitution, for 1: C > D, 8 : (n({) — C) = D’ with DN D’ = 0:

Chx -5 C'Fy

¢
= IAD",x”. D+ [1]x P e

N3b. Shifting, z & C:

Cl—xﬁCU{z}l—x'
= CU{z}F [C > CUHx 25 Ccufz}kx/
N4. For any injection 1: C = D:
If DF [1]x LNy
Then D’ =D uUn({)
and either: there exist £, x”, B : (n({)— C) = (n(¢’) — D)
such that ¢’ = [1+ B¢
and CF x - cun()Fx"and x” =1+ B]x’
or: thereexistceC,d e (D —im(1)),z€ (A —C)and x’

such that ¢’ = (i«c)?d and C F x = cu {z}Fx’
and x” = [1,[d/z]]x’

Figure 3.6: Requirements on an F-indexed labelled transition system as suggested by Cattani and
Sewell [2004, Defn. 3.4], rewritten with our notation.

Proof. We begin by proving item (1). It is clear that Axiom N1 is equivalent to Axiom I1. In the
presence of Axioms N'1 and I1, Axiom N 3a is equivalent to Axioms I3 and I5 together. To see this,
consider the decomposition of each injection into its image bijection and an inclusion map of the
image into the codomain.

It remains for us to show how Axioms N'1-N'4 imply Axioms I4 and 16 and how Axioms I1-16
imply Axioms N'3b and N4.

First, we assume Axioms N'1, N3 and N4, and prove Axioms I4 and 16. First, Axiom I4a follows
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immediately from A3b and Cattani and Sewell’s Proposition 3.8.
For Axiom I4b, we proceed as follows. Suppose that the premise of Axiom I4b holds, i.e. that

CUldIF[C—cCu{d}lx 2% c'Fx’

We now regard Axiom N4 with respect to the inclusion map [C < C U {d}]. The first conclusion
must hold for this case since the label is not an input label. So in particular we have a label ¢
together with a bijection

B (n(£) = C) = ({c,d} = (Cu{d}))

such that [[C — CU{d}],B] ¢ = c!d. By Axiom N1, ¢ € C U {d}, so we know that (n(¢) — C) is
empty. So we have ¢ = c!d and consequently that ({c,d}—C) = (n(¢{)—C) =0, and hence thatd € C,
as required.

Axiom I6 is essentially the same as Cattani and Sewell’s Proposition 3.7.

Finally, we assume that Axioms I1 and I3-I6 hold of an I-IL.IS (X,—) and prove that Ax-
ioms A/'3b and N'4 hold of (X, —). Axiom N 3b is part of Axiom I4a. As for Axiom N4, we proceed
as follows. Suppose that the premise of A'4 holds — i.e., that we have some injection 1 : C — D and
a name-context D’ C¢ A together with x € X(C), x” € X(D’), such that

D [1]x DX
Then by Axiom I1 we have D’ = D U {dat{’}. We divide the proof according to the following cases.
1. dat(£) € im(1).
2. dat(¢) = {2’} for some 2z’ & D.
3. dat(¢) = {d} for some d € (D — im(1)).

In case (1) we will derive the first conclusion of Axiom N'4. Axiom I6 gives x”” € X(1(C)) such
that [1(C) — D]x”" = x” and

(O F [tleTx -5 Q) F X
We let £ =17'(¢") and we let x” = [1].*]x"”. By Axiom I3 we have

Chx-5crx

and we know that [1]x = x” and [1]¢ = {’, as required.
In case (2) we will again derive the first conclusion of Axiom AN'4. Axiom I6 ensures that there
is x” € X(1(C)uU {z’}) such that [1(C)U {z'} — DU {z’'}]x" = x" and

(C)F [tle]x = 1(C) U {2} - x™

Now, we pick z € (& — C). We let f : {z} 5 {2’} be the unique such bijection, and we
let £ = [1|c "'+ B711(¢") and let x’ = [1]c* + B~ ]x". By Axiom I3 we have

CI—XL)CU{Z}I—X/

and, moreover, [1+ B]x’ = x” and [1+ B¢ = {’, as required.

For case (3), we will derive the second conclusion of Axiom AN4. First, observe that, because
of I4b, ¢’ cannot be an output label, and so ¢’ must be an input label — so we have ¢’ € A4 such
that ¢’ = ¢’?d. By Axiom I4a, we have

(D — {dDF [1(C) = (D — {dD][1le]x 28 DF x”
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Now, by Axiom 16, we have x””" € X(1(C) U {d}) such that

(O F [1e]x 28 (C)uddiF x™

By Axiom I1, we have that ¢’ € 1(C). We let ¢ = 17!¢/, and we pick some z € (A — C).
Let x’ = [1]c ' 4+2/d]x"". By Axiom I3, we have

Chx & culalkx

and, moreover, [1,d/z]x’ = x”. Thus Axiom N4 is satisfied, and so item (1) is proved.
Item (2) follows straightforwardly because it is clear that Axioms A 2a, N'2b are together equiv-
alent to Axiom F2’, while, by Prop. 3.4.15, Axiom F2’ implies I2. O

Combining this result with Corollary 3.4.14, we can view N/ -LTSs from a coalgebraic perspec-
tive.

Corollary 3.4.17. The following data are equivalent.
1. An N-LTS.

2. A Ug-structured Bg-coalgebra. O
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3.A Appendix to Chapter 3: Proofs of results in Section 3.3

Here, we give proofs for Theorems 3.3.6 and 3.3.7.

3.A.1 Preliminary result

The naturality of h plays a very important and rather subtle role in ensuring that behaviour is
invariant under injective renamings. We record here the following properties.

Proposition 3.A.1. Consider a presheaf P € Set! and a family
{h¢ : P(C) = B.P(C)} o
The family h is natural if and only if the following properties hold, for every C ¢ A, and any p € P(C):

1. For any D S¢ A such that C € D, and any c,d € D,

Tinp(hp([C — D]p)) | ¢ iff c € Cand minp(he(p)) L c
Tout(hp([C — D]p)) | (¢c,d) iff ¢,d € C and moui(he(p)) | (c,d)
Tpout(hp([C — D]p)) | ¢ iff ¢ € C and myoui(he(p)) | c
Ttau(hp([C — D]p)) | * iff Trau(he(p)) L *

When both sides are defined,

(Tinp(hp([C = DIp)))(c) = [N = 2, P1[C = D] ((inp(hc(p)))(c))
(Tout(hp([C = DIp))) (¢, d) = PueP[C = DI ((7rout(hc(p))) (¢, D))
(Tbout(hp([C = DIp))(€) = 6FP[C — D] ((Tpoutlhc(p))(c))
(Teau(hp([C = D1p))) () = PoeP[C = D] (Meaulbic(p)) ()

2. For any bijection 8 : C = D, and any c,d € C,

Tinp(hp([B]P)) | B(c) iff Tinp(hc(p)) |
Tout(hp([B1p)) L (B(c), B(d)) iff Tout(he(p)) | (¢, d)
Thout(Rp([B1p)) | B(c) iff Thout(he(P)) L ¢
Teau(hp([B1p)) | * iff Teau(hc(p)) | *

When both sides are defined,

(Tinp(hp([BIPN) (B(e)) = [N = 2, P1B ((inp(hc(p)) ()
(out(hp([B1p)) (B(), B(d)) = PoeP B ((Moulhc(p))) (e, d))
(Tbout(rp([BIP)) (B(e)) = 6P B ((Tpout(he(p))) (€))
(7eau(rp([BIPD)) (+) = uePB ((rau(hc () (+))

Proof notes. These results follow immediately from the actions of products and of partial exponen-
tials. O]

3.A.2 Proof of Theorem 3.3.6

We now provide a proof of Theorem 3.3.6.

Theorem 3.3.6. For every B.-coalgebra (P, h), the induced I-IL.IS (P,—,) satisfies Axioms I11-I6.
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Proof. We must show that for any B.-coalgebra (P h), the transition system (P,—;) induced by
(B.—1I)-1-(B.—I)-4 satisfies Axioms I11-16.

Axiom I1 follows directly from the definition.

Axiom I2 arises from the use of the exponential for the input component. Suppose that

Ckp ﬂh C tp’ is induced. This transition must have been induced by (B.—I)-1. Thus we must
have 7;,,(hc(p)) | c and p’ € (i, (he(p))(c))(d). Now, we know (7t;,,(hc(p))(c)) € [N = £,.P](C),
while

[N = £,.P](C) = { ¢ < I_[ Z,P(CU{d}) | Vz,2" € C. P[5'/z](p(2)) = ¢(2’)}
deN .

So, for any other name d’ € .#, we have a state p” € (7;,,(hc(p))(c))(d). By (B.—I)-1, the transi-
tion
crpdL, cu{d}rp”

is induced. So Axiom 12 is satisfied.
Axiom I3 holds because of the naturality of the coalgebra map; the uniform treatment of fresh
names by the exponential and name generation structures is also important here. For instance,

suppose that C  p C—!z>h C U {z} I p’ is induced, with z ¢ C. This must have been induced by
(B.—I)-3, so we must have

ﬂ:bout(hC(P)) l c and p/ € (chout(hc(p))(c))(z)-

Consider some bijection 8 : C U {z} = D. Prop. 3.A.1, with regard to the bijection S| :C = B(C),
gives

Toout(Rpcc)(PBlc(p))) L (B(c))
and  7pout(hp(c)(PBlc(P)I(B(C)) = (6 Zne(P)(Blc) (thout (he(PI)(C))

We know that (z) € B(C), so the action of §(#,.P)) gives

PB(P") € (Thout(hpcy(PBlc(P(B(c))) (B(2))

Thus, by (B.—I)-3, B(C) F [Blclp Ujﬁz)h D [B]p’ is induced. Other modes of communication

are treated similarly; thus Axiom I3 is proved.
We turn now to Axiom I4a. We will prove the left-to-right part of this axiom; a proof of the
converse is very similar. Suppose that

c?z /
Ckp—,CU{z}Fp

is induced. If z € C, the axiom is trivial, so suppose that z & C. The transition must have been
induced by (B.—I)-1, so we must have

Tinp(he(p)) lc and  p’ € (minp(he(p))()) (2).
Since h is natural, Prop. 3.A.1 gives
Tinp(hcugz3([C — CU{z}]p)) | ¢

and
Tinp(hcugz;([C = CU{z}]p))(c) = [N = P][C < C U {z}](7;np(hc(p))(c))
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From the action of the exponential and powerset we have
p" € (Tinp(hcugzy([C — C U {z}p))(e)) (=)

and so, by (B.—I)-1, we have C +p L’Z,h C U {z} F p’ as required. Thus Axiom I4a is satisfied.
To prove Axiom I4b we proceed as follows. Suppose that the premise of the axiom holds, i.e.,

Cui{d}F[C—=Cuid}lp idnl Cu{d}F p’. This must have been induced by (B.—I)-2. So we must
have that

Tout(heugay([C — CU {d}]p)) | (c,d)

Prop. 3.A.1(1) asserts that d € C, as required. So Axiom I4b holds.
We now turn to Axiom I5. We will concentrate on the case of input transitions. Suppose that

Ckp ﬂh Cu{d}+ p’, and consider D C¢ 4 such that C C D and with d & (D — C). The transition
must have been induced by (B.—I)-1, so we must have that

Tinplhc(@)) L e and  p’ € (minp(he(p))(©)) (D).

Prop. 3.A.1(1) gives us that r;,, (hp([C < D]p)) | c and

Tinp(hp([C = DIp))(c) = [N = Pe(P)I[C = D] (inp(hc(p))(c))

Either d € C, or d & D. For both these cases, the action of the exponential gives us

(minp(hp([C = DIp))())(d) = (PneP)[C U {d} — D U{d}] ((inp(he(p))(0))(d))

We know that p’ € (7;,,(hc(p))(c))(d). The action of the powerset is pointwise, so

[Cu{d} = Du{d}]p’ € (Minp(hp([C — DIp))(c))(d)

So, by (B.—I)-1, a transition

DFI[C—Dlp <%, DuUid}F[Cuid} — Duid}lp’

is induced, as required. Other modes of communication are treated similarly; thus Axiom I5 is
proved.

Finally, we show that Axiom 16 holds of the induced transition system —;. We will focus on
the case of output transitions. Suppose, then, that

DF[C—Dlp 2%, DUld}Fp’

with d € (D — C), as in the premise of Axiom I6.
For the case d € C, the transition must have been induced by (B.—I)-2, so we have

Tout(hp([C = DIp)) L (c,d)  and  p’ € mou(hp([C — DIp))(c,d).

By Prop. 3.A.1(1), we have c € C, wy,(hc(p)) | (c,d), and

(ﬂ:out(hD([C — D]p))) (C: d) = ‘@nep[c — D] (ﬂ:out(hc(p))(cz d))
Now, since
p’' € 2,P[C = D](mout(hc(p))(c,d))
the action of the powerset ensures that there exists a state p” € 7,,.(hc(p))(c,d) with [C — D]p” =p’.
By (B.—I)-2,CFkp ﬂh C F p” as required.
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For the case of output where d & D, the transition must have been induced by (B.—I)-3, so we
have

Thout(Mp([C — D]p)) L ¢ and p’ € (Tpout(hp([C = D1p))(c))(d).
By Prop. 3.A.1(1), we have c € C, mpo,(hc(p)) | ¢, and

(ﬂ:bout(hD([C — D]p)))(c) = (69nep)[c — D] (nbout(hc(P))(C))

Since d ¢ D we have d ¢ C and the action of 6 2 P gives

(Thout(ip([C = DIP)@)(d) = (PaePI[C UTd} = D U {d} ( (Toouelhc () (@)

So we have
P’ € (Z,P)[C U{d} = DU {d}]( (Mhour(hc(p))()) (@)

The action of the powerset ensures that there exists p” € (7pout(hc(p))(c))(d) which is such that

[Cu{d}—Du{d}lp” =p’. By (B.—I)-3,Ctp idql Cu{d}F p” as required.

Other modes of communication are treated similarly; thus Axiom I6 is proved. Thus we have
shown that the I-ILTS induced by a coalgebra satisfies Axioms I1 — 16, and Theorem 3.3.6 is
proved. Ol

3.A.3 Proof of Theorem 3.3.7

We now provide a proof of Theorem 3.3.7.

Theorem 3.3.7. For any I-IL.IS— that satisfies Axioms 11-16, the induced family {Fc} c s natural
in C.

Proof. We consider an I-IL.TS that satisfies Axioms I1-16, and show that the family

{Re: P(C) > B.P(O)}

induced according to (I-B,)-1-4 is natural in C. For this, we use Prop. 3.A.1. We begin by proving
naturality with respect to inclusion maps — that is, property (1) of Prop. 3.A.1. Here, we will
focus on the input component of the coalgebras. We fix some C,D S¢ A such that C € D, and
consider p € P(C).

We begin by showing that if ninp(F’D ([C <= D]p)) | c then c € C and ninp(WC (p)) | ¢, and also
that for each d € ¥,

(Rinp(Fp ([C = DIPN(Q)) (@) € (@aeP)IC = D] ((mimp(Hc () (D)) -

Suppose that ninp(FD ([C < D]p)) | ¢, and that for some d € 4 there is p’ € P(C U {d}) such

that p’ € (ninp(TD ([C— D]p))(c)) (d). This must all have been induced by (I-B,.)-1, so we must
have
b
DFIC—Dlp L& DuidiFp

Eitherd e C,ord € (# — D), ord € (D—C). If d € C or d € (A — D), then by Axiom I6 we
have p” € P(C U {d}) such that p’ = [CuU{d} — DU {d}]p” and

ckp 2L cutdirp”

If d € (D — C), then by Axiom I6 we have

CuldiF[C—culdlp <5 cuidiFp”
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and, by Axiom I4a,
crp 2 culdirp”

Now, no matter which subset of 4 contains d, by Axiom I1 we have ¢ € C, and (I—B,)-1 ensures
that (e () | ¢, and that p” € (mipp(He (P))(©)) (d). So

(inp(Rp ([C = DIPI)(©)) (d) S (ZneP)C = D] ((7inp(R e (PI)()) (d))

as required.
We now consider the converse: we show that if ¢ € C and ninp(ﬁc (p)) | ¢ then we have

Tinp(Rp ([C = DI1p)) | ¢, and also that for each d € A/,

(22P)[C = D] ((Tinp(Rc (2))(©)) (d) S (ming(Rp ([C = DIP))(C)) (d)

Indeed suppose that ¢ € C and ninp(FC (p)) | ¢ and suppose that for some d € A there
is p’ € P(D U {d}) such that

p' € (2,P)[C = D] ((minp(hc (X)) (D)) .
Then we must have p” € P(C U {d}) such that p’ = [C — D]p” and
p" € (minp(hc (P)()) (d)

All this must have been induced by (I-B.)-1 so we must have

ckp 24 culdirp”

Now, eitherd e C,ord € (# —D),ord € (D —C). If d € C or d € (# — D) then Axiom I5 gives

DFC—Dlp <L Duiditp’

If d € (D — C) then Axiom I4a ensures that

CUldiF[C—culdlp <5 cuidiFp”

and by Axiom I5 we have
DF[C—Dlp IS D p

So, no matter which subset of .4 contains d, (I-=B,)-1 ensures that 7;,,(hp ([C — D]p)) | ¢ and
also that

(Z4eP)[C = D] ((minp(he (0)(©)) (d)) S (minp(Rp ([C = DIp))(c)) (d)

The components for other modes of communication are seen to be natural with respect to
inclusion maps in a similar manner. For output and bound output, Axiom I4b is required.

We now turn to show that the family {Fc} c is natural in C with respect to bijections — this
is property (2) of Prop. 3.A.1. This property involves only Axiom I3. For an example we con-
centrate on the bound output component. Consider some C,D &; 4, and some p € P(C), and a
bijection 8 : C = D. Because bijections are invertible, to prove the bound output aspect of prop-
erty (2) of Prop. 3.A.1 it is sufficient to show that for any ¢ € C, whenever . (hc (p)) | c we
have that 7,,,.(hp ([B1p)) | (B(c)) and that for all z € D,

(620ePB ((houe(Hec (N)(©)) &) € (Foou(hp ([B1P)) () )
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Indeed, suppose that 7p.,:(h ¢ (p)) | ¢ and that
p' € (62:PB ((mpout(hc ()))(0))) (2)

Pick some z’ € (4 —C). The actions of 6 and %, ensure that there is p” € ((ﬂ-bout(FC (p)))(c)) ()
such that p’ = [B,2/2z']p”. This must have been induced by (I-B,)-3, so we must have that

Cl—picu{z'}l—p”
By Axiom I3, considering the bijection [f,2/2'] : CU {2’} > DU {2},
D8l "% DU} p

8o, by (I=B.)-3, Theut(hp ([B1p)) L (B(c)) and

P’ € (Tpout (A ([B1P))) (B(c))) (=)

Thus T: P — B,P is seen to be natural, and Theorem 3.3.7 is proved. O]



Chapter 4

Models for Name-Passing, Refined

In this chapter we investigate refinements of the models of Chapter 3 by imposing a sheaf condition
on the presheaves that we consider as state spaces. We consider a coverage of the category I for
which the separatedness condition for a presheaf P € Set' enforces that the action of P on the
injections of I is injective. The sheaf condition for this coverage further enforces that a presheaf P
maps pullbacks in I to pullbacks of sets. We assert that this sheaf condition is reasonable, given our
intuitions about presheaves as state spaces.

We recall some basic and general aspects of sheaf theory in Section 4.1. In Section 4.2 we
introduce a coverage on the category I for which the category of sheaves is known as the Schanuel
topos. We show that the problems with coalgebraic bisimulation (observed in 3.3.3) disappear
when the state spaces are sheaves. We then establish that the behaviour endofunctors on Set!
restrict to endofunctors on this sheaf subcategory.

In Section 4.3 we account for state spaces that admit all substitutions by identifying an appro-
priate sheaf subcategory of Setf. In Section 4.4 we explore some benefits of restricting the model
in this way, by working with certain minimal elements of presheaves. In doing this, we arrive at a
simple axiomatisation of transition systems.

4.1 Preliminaries: Coverages on categories

We begin with some definitions from Grothendieck’s sheaf theory. It is usual in sheaf theory to deal
with contravariant functors, but for the purposes of this thesis it is sensible to work with covariant
functors. For instance, the presheaves considered in the previous chapter were all presented as
covariant functors. We take this opportunity to rewrite the usual definitions from this covariant
perspective.

The exposition here is terse as it is intended merely to set notation and collect some results
that will be important in our development. The interested reader should turn to the literature for
examples and discussion, perhaps beginning with the books by Mac Lane and Moerdijk [1992] and
by Johnstone [2002]. The terminology here is based on Johnstone’s book [2002].

4.1.1 Coverages, sheaves, and separated presheaves

We begin by recalling the notion of coverage on a category. We follow this by providing notions
of separated presheaves and sheaves for coverages. We conclude this subsection by considering
coverages made of singleton families.

Coverages. Let C be a small category. A coverage on C is an assignment J from objects C € C to
collections ZC of families of morphisms with domain C. The families in ZC are called J-covers
of C. (The prefix 7 will be omitted when it is obvious.)

89
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A coverage is stable if for every J-cover T of C, and every morphism f : C — D in C, there is a
F-cover Ty of D such that for every g : D — E in Ty, the composite gf : C — E factors through a
morphism in T.

Sieves. For any object C of a small category C, a sieve on C is a collection T of morphisms in C
with domain C, such that if f : C — D isin T then for any E € C, and any morphism g : D — E in C,
the composite gf : C - Eisin T.

Every collection T of morphisms in C with domain C generates a sieve on C by closure under
postcomposition.

Presheaves that are separated or sheaves for a coverage. Let C be a small category. Consider
a covariant presheaf P : C — Set, and consider a coverage  on C. We recall what it means for P to
be &-separated, and for P to be a 7-sheaf.

Definition 4.1.1. Let & be a coverage on a small category C.

1. Consider an object C € C, and let T be a collection of morphisms in C, all with domain C.
A compatible family for T is given by assigning to each morphism f : C — D in T an element
ps € P(D), such that, for any two morphisms f : C — D, f’:C—D’"in T, and any object E € C,
and any morphisms g : D — E, g’ : D’ — E, if gf = g’f’ then we have that Pg(ps) = Pg’(ps).

2. For any object C € C, and any collection T of morphisms in C with domain C, an amalga-
mation of a compatible family (ps)ser is an element p € P(C) such that for every morphism
f:C—Din T we have Pf(p) = py.

3. A presheaf is 7-separated if for every C € C, every compatible family for every 7 -cover of C
has at most one amalgamation.

4. A presheafis a 7-shedaf if for every C € C, every compatible family for every &-cover of C has
a unique amalgamation.

Sites. Asite (C,7) is a small category C equipped with a coverage &. A sheaf for a site (C,7) is a
presheaf on C that is a 7-sheaf. We write Sep(C, 7) for the full subcategory of Set® whose objects
are J-separated; we write Sh(C, Z) for the full subcategory of Set® whose objects are 7-sheaves.
If 7 is stable then the category Sh(C, 7) is a Grothendieck topos [see e.g. Johnstone, 2002, Prop.
C2.1.9 and Ex. C2.1.13].

Coverages made of singleton families. In this thesis the coverages that we will consider will
either consist of singleton families of morphisms, or will be sifted coverages that are induced by
such coverages. Fixing a category C, we let .« be a class of morphisms in C; the morphisms in ./
will be called .«/-morphisms. This class .« generates a coverage Z,, on C, for which the Z,-covers
of an object C € C are the singleton sets containing .« -morphisms with domain C.

It is straightforward to establish that the induced coverage 7, is stable if and only if for every
.o/ -morphism f : C — D and every morphism g : C — C’ in C, there is an .¢/-morphism f’: C’ — D’
and a morphism g’ : D — D’ in C such that the following diagram commutes.

D
f g
N
C D’
\ (ey
g C/ f’
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4.1.2 Morphisms between sites

Recall that every functor F : C — D induces an essential geometric morphism Set® — Set®. That is,
we have a functor F* : Set® — Set® given by precomposition with F, and this functor F* always has
a left adjoint F, : Set® — Set® and a right adjoint F, : Set® — Set?.

When C and D are equipped with coverages, these functors do not always restrict to functors
between categories of sheaves, or of separated presheaves. However, by imposing some conditions
on the way that F respects the coverages, one can achieve some results in this direction.

Definition 4.1.2. Let (C, ) and (D, ) be sites, and let F : C — D be a functor.

1. We say that F preserves covers if, for every object C € C and every #-cover S of C, the sieve
generated by the family {F f | fes } contains a 7-cover of FC.

2. We say that F reflects covers if, for every object C € C and every J-cover T of FC, there is an
& -cover S of C such that the family {F f ) fe S} is contained in T.
Inverse images. We record some properties of the inverse image functor F* : Set” — Set®. These

three results follow straightforwardly from expanding the definitions.

Proposition 4.1.3. Let (C, &) and (D, 7) be sites, and let F : C — D be a functor. Consider a presheaf
P € Set?.

1. If F preserves covers, and P is J-separated, then F*P is &-separated.

2. If F reflects covers, and F*P is &-separated, then P is J-separated.

3. If F reflects covers, and F*P is an /-sheaf, then P is 7-sheaf. O
Note that Prop. 4.1.3 does not assert that the inverse image functor F* maps Z-sheaves to

& -sheaves.

Direct images. We record a property of the direct image functor F, : Set® — Set®. This result is
given by [Johnstone, 2002, Prop. C2.3.18], although he assumes some additional properties of the
sites and the proof there is not direct. For these reasons we include a proof here.

Proposition 4.1.4. Let (C,) and (D, ) be sites, with & stable. For any cover reflecting functor
F : C— D, the direct image functor F, : Set® — Set® restricts to a functor F, : Sh(C, ) — Sh(D, 7).

Proof. Let P be a presheaf on C.
We begin by recalling that, by the Yoneda lemma, we must have for each C € D that

F.P(C) = Set®(D(C,F-),P)

and that this natural isomorphism is natural in C € D. Here, we will take this isomorphism as a
definition of F,P.

We will show that if P is an .&-sheaf then the presheaf F,P is a 7-sheaf. To this end we let T be
a J-cover of an object D of D, and consider a compatible family in F, P

(aj : D(E,F-)— P) (4.1.5)

f:D—EET

for this cover. We define an amalgamation
a:D(D,F-)— P

for this family as follows.
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Consider an object C € C, and a morphism f : D — FC in D. Since & is stable we have a
F-cover Ty of FC such that for every morphism g : FC — E the composite gf : D — E factors
through a morphism in T. Because F reflects covers, and T is a 7-cover of FC, we must have an
-cover Sy of C such that the family FS; is contained in T.

We now create a compatible family for S; in P,

) e p(c’
(») epcc ))gchclesf . (4.1.6)

We do this as follows. Since F reflects covers, we know that for every morphism g : C — C’ in Sy,
there is a morphism f’: D — D’ in T and a morphism g’ : D’ — FC’ in D such that the following
diagram commutes in D.

/ﬁ
\/

Therefore we have a member agp D(D’,F—) — P of the compatible family (4.1.5), and we let

pg ) = ag C,(g ). It follows from the compatibility of (4.1.5) that this definition of p(f )

/

is indepen-

dent of the choice of f” and g’. The resulting family ( ) e p(c’ )) i is compatible since
g:C—C’eSy

(4.1.5) is compatible.

We define a.(f) € P(C) to be the amalgamation of this family (4.1.6). This exists, since P is
a sheaf. It is routine to verify that the family of functions {a.} .. defined in this way is natural.
Thus we have an amalgamation for the family (4.1.5).

The uniqueness of this amalgamation a follows from the uniqueness of the amalgamations of
families (of the form (4.1.6)) used to define a. O

4.2 Models of name-passing in the Schanuel topos

In Sections 3.2 and 3.3 we studied models of name-passing for which the state spaces were organ-
ised as presheaves over the category I. We now introduce a coverage on I, and argue that the only
state spaces of interest are in fact sheaves for this coverage.

In Section 4.2.1 we investigate some basic properties of this sheaf category. Following this, in
Section 4.2.2 we consider bisimulations for sheaf state spaces, and then prove that the behaviour
endofunctors introduced in equations 3.2.11 and 3.2.13 lift along the inclusion of the sheaf cate-
gory into the presheaf category.

4.2.1 The Schanuel topos

We will consider the singleton coverage 2 on I generated by the collection of all inclusion
maps (C — D), for C € D in I. To see that & is stable, suppose that C € D, and consider an
injection 1 : C > C’. Pick an object E with a bijection 3 : D — E such that E is disjoint from C’. We
have the following situation.

C~——D

(up)
t

¢'———C'UE

A similar situation arose in Section 3.3.3, in showing that the closure operator presented in
(3.3.14) was well-defined. In fact, the operator (Q — Q) presented there is the closure operator on
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subobjects of presheaves in Set! as derived from the coverage 7 [see e.g. Johnstone, 2002, Example
A4.3.5].

Supports and seeds. It is convenient to reformulate the notion of compatible family for the
Schanuel topos. There is a way of determining the names used by a state by observing the action
of the injections on the state. We say that a set of names obtained in this way supports the state;
formally:

A set D € 1supports a state p € P(C)if D € C and, for any 1, : C = C’ in I with |, = j|p,
we have Pi(p) = Pj(p).

Thus, if D supports p € P(C) then the action of an injection on the state is determined by the action
of the injection on D.

For an example, consider the presheaf P, of m-calculus processes, introduced in (3.2.1). A
set D C C supports a process p € P,(C) if and only if fn(p) € D.

If D does support p € P(C), and there is an element p’ € P(D) such that [D — C]p’ = p, then
we say that the element p’ is a seed of p at D.

In our sheaf-theoretic terminology, the statement “D supports p € P(C)” means that the single-
ton set {p} is compatible with the singleton family {(D < C)}. The statement “p’ is a seed of p at D”
means that p’ is an amalgamation of that compatible family. Thus, to require that a presheaf P is
Jh-separated is to require that whenever D supports p € P(C), then p has at most one seed at D. To
require that a presheaf P is a Zj-sheaf is to require that whenever D supports p € P(C), then p has
a unique seed at D.

For a sheaf P, when D supports p € P(C) we will write seed(p@D) for the unique seed of p at D.

Properties of supports. We collect some useful basic properties of supports.
Proposition 4.2.1. Let P be a presheaf in Set'. Consider name contexts C,D €I such that D C C.

1. Consider p € P(C) supported by D. For any natural transformation a : P — Q to a presheaf Q
we have that D supports ac(p).

2. Consider p € P(C). For any monic natural transformation a : P = Q to a presheaf Q, if D
supports ac(p), then D also supports p.

3. If p € P(D) then D supports [D — C]p.

Proof. Consider injections 1, : C — C’ such that 1|, = j|p. For item (1),

[(ac(p)) = ac(l1]p) (naturality of a)
=ac([7]p) (since D supports p)
= [71(ac(p)) (naturality of a)

as required.
For item (2), we note that

ac/([t]lp) = [t](ac(p) (naturality of a)
= [7](ac(p) (since D supports a.)
=ac([7]p) (naturality of a).

Since a is monic, the component a- is an injection between sets. Thus [1]p = [7]p, as required.
For item (3), [t][D — C] = [J][D < C] and so [t][D — C]p = [J][D — C]p, as required. O
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Separated presheaves.

Proposition 4.2.2. A presheaf P € Set! is Z;-separated if and only if for each C,D € 1 with C C D, the
function P(C — D) : PC — PD is injective.

Proof. First, we prove from left to right. We suppose that a presheaf P € Set! is J;-separated, and
show that, for any C,D €I with C C D, the function P(C — D) : PC — PD is injective.

Consider some p,p’ € PC such that [C — D]p = [C — D]p’. By Prop. 4.2.1, we have that p
and p’ are two seeds of the element [C — D]p € P(D) that is supported by C. Since P is Zj-sepa-
rated, we must have at most one such seed, so p = p’.

To prove from right to left, we suppose that C supports p € P(D). Suppose that we have two
seeds p,p’ € PC, for p at C — so [C < D]p = [C — D]p’. Then, because P(C — D) is injective, we
have that p = p’, and the two seeds are the same. O

Every injection in I factors as a bijection followed by an inclusion. Bijections are invertible so
the action of P on bijections is necessarily bijective; thus a presheaf P € Set! is Z-separated if and
only if P preserves injections.

We assert that Z;-separation is a reasonable property to expect of presheaves. Suppose that
C C C’ 1. If we follow the intuition that has been introduced, the action of a presheaf P € Set! on
the inclusion map (C < C’) will map states in name context C to states in name context C’. Our
argument is that if two states are distinct in one name context then it is strange if they become the
same state when more names are considered.

Sheaves. We assert that the sheaf condition for 7 is a reasonable one to expect of presheaves.
Our intuition is that a state that appears to be only using names in D should exist in name context D.
It is clear that the presheaf P, € Set! introduced in (3.2.1) is a sheaf.

Since we will not consider any other coverage on I, we will hereafter refer to Z-separated
functors as simply separated and we will refer to Z;-sheaves as sheaves. We write Sh(I) for the full
subcategory of Set! whose objects are sheaves.

Pullback-preserving presheaves, and intersections of supports. Since pullbacks of monos are
monic, we know that I has pullbacks and that the inclusion functor I — Set preserves them. We
recall a characterisation result.

Proposition 4.2.3. A presheaf in Set! is a sheaf if and only if it preserves pullbacks. O

This result is Exercise II1.13 of Mac Lane and Moerdijk [1992]. A solution is given by Johnstone
[2002, Example A2.1.11(h)], and involves an elegant combinatorial argument.

According to Johnstone [1989, Remark 1.4], Prop. 4.2.3 was first observed in unpublished work
by S. H. Schanuel; the category Sh(I) has been called the Schanuel topos.

Prop. 4.2.3 has the following consequence.

Proposition 4.2.4. Let P € Set' be a J;-separated presheaf. If both D and D’ support p € P(C),
then D N D’ also supports p.

Proof. For the case where P is a sheaf, the result follows from Prop. 4.2.3 by considering the
following pullback in I
DNnD’

N
N

DuUD’
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Now, for the case where P is separated, we know that the map from P into its associated sheaf
is monic [see e.g. Mac Lane and Moerdijk, 1992, Lem.III.5.2], and so the result follows from
Prop. 4.2.1(2). ]

4.2.2 Coalgebras in the Schanuel topos

We now develop coalgebraic models of name-passing in the Schanuel topos. We begin with an
improvement on the analysis of bisimulation provided in Section 3.3.2, which provides a strong
motivation for restricting attention to coalgebras whose carriers are sheaves.

We then show that all the operators on Set' that were introduced in Section 3.2.1 restrict to
constructions on Sh(I), and hence we are able to consider B, as an endofunctor on Sh(I).

Bisimulation for coalgebras over sheaves. We now revisit the discussion of Section 3.3.2. When
the carriers of coalgebras are sheaves then a direct correspondence between the coalgebraic and
transition system notions of bisimulation is possible.

Theorem 4.2.5. Let (P,h) and (Q, k) be B.-coalgebras. Suppose that P and Q are both sheaves.
Every I-indexed early bisimulation R between induced I-ILISs —;, and —,, is also a B.-bisimulation
between B,-coalgebras (P,h) and (Q, k).

A proof of this result is provided in Appendix 4.A. I further conjecture that the statement of Theo-
rem 4.2.5 holds if P and Q are only required to be separated.

Sheaf-structured coalgebras. Following Section 3.2, we are led to sheaf-based coalgebraic mod-
els of name-passing, namely the classes of JI(I’g‘)-structured B.-coalgebras and JI(I’g')—structured
B,-coalgebras, where we write JI(I"%) for the embedding of Sh(I) into Set.

Constructions of sheaves. Structuring of coalgebras is not necessary, since, as we now explain,
the constructions of Section 3.2.1 all restrict to constructions on sheaves, and so we can define a
behaviour endofunctor directly on the category Sh(I).

Theorem 4.2.6.
1. Products of sheaves are calculated pointwise, as in Setl.
2. The function space [N = P] in Set! is a sheaf whenever P is a sheaf.
3. Coproducts of sheaves are calculated pointwise, as in Set’.
4. The object of names N € Set! is a sheaf.
5. If P € Set! is a sheaf. the space 5P of names generated into P is a sheaf.
6. If P is a sheaf then so are Z P and #,.P.
7. If P and Q are sheaves then [Q= P] is a sheaf.

Proof. Item (1) is standard [see e.g. Mac Lane and Moerdijk, 1992, Prop. I11.4.4]. Item (2) can also
be derived from standard results [e.g. Mac Lane and Moerdijk, 1992, Prop. II1.6.1] by showing that
[N = P] is the exponential in Set!. However, instead of doing this, we will provide an explicit proof
that [N = P] is a sheaf when P is a sheaf.

We begin by proving that if P is separated then so is [N = P]. So we suppose that P is separated,
and, following Prop. 4.2.2, we show that for each C,D € I with C € D, the action [N = P](C — D)
is injective.
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To this end, consider ¢,y € [N = P](C), and suppose that
[N = P](C = D)(¢) =[N = P](C — D)(¢)
We know from equation 3.2.3c that, for all z € ¥,

P(CU{z} = DU{z})(¢(2)) = P(CU{z} — DU {z})(¢(2))

It follows that ¢ = 1), because for each z € 4, the action P(C U {z} — D U {z}) is injective, by
Prop. 4.2.2. Thus we know that [N = P] is separated if P is.

To finish proving item (2), we now suppose that P is a sheaf, and show that [N = P] is also a
sheaf. Consider C €1 together with ¢ € [N = P](C). Suppose that we have that D € C and that D
supports ¢.

We will first prove that for each z € A4 we have that (D U {z}) supports ¢(z) € P(CU {z}).
To this end, consider a name context E € I, and injections 1,j: CU{z} — E which are such
that 1|pyg,; = 7lpugz;- We must show that Pi(¢(z)) = Pj(¢(z)). We do this differently depending on
whether gz is in C.

For the case where g € C, consider the following sequence of identities.

Pi(¢(2)) = ([N = Pli(¢)) (1(=)) )]
= ([N = P1;(¢)) (=) ©)
= ([N =P1)(¢)) (=) 3)
=Pj(¢(2)) 0

Using: (1) defn. of action of [N = P]; (2) since D supports ¢, and 1|, = j|p; (3) since 1(z) = j(z); (4) action of [N = P].

For the case where z € (A — C), we let i/,j : C — E act as the injections 1, on the restricted
domain. Then we have the following sequence of equations.

Pi(¢(2)) = P[1',1(2)/2](¢(2)) m
= ([N = P1'(¢)) (1(=)) @
= ([N = P1)(¢)) (=) ®3)
= (IN=P'(¢) U=) @)
=P[)',1(2)/2](¢(2)) ®)
=Pj(¢(2)) (6

Using: (1) defn. of [1,1(2)/z]; (2) action of [N = P]; (3) since D supports ¢, and |, = j’|p; (4) since 1(z) = j(2);
(5) action of [N = P]; (6) defn. of [}/, j(2)/2].

So we know that for each z € A4 we have that (D U {z}) supports ¢(z). Using this fact, and the
assumption that P is a sheaf, we define the seed of ¢ at D,

seed(¢ @D) € ]_[ P(CuU{z})

zEN

as follows: for each z € ¥, let

seed(¢ @D)(z) = seed((¢(2))@(D U {z}))

It remains for us to check that seed(¢ @D) is in [N = P](D), i.e., that it satisfies the uniformity
condition. Consider z,z” € (A — D). If neither of z,2” are in C then the uniformity condition follows
from the uniformity condition for ¢». We now consider the case where z € C and 2’ ¢ C. We must
show that

P[2'/z](seed((¢(2))@(D U {z}))) = seed((¢(z))@(D U {z'}))
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By the universal property of seeds, it suffices to show that
P((DU{z'} = CU{z'Po[z'/z]) (seed((¢(z))@(D U {z}))) = ¢(2')
This is established by the following sequence of identities.

P((Du{z'} = Cu{z’'})o[z'/z]) (seed((¢(2))@(D U {z})))
=P((C—{zhu{z'} = Ccu{z'Po[z'/z] o (DU{z} — C))

(seed((¢(2))@(D U {z}))) ¢))
=P((C—{zhu{z't > Cu{z'Dolz'/z]) (¢(2) @)
= ([IN=>PI((C—{zhHU{z'} > CU{z'}D o [2'/2]) (¢)) () ©)
= ([N=Pl(C—=CU{z'}(9)) (= @
=¢(=) (s)
Using: (1) factorisation; (2) defn. of seeds; (3) action of [N = P]; (4) since D supports ¢, and since

(C—=Cculz'Plp =((C—{zhHufz'} = Cu{z'Po[z'/z])|p; (5) eqn. 3.2.3c.

So we have the uniformity condition when at most one of {z,2’} are in C. For the case when both z
and 2z’ are in C, we pick another name z” € 4 that is not in C, and use the former result twice.
Thus seed(¢ @D) satisfies the uniformity condition, and so is indeed an element of [N = P](D). So
[N = P] is a sheaf.

Item (3) is true in any sheaf topos with a coverage generated by singleton families. In the
present case, consider an I-indexed family of sheaves {P;},; and the coproduct [ [,; P; in Set". For

any element
inj;(p) € (]_[Pi) (©)

i€l

if D supports inj;(p) then D supports p € P;(C). Hence we have a seed seed(p@D) € P;(D) and also

a seed
inj (seed(p@D)) € (]_[Pi) (D)
iel

Item (4) is straightforward, because if D supports c € N(C) then ¢ € D. To put it another way: N
is the inclusion functor I — Set, and pullbacks of monos are monic, so N preserves pullbacks and
item (4) follows from Prop. 4.2.3. (Indeed, the coverage Z is subcanonical, and N is representable
— it represents a singleton name context.)

Item (5) is established in a manner similar to item (2). Turning to item (6), the simplest proof
that I know uses Prop. 4.2.3. We concentrate on the powerset functor & ; the non-empty variant is
treated similarly. The presheaf # P is the composite

125 Set -2 Set (4.2.7)

where & is the powerset endofunctor on Set.

Suppose that P is separated. Then, by Prop. 4.2.2, we have that the presheaf P preserves monos.
It is well-known that the endofunctor & on Set preserves monos; thus we know that the composite
of (4.2.7) preserves monos, i.e. is separated.

Now suppose that P is a sheaf; by Prop. 4.2.3, it preserves pullbacks. It remains for us to
show that the endofunctor & on Set preserves pullbacks of monos. It is well-known that & on Set
preserves weak pullbacks (i.e. pullbacks but where the mediating morphisms need not be unique).
As mentioned above, the endofunctor & also preserves monos. (In fact, preservation of monos
follows from preservation of weak pullbacks.) A weak pullback of monos is a strong pullback, and
so the composite of (4.2.7) also preserves pullbacks, and so, by Prop. 4.2.2, it is a sheaf.
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For item (7), we consider a partial function ¢ € [Qq=P](C) that is supported by D <; C and we
prove that (i) if ¢ | g then D supports ¢; (ii) that if ¢ | ¢ and D supports q then D supports ¢(q).
Given these two results we can define seed(¢ @D) € [Q=P](D) by (for q € Q(D)):

seed(¢([D — Clq)@D) if¢ | [D— Clq
undefined otherwise.

seed(¢@D) (q) = {

For item (i): note that, by Prop. 4.2.1(1), D also supports

¢'=[Q=(:P—->Dlc(¢) € [Q=1](C)

It is easy to see that [Q=>1] is isomorphic to 2(Q). Now, by item (6), #(Q) is a sheaf, and so
[Q=21] is a sheaf. Hence we have a seed seed(¢’@D) € [Q=1](D). Consider some q € dom(¢).
By definition of [Q=x(!: P — 1)] we have q € dom(¢’). So, looking at the action of ¢/, we have ¢’
in Q(D) such that [D — C]q’ = q. So, by Prop. 4.2.1(3) we know that D supports q.

For item (ii): we consider injections 1,7 : C — C’ such that 1|, = j|,. We suppose that D
supports q € dom(¢); we must show that [1](¢(q)) = [7](¢(q)). Now

[1](¢(q)) = ([1]¢)([1]q) (action of ¢)
=(U1e)le) (since D supports ¢ and q)
= [71(¢(q)) (action of ¢)
as required. Ol

Coalgebras over sheaves. From Theorem 4.2.6 we know that the behaviour endofunctors B,
and B, on Set' both lift, along the embedding JI(I"%) : Sh(I) — Set!, to endofunctors BS" and th on
Sh(I). (We will omit the superscript (Sh) when it is clear from the context.) We have the situation
discussed in Example 2.4.3(3), and so there are isomorphisms of categories

(7, B,)-Coalg = BS"-Coalg (Ui, By)-Coalg = BY"-Coalg

The embedding JI(I"%) : Sh(I) — Set! has a left adjoint [the associated sheaf functor; see e.g.
Johnstone, 2002, Example A4.1.8]. Thus we can conclude, using Prop. 2.3.1, that the morphisms
of endofunctors

(Sh(D), BS") — (Set', B,) (Sh(I), BJ™) — (Set', B)

both have left adjoints in coEndo. Thus, by Theorem 2.5.7, the final B.-bisimulation between a pair
of B.-coalgebras whose carriers are sheaves, is itself a sheaf; a similar result holds for the ground
case. (An alternative way to establish this result is to combine Prop. 3.3.13 with Theorem 3.3.16.)

4.3 Sheaves and all substitutions

In Section 3.4.3 we considered models for name-passing for which the state spaces admitted all sub-
stitutions, not only injective renamings. These models captured the uniformity of input behaviour,
and also provided a framework for studying wide open bisimulation.

We will now bring these models in line with the sheaf-based approach of the previous section.
To do this, it is necessary to consider a coverage on the category F. After studying the corresponding
category of sheaves, we show that the sheaf requirement for this coverage on F is in fact very simple.
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Coverages for F. Unfortunately, the forgetful functor U} : Set” — Set' does not factor through the
subcategory Sh(I). It is necessary to impose a sheaf condition on the presheaves in Set’. We will
consider the coverage Z of singletons, generated by the collection of all inclusion maps in F. To
see that Z is stable, consider C,D € F such that C € D, and consider a function f : C — C’ in F.
Then the following diagram commutes in F.

C ~—— D

(fuidp)
f

¢’ ——cCc'ubD

A similar situation arose in Section 3.4.2, in showing that the closure operator of (3.4.7) was
well-defined. Indeed, that closure operator on subobjects of presheaves in Set® derives from the
coverage J, in the same way that the closure operator on subobjects of presheaves in Set! (of
(3.3.14)) derives from the coverage .

As we now prove, this coverage is exactly the one needed to restrict the forgetful functor to a
functor Sh(F, Z) — Sh(I, %).

Proposition 4.3.1. Consider a presheaf X € Set".
1. X is Fg-separated if and only if ULX is Z;-separated.
2. X is a Fy-sheaf if and only if ULX is a F;-sheaf.

Proof. To begin, we note that the inclusion functor jj : I — F preserves and reflects covers. Thus
item (1), and also the right-to-left part of item (2), follow from Prop. 4.1.3.

It remains for us to prove item (2) from left to right. Suppose that X is a Zz-sheaf. We will show
that UpX is a J;-sheaf. Consider a compatible family {x e UX (D)} for some ;-cover, {(C — D)}.
This Z-cover is also a Jg-cover. We will show that the family {x € X(D)} is compatible for this
Jp-cover.

The category F has finite coproducts. We pick such a binary coproduct structure, as usual
writing ‘+’ for the binary coproduct, and inl and inr for the left and right binary coproduct injections
respectively.

Consider E € F, and two functions f,g : D — E in F, which are such that f|. = g|.. We define
two injections t,7 : D — (D + D) as follows.

inl
1=D-5(D+D)

_ inlo(C—D))U (inro((D—C)—D
= D o (CUD — ) SnoCoDDlnre(D-C)=D)

(D+D)

So t|c = J|¢- Also, since f|- = g|c, we have (f +idp)oj=(g+idp)oj:D — (E+ D).
Note that the following diagrams commute.

f g

D——FE D———E
{ linl IJ, Jim
(D+D)m(E+D) (D+D)m(E+D)
Thus
[inlg4py][f 1x = [f +idp][]x (4.3.2a)
=[f +idplly]x (4.3.2b)
=[g+idp][s]x (4.3.20)
= [g+idp][1]x (4.3.2d)

= [inlg4pyllglx (4.3.2¢)
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Using: (4.3.2a): since (inlg,pyo f) = (f +idp 0 1); (4.3.2b): since UII:X is a J;-sheaf, and C supports x, and 1|; = Jj|¢;
(4.3.2¢): since ((f +idp)oy) = (g+idpoy); (4.3.2d): since UII;X is a Z;-sheaf, and C supports x, and 1|, = J|¢; (4.3.2€e): since
(inlg4pyog) = (g +idp o).

Since X is a Zg-sheaf, it is Fg-separated. So, by item (1) of this proposition, we have that U;X
is Z-separated, and so the action of the injection inl : E — (E + D) is injective. Thus we have that
[f]x = [g]x. So the singleton {x} is a compatible family for the Z-cover {(C — D)}. Since X is
a Jg-sheaf, there is an amalgamation, x’ € X(C). This element also serves as an amalgamation for
the Z-cover {(C — D)}. Thus U;X is a Z-sheaf. O

We write Sh(F) for the full subcategory of Set" with objects Z;-sheaves.

A simple check for Z;-separated presheaves and Zz-sheaves. Let 1 € F be a terminal object
of F; it is a singleton set. It is interesting to consider the coverage Z;; on F for which the only

cover is the initial/terminal map (0 EN 1). The following result explains that the requirements for
Te-separatedness and Jg-sheaves are very simple.

Proposition 4.3.3. Consider a presheaf X € Set".
1. X is Jg-separated if and only if it is Ty -separated.
2. X is a Fg-sheaf if and only if it is a Ty ;-sheaf.

Proof. The left-to-right direction of both items is trivial. They follow from Prop. 4.1.3 together with
the fact that the identity functor on F is cover-reflecting between sites (F, 7) — (F, Jg 1).

To prove item (1) from right to left, we suppose that X is 7 ;-separated. We will show that it
is Jp-separated. By Prop. 4.3.1, this is equivalent to showing that for every injection 1 : C > D then
the action X1 : XC — XD is injective.

For the case when C # 0, we can find a retraction D — C of the injection 1; thus the action X1 is
forced to be injective.

! .
For the case when C = 0, we proceed as follows. Since (0 — 1) is a cover, we have that the
action X(0 — 1) is injective. Now, every function 0 — D is either the identity on 0, in which case
|
the result is trivial, or it factors as the unique map (0 — 1) followed by an injection 1 — D. In this

case, the actions of both these parts have been shown to be injective, thus the action X (0 iR D) is
injective.

To prove item (2) from right to left, we suppose that X is a J ;-sheaf. We will show that it is
Tp-sheaf.

Consider a singleton family {(C — D)} that is a Zx-cover, and let {x € X(D)} be a compatible
family for this cover.

For the case C # 0, we pick a retraction r : D — C of the inclusion map (C — D). So we have
that ((C = D)oro(C — D)) = (C — D). Thus, since x is compatible for (C € D), we have that
[C — D][r]x = x. In other words, [r]x is an amalgamation for x.

For the case C = 0, we proceed as follows. If also D = 0, then the result is trivial, so we
concentrate on the case when D # 0. In this case, we pick a function 1 : 1 — D. For any such choice,
the cover factors as

(0>D)=0—->1-5D

Moreover, the unique function r : D — 1 is a retraction of 1.
It is easy to see that, since {x} is a compatible family for the Zs-cover (0 < D), then {[r]x} is

a compatible family for the J; ;-cover (0 EN 1). Since X is a g ;-sheaf, we have an amalgamation
x" € X(0) of {[r]x}. In fact, x” is an amalgamation of the compatible family {x}, as we now show.
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[0 < D]x’ = [1][0 = 1]x’

= [t][r]x (4.3.4a)
= [idp]x (4.3.4b)
=X

Using: (4.3.4a): because x’ is an amalgamation of {[r]x} for (O 4 1); (4.3.4b): because

(toro(0— D))= (idp o (0~ D)), and {x} is compatible for {(0 — D)}.
]

From Z;-sheaves to Jy-sheaves. The development so far leads us to consider the model for
name-passing given by the classes of Uf-structured th-coalgebras.

We note, however, that the structuring here is not strictly necessary. The inclusion functor I — F
reflects covers, and so, by Prop. 4.1.4, the direct image functor (ji), : Set' — Set® considered in
Section 3.4.1 restricts to a functor Sh(I) — Sh(F). Thus the behaviour endofunctor (( jlﬂ)*BeUlI,) on
Setf, considered in Section 3.4.1, restricts to an endofunctor on Sh(F).

4.4 Transition systems simplified

We now return to the models of name-passing over sheaves in Sh(I), as considered in Section 4.2.
In Section 4.4.1 we recall some of the analysis of Fiore [2001], who has shown that a sheaf in Sh(I)
can be specified in terms of its minimal seeds. We follow this, in Section 4.4.2, by studying indexed
labelled transition systems (in the spirit of Section 3.3) where the only states that are considered
are those that are minimal seeds. We thus arrive at a simpler axiomatisation of transition systems
for name-passing.

4.4.1 Least supports and minimal seeds

We begin this section by observing that every separated presheaf has a least support. Thus we
are led to consider presheaves of minimal seeds, where we consider only the action of bijective
renamings. We find a functor from the category of such presheaves into the Schanuel topos, which
we show to be essentially surjective.

Least supports and minimal seeds. For any J;-separated presheaf P € Set! we can associate to
each element p € P(C) a least support

supp(p) = |{D € C | D supports p}.

The set supp(p) is a subset of C, because C trivially supports p. All the sets of names under
consideration are finite; thus, by Prop. 4.2.4, we know that supp(p) supports the element p. One
might think of supp(p) as the precise set of names that a state p uses. For the sheaf P, of n-calculus
processes, introduced in (3.2.1), the least support supp(p) of a process p € P,(C) is precisely the
set of free names of that process, fn(p).

For a sheaf P € Sh(I), we write seed(p) for the minimal seed of p, i.e., we let

seed(p) = seed(p@supp(p))



102 Models for Name-Passing, Refined

Presheaves on B. We have been working with the intuition that the elements of a sheaf P at C
are the states whose names are contained in C. Following this, one might expect that the entire
sheaf can be described simply in terms of the minimal seeds. This is true, as we now describe.

Let B be the category with objects finite subsets of .4/, and morphisms bijections between them.
A presheaf on B is to be thought of as assigning to each name context C a collection of states for
which the set of names that they use is precisely C. The action of a bijection 8 : C = D is to be
thought of as mapping states that use precisely the names in C to states that use precisely the
names in D.

Presheaves of seeds. Examples of presheaves in Set® are found as follows. To every
sheaf P € Sh(I) we can associate a “presheaf of seeds” (P) € Set®, given by

(PY(C)={peP(C)|p=seed(p)} ; (4.4.1a)
for any 8 : C = C’ we have a map (B) : (P)(C) = (P)(C’) given by

(P)B(p)=PB(p) . (4.4.1b)

The construction (P) : B — Set respects composition and identities, since P does.
(Note that (—) does not extend to a functor Sh(I) — Set®. For there is a map N — 1 in Sh(I),
but, for any name c € 4,

(NY({ch)={c} and  (1)({c}) =0

and so there are no maps (N) — (1) in Set®.)

Presheaf of seeds for the n-calculus. For a basic example, recall the sheaf P, € Set! of r-calculus
processes introduced in (3.2.1). The presheaf (P,) € Set® is given by, for C € B,

(Pz)(C)={p | p is a m-calculus process, and fn(p)=C} .

Relating Set' with Set®. The (—) construction is sufficient for us to develop and analyse a model
of name-passing based on presheaves in Set® (as is done in Section 4.4.2). As a further motivation,
however, we explore some properties of this construction.

The inclusion jIB : B — Iinduces (by precomposition) an inverse image functor

U]I3 = (jIB)* : Set! — Set®
that forgets what to do with non-bijective renamings. For P € Set!,

ULP = B>1— Set. (4.4.2)

For a : P — P’ in Set' we have ULa : ULP — ULP’ in Set® given by Upa = a; we know Uja is natural
with respect to bijections since a is natural with respect to all injections.

As usual, this forgetful functor Uf has a left adjoint Ff = (j£), : Set® — Set'. This is given on
objects as follows. For Q € Set® and C € B,

FPQ(C) = ]_[ QD) . (4.4.32)

DcC

So the elements of the set FIBQ(C) are of the form inj,q, where D € C and q € Q(D).
The presheaf FPQ is defined to act on morphisms in B as follows. For 1:C»— C’ and
injpq € FPQ(C) we have FPQu: FPQ(C) — FPQ(C’) given by

FPQu(injpq) = injyp)(QUtp)(@) (4.4.3b)
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Intuitively: FPQ is the presheaf in Set' found by growing the minimal seeds described by Q € Set®.
Recall that every injection 1 : C — D in I factors as an inclusion (1(C) — D) precomposed with a
bijection t|.. The action of FIBQ on bijections is inherited from Q; the action on inclusions is as the
identity. This matches the slogan “if the names of a state lie in C and C € D then they also lie in D”.

Finally, we define the action of the left adjoint FP : Set® — Set' on natural transformations
in Set®. For a : Q — Q' in Set® and inj,q € FPQ(C) we have FPa : FPQ — FPQ’ given by

(FIBa)C(inqu) =injp(ap(q)) . (4.4.3¢0)

Essential surjectivity. The functor F® can be thought of as “growing a sheaf FPQ from the seeds
in Q”. This construction is inverse to the “finding seeds” construction (—) introduced above, in that
we have the following properties.

Proposition 4.4.4.
1. Let Q be a presheaf in Set®. We have an isomorphism Q — (FEQ).

2. Let P be a sheaf in Sh(I). We have an isomorphism P — FIB(P). O

Prop. 4.4.4 says that the functor FIB : Set® — Sh(I) is essentially surjective: every sheaf in Sh(I) is
isomorphic to a sheaf of the form FPQ, for some Q € Set®.

Sh(I) is a Kleisli category. Prop. 4.4.4 is an important step towards establishing the following
result; Fiore [2001], and Fiore and Menni [2005, Example 1.14], provide some details and discus-
sion.

Theorem 4.4.5 (Fiore [2001, Thm. 6.2]). Sh(I) is equivalent to the Kleisli category of the monad
on Set® induced by the adjunction Fp 4 Ug. O

4.4.2 B-indexed early labelled transition systems

We introduce transition systems on presheaves in Set®. By doing so we are able to significantly
simplify the axiomatisation of transition systems given in Figure 3.4. Notice that Axioms 14-16 are
concerned only with inclusion maps. By considering transition systems over minimal seeds, we are
thus able to eliminate these axioms.

We now introduce a class of indexed labelled transition systems whose carriers are sets of
elements of presheaves over B.

Definition 4.4.6. A B-indexed early labelled transition system (B-IL.TS) over Q € Set®, is a labelled
transition relation

—— C foLabefo

Figure 4.1 introduces Axioms B1-B3 on B-IL.I'Ss.

From B-ILTISs to I-ILTSs. Consider P € Sh(I). Let -—— be a B-IL.IS over (P). We induce an
I-IL.TS with carrier P, and with transition relation

~—, C [P xLab,x [P

the least satisfying the following.
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If Cob p % €}k p’and G, C C and G}, < C U {d},
then C - [Co = Clp -5, CU{d}F [C)— (CU{dD]p'.
If CoFp <% Clkp'andd e Cy S Cand C,CC,
then C - [Cy — Clp —fﬂ! Ck[Cy—Clp. 4.4.7)
If Cotp £, Cobp'and CySCand CySCuU{d}andd ¢C -
then C - [Cy — Clp -5, Cu{d}F [C,— (Cu{dDIp.
IfCobp —— CoFp'and CySCand CjSC

d
then C - [Cy — Clp =5, CF[C, < CIp'.

From I-ILTSs to B-ILITSs. Consider P € Sh(I). Let — be an I-IL.T'S over P. We induce a B-IL.I'S
with carrier (P), and with transition relation

(—) € J(P)xLab. x [(P)
the least satisfying the following.

If CFp—5C'Fp’ then supp(p) - seed(p) (——) supp(p’) - seed(p’) . (4.4.8)

Theorem 4.4.9. Consider a sheaf P € Sh(I).

1. The above mappings (4.4.7, 4.4.8) describe a bijective correspondence between B-IL.I'Ss over (P)
that satisfy Axiom B1, and I-IL.ISs over P that satisfy Axioms I1, and 14-16.

2. A relation ——— satisfies Axiom B2 (resp. Axiom B3) if and only if the induced relation —-—,
satisfies Axiom 12 (resp. Axiom 13).

A proof of this result is provided in Appendix 4.B.

B1. Channel is known and at most transmitted data is learnt:
Chq —— C'Fq = ch(t)SC A C' S Cudat(d)
B2. If one name can be input, then so can any other: foralld’ € .#:
Chkgq LNy q’
— 3¢”, ¢"€Q(C"). Crkq 2L crkq”
B3. Bijective maps preserve transitions: for all D €I, with C U dat(¢) £ D:

Chq —— C'Fq A ch(t)SC A C' € CuUdat(l)

— BO)F [Blclg —5 BCF [Blold

Figure 4.1: Requirements on a B-indexed labelled transition system.
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4.A Appendix to Chapter 4: Proof of Theorem 4.2.5

We now provide a proof of Theorem 4.2.5.

Theorem 4.2.5. Let (B h) and (Q, k) be B.-coalgebras. Suppose that P and Q both sheaves. Every I-in-
dexed early bisimulation R between induced I-IL.ISs —, and — is also a B.-bisimulation between
Be-coalgebras (P,h) and (Q, k).

Proof. We consider B.-coalgebras (P, h) and (Q, k), and an I-indexed early bisimulation between the
induced I-IL.ITSs, —, and —.

We define a new I-ILTS, with carrier R, and transition relation — the least satisfying the
following implication, for all C € I, and (p,q) € R(C), every label { € Lab., and every pair
(p’,q") € R(C udat(?)):

If VCy € C, (Po,q0) € R(Cy).
(C—Co)ndat(¢) =0 and [Cy— Cl(po,q0) = (p,q) =
3(pj,q4) € R(CoUdat(f)). [Coudat(f) — C udat()](ph,q5) = (p',q")
and Cot+ po Lh Co Udat(€) - p;
and Cy b gy —y CoUdat(t) F g
Then C F (p,q) —— C Udat(¢) F (p',q)

Recall that, by Theorem 3.3.6, the I-IL.ISs (P, —,) and (Q, —) satisfy Axiom I1-16. It follows
straightforwardly from this, and from the definition, that the I-IL.IS (R, —) satisfies Axioms I1,
I3, I4a, I4b and 16. Axioms I2 and I5 are more subtle.

We will use Axiom I5 to prove Axiom 12, and so we prove Axiom I5 first. Suppose that the
premise of Axiom I5 holds, i.e.

CH(p,q) — CUdat() F (p',q")
and consider D € I with C € D and (D — C)ndat({) = 0. We must show that the transition
DF[C = D](p,q) — DuUdat(f) F [C Udat(f) — D udat()](p’,q")

is permitted. So suppose that we have C, € D and (py, q¢) € R(Cy), all such that (D — Cy) Ndat(£) =0
and [Cy— D](py,q0) =[C — D](p,q). Since both C, and C support [C — D]p € P(D), we
know, by Prop. 4.2.4, that (C, N C) supports [C — D]p € P(D); since P is a sheaf, we have
seed(p@(CyNC)) e P(C,NC) and

[(ConC) = C] (seed(p@(ConC))) =p and [(CoNC) = Col (seed(p@(CoN C))) = po
By Axiom I6 for (P,—,), we know that ((C, N C) Udat(£)) supports p’ and that
(Co N C) F seed(p@(Cy N C)) —1, (Co N C) Udat(£) F seed(p’@(((Co N C) U dat(£))))
Let py = [(Co N C)Udat(?) — Co Udat({)] (seed(p’@(Cy N C)udat({))). By Axiom I5, we have
Co - po — Co Udat(O) F p)

In the same way, since Q is a sheaf, we have an element q; € Q(C, U dat({)) such that
[Coudat(¢) — Dudat(¢)]q’ = [C udat(f) — D udat(¢)]q, and

CO + do i>k CO U dat(ﬁ) = q6
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It remains for us to show that (pj,q,) € R(Cy U dat(¢)). We show this differently depending on
whether or not C, is smaller in size than C.

If C, is smaller than C then we can construct an injection t : C, Udat({) — C Udat(£) and a bijec-
tion 8 : D Udat(¢) = D U dat(¢) such that Blcyncyudatey = idcynciudat(e)> and such that the following

diagram commutes.
CoUdat(f) —— Dudat(¥)

| |
Cudat(f) —— D udat(()
Consider the following sequence of identities between elements of (P x Q)(D U dat({)).
[C udat(¢) — Dudat(€)](p’,q") = [Co Udat(¢) — D udat(£)](py, qq)

= [B1[Co udat(¢) — D udat(£)](py,qq) €))
= [Cudat(¥) — D udat(O)][1](py, q5)

(Here, line (x) holds because ((C, N C) U dat({)) supports (py,q,), and because 8 fixes the
set ((ConC)udat(£)).) The sheaves P and Q must both act injectively, and hence we can
cancel [CUdat({) — DUdat({)] from both sides of the resulting equation to deduce that
(p',q") = [11(pg,qp)- Since, by assumption, the transition

CF(p,g) = CUdat®) F (v',q)
is allowed, we can conclude from the closure condition in the definition of — that
(1l udat()] (P> 45) € R(1(Co U dat(£)))
and so, since R is a functor, that

(9> 90) = [(leyudate)) ™ 1ltlgyudatc) ] (Ph, 4g) € R(Co U dat(£))

as required.

If, on the other hand, C is smaller in size than C,, then we can construct an injec-
tion 1: Cudat(f) > Cyudat(f) and a bijection B : D U dat({) 5 D udat(¢) such that we
have f{(c,nc)udate) = 1d(c,nc)udat(e), and such that the following diagram commutes.

CuUdat(f) —— D udat(()

zJ{ Jﬁ

CoUdat({) —— D udat(¢)

This time we consider the following sequence of identities between elements of the set
(P x Q)(Dudat(?)).

[Co Udat(f) — DU dat(0)](p),q)) = [C Udat(f) — D Udat(0)](p’,q)
= [B1[C udat(¢) — D udat()](p’,q")
= [Co Udat(¢) — D udat(O)][I(p’,q")

We cancel [Cy U dat({) — D udat(£)] from both sides of the resulting equation to deduce that
(po»a0) = [11(p",q"). Since (p’,q") € R(Cudat({)) we conclude that we have (pg,q;) € R(Cy U dat(£)),
as required. Thus Axiom I5 is proved.

For Axiom I2, we suppose that we have a transition

S cutdit(.q) 4.A1)
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and we will show that, for any name d’ € 4, we have (p”,q”) € R(C U {d’}) such that

CH@p.g) S5 Cufd}r (")
It follows from (4.A.1) that we must have the transition
chph, cutdirp
By Axiom I4a, we have
CU{d}+[C—Ccuidilp 25, cutditp’

Let ny be the smallest number for which there exists a subset C, of C of size n, that sup-
ports (p,q) € (P x Q)(C) and such that

(seed(p@Cy),seed(q@Cy)) € R(Cy)

We pick some such C, of this minimal size. By Axiom 16, we know that C, U {d} supports p’, and
that

CoU{d}F [Cy— Cyu {d}] (seed(p@Cy)) ﬂh Co U {d} I seed(p’@(Cy U dat(£)))

Using Axiom I4a again, we deduce that

Co F seed(p@Cy) idql Co U {d} F seed(p’@(Cy U dat(£)))

Axiom I2 provides p, € P(Cy U {d'}) such that

Co F seed(p@Cy) &5, CoU{d'} F Po

Since R is an I-indexed early bisimulation we have an element q; € Q(Cy U {d'}) such that
(pg,q4) €R(CouU {d’}) and

Co F seed(q@Cy) ﬂ>h Cou{d'}Fqq

It follows from the minimality of C, that the transition

c?d’ / p
Co F (seed(p@Cy), seed(q@Cy)) — Cou {d'} + (py,qp)

is permitted. By Axioms I4a, 15, and I4a again, we conclude that

Ch(p,0) 2% cU{d'} F [Cu{d'} = CU{d' (P, b)

Thus Axiom I2 is proved. So (R,—) satisfies Axioms I1-16, and by Theorem 3.3.7 we have
an B.-coalgebra structure r : R — B.R that induces the relation —. In other words, we
have —,=—>.

To conclude our proof of this theorem we must show that the B.-coalgebra structure r : R — B.R
lifts the relation R to a span of coalgebras. We do this using the characterisation of Lemma 3.3.12:
we will show that the properties of that lemma (properties 1-3) are satisfied. Property 1 is
immediate from the definition of —. For property 2, we proceed as follows. Suppose that

we have (p,q) € R(C) such that C F p Lh C’ + p’. We must exhibit ¢ € Q(C’) such that

(p’,q") € R(C") and C + (p,q) Lo (p’,q"). We will focus on the case where { = 7. By Ax-
iom I1, we know that C’ = C. As in our proof of Axiom I2, we let n, be the smallest number
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for which there exists a subset C, of C of size n, that supports (p,q) € (P x Q)(C) and is such
that (seed(p@Cy),seed(q@Cy)) € R(Cy). We pick some such minimal set C,. By Axiom I6, C,
supports p’, and

Co I seed(p@Cy) ——p, Co F seed(p’'@Cy)

Since R is an I-indexed early bisimulation we have an element q;, € Q(C,) such that (seed(p’@Co), qg) €R(Cy)
and

Co F seed(q@C,) Lk Co b qp
The transition ,
Co b (seed(p@Cy), seed(q@Cy)) — Co + (seed(p’@Co), q)
must be permitted, due to the minimality of C,. Axiom I5 now ensures that we have a transition
4
Ck(p,q) — CH(p',[Co = Clgp)

as required. Input and output labels are treated similarly, requiring Axioms I4a and I4b respectively.
Thus property 2 of Lemma 3.3.12 is satisfied. Property 3 of Lemma 3.3.12 is established in a
symmetric manner, and thus we can conclude that R is a B.-bisimulation. O

4.B Appendix to Chapter 4: Proof of Theorem 4.4.9

We now provide a proof of Theorem 4.4.9.
Theorem 4.4.9. Consider a sheaf P € Sh(I).

1. The above mappings (4.4.7, 4.4.8) describe a bijective correspondence between B-ILTSs over (P)
that satisfy Axiom B1, and I-IL.T'Ss over P that satisfy Axioms I1, and 14-16.

2. A relation ——— satisfies Axiom B2 (resp. Axiom B3) if and only if the induced relation —-—,
satisfies Axiom 12 (resp. Axiom 13).

Proof. We begin by proving item (1). Let -—— be a B-IL.T'S over (P). We will show that
— = () . (4.B.1)

(None of the axioms are needed for this part.)
First, we show that --— C (--—,). We will consider here the case of output transitions, which
is the most complex; other kinds of label are treated similarly. Suppose that

Id
CO |_p —C—'—> C(/) l_p/

Either d € Cy, or d & C,. In first case, d € C, we let C = Cy U C;. In the second case, d & C, we let
C =(CyuCy) — {d}. In both cases, we have induced

CFICo—Clp -5, cuid}F [C)— (Cu{dDIp’

Now, by definition of (P), supp([Cy < C]p) = Cy, and supp([Cy — (C U {d})]p") = C;. So we have
induced g

Cobp (- CoFp’
as required.

Next, we show that (--—,) € --—. This time we focus on input transitions, although other
kinds of label are treated similarly. Suppose that

?d
Cobp (-55) Clrp/
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Then we must have C,C’ €1, and q € P(C), q’ € P(C) such that

Co = supp(q), p =seed(q), C; =supp(q’), p’ = seed(q")

and that .
)
Dkq =5, D'Fq
We must have Ey, E| € B, and r € (P)(E,), and r’ € (P)(E]), such that

?2d
[Eo—Dlr=q and [E,—D1r'=q and FEobr —— EjFr’

Now, we must have that E, = supp(q), but we already have that C, = supp(q); so we know that
Eq = Co. Similarly, Ej = C;. Since P is separated, the map [Cy < D] is injective, and so p = r.
Similarly, p’ = r’. So we must have
2d
Cobp <5 Cobp’

as required. Thus we establish equation 4.B.1.

Next we show that for every B-ILIS --— that satisfies Axiom B1, the relation --—, satisfies
Axiom I1 and Axioms I4-16. It is easy to see that Axiom I1 follows from Axiom B1 and the definition
of -——, and that Axioms I4a, I4b and I5 all follow from the the definition of ———,.

We now explain why Axiom 16 holds of --—,. Suppose that we have, as in the premise of
Axiom 16,

DF[C—D]p ——f—n Du{d}Fp’

and, for now, we assume that ¢ = c?d. Then, using equation 4.B.1, we must have that

supp(p) F seed(p) —— supp(p’) - seed(p’)

We know that supp(p) € C, and, by Axiom B1, supp(p’) € supp(p) U {d}. So we know that
supp(p) € C U {d}. Thus we have

CFp —5, CU{d}F [supp(p’) = C U {d}]seed(p")

as required. Thus Axiom I6 holds of ———,.
Let — be a I-IL.IS over P that satisfies Axiom I1 and Axioms 14-16. We will now show that

— = (=), . (4.B.2)
We first show that — C (—),. Suppose that
Ckp N p’

We will concentrate on the case ¢ = c!d where d € C. From Axiom I1, we know that C’ = C. The
following transition is induced:

supp(p) I seed(p) (——) supp(p’) F seed(p’)

By Axiom I4b, we know that d € supp(p). Thus the transition

Crp(-5), ¢+

is induced. Other modes of communication are considered in a similar manner.
We now show that (—), € —. Suppose that the transition

Crp(-5) cFp/
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is induced. Suppose that { = c?d. We must have C’ = C U {d} and C,,C; € B together with
q € (P)(Cy), ¢’ € (P)(C}) such that C, € C, Cj € (CU{d}) and [Cy — Clq =p, [C) — C’]q" =p’ and

?2d
Cobq (=) ClFq

This transition, in turn, must have been induced, so we must have D,D’ €I and r € P(D), r’ € P(D’)
for which supp(r) = Cy, supp(r’) = C; and seed(r) = q, seed(r’) = q’ and

Dl—rﬂD’I—r’

By Axiom I1 we have that D’ = D U {d}. Using Axiom I4a we have

DU{d}F [D— (DudD]r Z5 D' F v

Using Axiom I6 we have

CoU{d} - [Co— (CoU{dD]g <> CoU{d} F [Co = (Cou{dD]q’

Using Axiom I5, we have

CUldlF[C—(culdDlp L5 cutdirp
We use Axiom I4a to conclude that
crp L cutdiFp

The other modes of communication are treated in a similar manner. Thus we establish equa-
tion 4.B.2.

Finally, we show that, provided Axioms I1 and I4-I6 hold of an I-IL.IS —, then Axiom B1
holds of (—). Suppose that

¢ / /
CO F p <_’) Co = p
We will focus on the case where £ = c?d; other modes of communication are considered in a similar

manner.
We must have C,C’ €1 together with q € P(C), ¢’ € P(C’) such that

CI—qLC’I—q'

and so that Cy = supp(q), Cj = supp(q’) and p = seed(q), p’ = seed(q"). By Axiom I1, we know that
C’ = Cu{d}. Using Axiom I4a, we can assume, without loss of generality, that if d € C, then d € C,
and that if d &€ C, then d & C. By Axiom 16, we have q” € P(C, U dat({)) such that

Cobp —— CouidiFq”

and [(CyuU{d}) — C’]1q” =q’. Thus we know that C C C, U {d}. By Axiom I1, we have that c € C,.
Thus Axiom B1 holds of (—).
Item (2) follows straightforwardly from the definition (4.4.7). O



Chapter 5

Practicality

In Chapters 3 and 4 we introduced models for name-passing process calculi. One reason for pursu-
ing a model theory is to develop efficient model checking procedures. In this chapter we take some
steps in this direction.

An important idea in model-checking is to take advantage of any symmetry in a model. Clarke,
Grumberg, and Peled [2000, Chapter 14] provide a general overview. For model-checking name-
passing systems, named-sets have been proposed by Montanari and Pistore [e.g. 1997] and others
in their work on history dependent automata. This work has led to efficient verification tools for
name-passing systems [see e.g. Ferrari, Gnesi, Montanari, and Pistore, 2003]. The essential idea of
named-sets is that the size of the state space can be drastically reduced by representing states up-to
renaming of free variables.

In Section 5.1 we explain how a certain flavour of named-set provides an efficient presentation
of the sheaves in the Schanuel topos, used in the models of Section 4.2.2, by taking advantage
of the inherent symmetry there. We do this by establishing an equivalence between the Schanuel
topos and a category of named-sets.

In Section 5.2 we move away from name-passing systems to consider final bisimulations in
the general setting. We introduce a description of final bisimulations as greatest fixed points,
and discuss criteria for the existence of final bisimulations. A transfinite procedure is introduced
for finding such final bisimulations by repeatedly refining the coarsest relation. We relate this
procedure with the well-known terminal sequence for an endofunctor. Furthermore, we provide
conditions under which the procedure will find the final bisimulation on a coalgebra within a finite
number of steps. One of these conditions is that the carrier of the coalgebra is finitely presentable:
for sheaves in the Schanuel topos, finite presentability amounts to finiteness of the correponding
named-set presentation.

Thus the two sections of this chapter together provide first steps towards an analysis of a par-
tition refinement technique for checking bisimulation in the m-calculus, such as the algorithm sug-
gested by Ferrari, Montanari, and Pistore [2002], perhaps eventually leading to the algorithm
suggested by Pistore and Sangiorgi [2001].

In this chapter, and particularly in Section 5.1, we will make frequent reference to the theory
of locally presentable categories, for which a reference is provided by Adamek and Rosicky [1994].
For basic algebra, my reference is that of Cohn [2003].

5.1 Presentations of sheaves

For the transition systems that were studied in Chapters 3 and 4, the state spaces were either
empty or infinite. (For instance, let 1 be a terminal presheaf in Set!; then the set of elements fl
is in bijection with the set of objects of 1.) As such, the presheaf description of state spaces is not
immediately useful for implementation.
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In this section we recall some notions of named-set from the work of Montanari and Pistore
[1997] and others. We find that named-sets provide an efficient description of sheaves in the
Schanuel topos.

We begin this section with a discussion of some basic notions: categories of group actions, and
coproduct completions. In Section 5.1.2 we use these notions to study named-sets with symmetries,
concentrating on a category that we prove to be equivalent to the presheaf category Set® used in
Section 4.4. Next, in Section 5.1.3, we explain that named-sets can be viewed as presentations
of presheaves in Set®, in the same way as generators and relations are presentations of algebraic
structures. Finally, in Section 5.1.4, we introduce a category of named-sets that is equivalent to the
Schanuel topos.

5.1.1 Preliminaries: Categories of coset actions, and coproduct completions

In this subsection we develop some basic notions. We begin by introducing categories of coset ac-
tions, which are equivalently categories of transitive group actions. We then discuss free coproduct
completions, and the ‘families’ construction as an explicit description of this. In Theorem 5.1.3 we
present the orbit-stabliser theorem as the statement that the category of group actions is a free
coproduct completion of its subcategory of transitive actions.

Categories of coset actions. For any group G, the category Coset-Act(G) of left coset G-actions
is defined as follows.

e Objects of Coset-Act(G) are subgroups of G.

e Morphisms in Coset-Act(G) from H to H’ are given by left H'-cosets gH’ which are such
that H C gH'g L.

e The identity morphism on H is given by the coset H. The composition of a mor-
phism gH’ : H — H’ with morphism g’'H” : H — H” is given by gg’'H” : H — H".

Transitive group actions. The category Coset-Act(G) embeds into of the category Set®
of left G-sets, as (essentially) the full subcategory of transitive G-sets. We define a func-
tor e : Coset-Act(G) — Set® as follows. For any object of Coset-Act(G), i.e. a subgroup H of G, we
let eH be the G-set of left cosets of H in G. A morphism gH’ : H — H’ in Coset-Act(G) determines
a G-set homomorphism e(gH) : eH — eH’, mapping a left coset g’H of H to the left coset g~ 'g’gH’
of H'.

It is routine to confirm that this action on morphisms respects the coset equivalence classes.
Notice that the condition H C gH’g ™! states that the stabiliser of the coset action id;H must also
stabilise gH’.

The use of cosets as morphisms in Coset-Act(G) ensures that the functor e is faithful. In
fact, e : Coset-Act(G) — Set® is also full. Consider subgroups H and H’ of G. Every G-set ho-
momorphism f : eH — eH’ determines a coset gH’ of H’ found by applying f to the coset id;H.
The property H C gH’g ! follows because the stabiliser of id;H must be contained in gH’, since f
is a G-set homomorphism.

Free coproduct completions and the families construction. We write COPROD for the 2-cate-
gory whose objects are categories with all small coproducts, morphisms are coproduct preserving
functors, and 2-cells are natural transformations.

Recall [e.g. from Kock, 1995] that a functor F : C — ¥ is a free coproduct completion if ¢ has
small coproducts, and if, for any other category 2 with coproducts, precomposition with F induces
an equivalence of categories between COPROD(¥, %) and CAT(C, 2).
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We now recall an explicit description of a free coproduct completion. For any small category C
we have a category Fam(C) given as follows. Objects of Fam(C) are given by a set I together with
an I-indexed family of objects from C. A morphism in Fam(C) from (I, {X;},,,) to (J, {Yj}je J) is
given by a function f : I — J together with, for each i € I, a morphism X; — Y ;) in C.
Proposition 5.1.1. Let 1 be a one element set. The functor C — Fam(C) which maps an object X € C
to the family (1, {X}) exhibits Fam(C) as a free coproduct completion of C. O

There is another, more intrinsic, characterisation of free coproduct completions. Recall
that an object X of a locally small category ¥ is said to be indecomposable if the hom-functor
6 (X,—): 6 — Set preserves coproducts.

Proposition 5.1.2 (see e.g. Carboni and Vitale, 1998, Lemma 42). Let C be a small category. A
functor F : C — 6 is a free coproduct completion if and only if 6 has small coproducts, F is an
embedding, the objects in the image of F are indecomposable, and every object in € is a coproduct of
objects from C. O

Orbit-stabiliser theorem and free coproduct completions. Having exhibited the category
Coset-Act(G) as the full category of transitive G-sets, we can give a categorical account of the
orbit-stabiliser theorem.

Theorem 5.1.3. The embedding e : Coset-Act(G) — SetC exhibits the category Set® of left G-sets as a
free coproduct completion of Coset-Act(G).

Proof. We will prove this result by reference to Prop. 5.1.2. It is standard that Set® has coproducts,
and we have just explained that e : Coset-Act(G) — Set® is an embedding.

The coset actions are indecomposable for the following reason. Let {X;},.; be a family of
G-sets, and consider a subgroup H of G, together with a homomorphism f : eH — [ [._, X;. Suppose
that f (H) = inj;(x); then it is clear that f factors through the coproduct injection inj; : X; — [ [.; X;.

The fact that every G-set is a coproduct of coset actions is precisely the orbit-stabiliser theorem.
Consider a G-set X € Set®. We write Orb(X) for a set of canonical representatives of the orbits of X,
i.e. canonical representatives of equivalence classes for the relation ~ on X given by

X~y ifandonlyif 3JgeG. x=gey

The stabiliser Stab(x) of x € X is the subgroup of G containing those elements that fix x. A standard
result of group theory is the following:

X ]_[ e (Stab(x))
x€0rb(X)

Thus Theorem 5.1.3 is proved. O

5.1.2 Named-sets with symmetries

Montanari and Pistore [e.g. 1997] have developed models of name-passing systems using history
dependent automata, viz. automata internal to a categories of so-called named-sets. A variety of
categories of named-sets have been considered; among them are the categories of named-sets with
symmetries which provide efficient representations of states by taking into account the symmetry
involved in name-passing systems.

We begin this subsection with some remarks about the category of named-sets with symmetries
that is studied in Pistore’s thesis [1999]. As we explain, this category is equivalent to a category
of group actions. We then go on to consider a more practically orientated version of named-sets
with symmetries, inspired by the work of Ferrari, Montanari, and Pistore [2002]. We show that
this latter category is equivalent to the presheaf category Set® that was considered in Section 4.4.
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Named-sets with symmetries as in Pistore’s thesis. A first version of named-sets with symme-
tries was studied by Pistore [1999, Chapter 7 and Defn. 9.3]. Let N be a countably infinite set,
and let Sym(N/) is the group of permutations on that set. It is straightforward to see that category
Sym introduced in Pistore’s Defn. 9.3 is the category Coset-Act(Sym(/\/)) that we introduced above.
(Here we are assuming that the sets involved in Pistore’s morphisms must not be empty; this point
is not clear in his thesis.)

Pistore’s category SymSet of named-sets with symmetries, introduced in his Defn. 9.3, is the
category

Fam(Coset-Act(Sym(/\)))

Using Theorem 5.1.3, we can conclude that Pistore’s category SymSet of named-sets with symme-
tries is equivalent to the category Set>Y™\) of Sym(A\)-sets.

This category will appear again in Section 7.1, where we will see that it contains the Schanuel
topos as a subcategory.

Named-sets with symmetries of Ferrari, Montanari, and Pistore. The named-sets with symme-
tries of Pistore’s thesis have a major practical disadvantage: the group involved in their definition
is infinite. In implementing a verification procedure for name-passing calculi, Ferrari, Montanari,
and Pistore [2002] have used an alternative definition. For the category that they consider, we will
eventually achieve an equivalence with the Schanuel topos.

First, though, we define the category NSety by

NSet; = Fam (]_[ Coset-Act(Sym(n))) .

neN

(Here, for any number n € N, we write Sym(n) for the symmetric group on n symbols.) The objects
of NSet can be understood as tuples

(L{mi}ieb{Hi}iel) ’

where I is a set, and for all i € I, m; is a natural number and H; is a subgroup of Sym(m;). A
morphism

(I’ {mi}iel > {Hi}iel) - (J’ {nj}jeJ > {Kj}jGJ)

in NSetp is given by a pair (f, {ain(i)}i) where f is a function I — J, and for eachi €1, o; is a
permutation in Sym(ny(;), all such that, for each i € I, m; = ny(;) and H; © ain(i)cri_l.

The named-sets considered by Ferrari et al. [2002] are defined in the same way, except that
they require a total order on the indexing set. The morphisms in NSety are different from the
morphisms of Ferrari et al., and this matter will be addressed in Section 5.1.4.

NSety is a presheaf category. We now consider a skeleton category B of the category B (in-
troduced in Section 4.4). Here, B is the groupoid whose objects are natural numbers, consid-
ered as sets, and whose morphisms are permutations on those sets. So B is the coproduct cate-
gory | [ .o Sym(n).

We now establish an equivalence between NSet; and Set®.

Theorem 5.1.4. The category NSety is equivalent to Set®.
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Proof. We prove the result by the following chain of equivalences.

NSet; = Fam (]_[ Coset-Act(Sym(n))) (5.1.5a)
~ l_[ (FaiiCoset-Act(Sym(n)))) (5.1.5b)
~ ﬁ (Set>ym™) (5.1.5¢)
= ;iNt(LIn Sym(m) (5.1.5d)
>~ Set” (5.1.5e)

Equation 5.1.5a is the definition of the category NSety. The next step (5.1.5b) relies on the fact
that the Fam construction transforms coproducts of categories into products of categories. To
see this, consider a set J and a J-indexed family of categories, {%j }je ;- We claim that the cate-
gory Fam (]_[ jes ‘6]-) is a product of the family {Fam( ‘61)} , of categories. We have a cone

JjE

7; : Fam L[ 6; | — Fam(<%;)
jeJ
jeJ

For each j € J, the functor 7r; maps a family (I, {X;},.,) to the family

(Ilj’ {Xi}iej)

where I|; = {i el | X; € 6 } Each r; acts by restriction on morphisms. It is straightforward to
show that this cone is limiting.

Step (5.1.5¢) follows immediately from Theorem 5.1.3. Step (5.1.5d) is a basic property of
bicartesian closed categories (and CAT in particular, modulo size), and finally, (5.1.5d) is the defi-
nition of B. O

We note here an explicit description of the functor NSet; — Set® suggested by (5.1.5). This
functor takes a named-set (I Amitier {Hi}id) € NSet; to the presheaf Q € Set” given as follows.
For any number n € N, we let

Qn) = U{oHl- | n=m; and o eSym(n)} .

iel
For any permutation 7 on n, and any element inj;(cH;) € Q(n), we let
Qz(inj;(cH;)) = inj;(toH;)
Suppose that we have two named-sets,
(1 {m}bier Hi}ie) and  (7,{n} . {K},,) inNset;
with corresponding presheaves Q,R € Set®. A morphism
(F Aokt ) : (0 imbier tHidier) = (9} (K5} e)) - inNSets

gives rise to a natural transformation a : Q — R which is given by, for each number n € N,
a,(inj,(cH)) = injs (0,00 'Kpp).
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5.1.3 Presentable named-sets

In algebra, structures are often specified by presentations; for example, a group can be specified by
a set of generators and a set of relations. As we now explain, named-sets with symmetries can be
viewed as presentations for presheaves in Set®.

Presentable families. We begin with an elementary remark about presentable families in general.

Theorem 5.1.6. Let A be a regular cardinal, and let 6 be an arbitrary category with a terminal
object. A family (I,{X;},c;) in Fam() is A-presentable if and only if I has cardinality smaller than A
and for each i € I the object X; is A-presentable in 6.

Proof. We begin by proving this statement from left to right. So we assume that a fam-
ily ¢ = (I,{X;},o,;) in Fam(%¥) is A-presentable.

The forgetful functor 7 : Fam(%) — Set, sending a family to its indexing set, has a right ad-
joint (—,1) : Set — Fam(% ), sending a set I to the I-indexed family of terminal objects. In conse-
quence, we see that the following diagram of categories commutes (up to isomorphism).

Set(I,—)

Set Set
& A@@,—)

Fam(%)

The functor (—, 1) : Set — Fam(%) has itself a right adjoint, sending a family (I, {X;}..,) to the set
of points of the family, i.e. the set
[ [¢a.x)

i€l
Since ¢ is A-presentable, the hom-functor Fam(%6) (¢,—) : Fam(%¢) — Set preserves A-filtered
colimits. Since (—,1) : Set — Fam(%) has a right adjoint, it preserves colimits, and so the hom-
functor Set(I,—) : Set — Set preserves A-filtered colimits. So I is A-presentable, i.e. has cardinality
smaller than A.

To complete the left-to-right direction, it remains to show that for each i € I the object X;
is A-presentable in ¥. Indeed, suppose that we have a A-filtered diagram D:C— % that
has a colimit L, and consider a morphism f : X; — L in 4. Then we can construct another
A-filtered diagram D’ : C — Fam(%) of the same shape, mapping an object ¢ € C to the family
D’c = (1, {if j =i then Dc else 1} ;). The colimit of this diagram D" is (I, {if j =i then L else 1} ;).
We also have a morphism (id;, {ifj =ithen f :X; > Dcelse !y : X; — 1}}.61) from ¢ to that col-
imit. Since ¢ is A-presentable, there is an indexing object ¢ € C and we can derive a mor-
phism f : X; — Dc in ¥ making appropriate diagrams commute. Thus X; is A-presentable in €.

Thus the statement of the theorem is proved from left to right. Before we prove from right to
left, we will show that the embedding ¢ — Fam(%¥) maps A-presentable objects in 6 to A-pre-
sentable objects in Fam(%). To this end, we assume that we have a A-presentable X in ¥, and
show that the singleton family (1, {X}) in Fam(%) is A-presentable in Fam(%).

Consider a A-filtered diagram D : C — Fam(%) with a colimit (I, {L;},;) in Fam(%), and con-
sider a morphism f : (1,{X}) — (I, {L;},c;) in Fam(%). This morphism f picks out an element f ()
of I as well as a morphism f; : X — Lg(,).

We now form a new category C’, which is a full subcategory of the category of elements

[ (c L, Fam(%) = Set)
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The objects in C’ are those elements (inj.(i)) for which the leg Dc — (I, {L;},,,) of the colimiting
cone maps i to the chosen element f(x). To see that C’ is A-filtered, note that 7 : Fam(%6) — Set
preserves filtered colimits, and then use properties of A-filtered colimits in Set.

We define a diagram D’ : C' — % as follows: for any object (inj.(i)) in C’, the object D’(inj.(i))
in ¥ is defined to be the i-th component of the family Dc in Fam(%).

It is now straightforward to see that L,y is a colimit of this diagram D’: C’ — 4. We have a
morphism f; : X — Ly (), and so, since X; is A-presentable, we have an object (inj.(i)) in C’ together
with a morphism f’ from X to the i-th component of Dc, which is essentially unique in making
appropriate diagrams commute in 6.

From this we derive a morphism (i,{f’}) : (1,{X}) — Dc in Fam(%) making appropriate di-
agrams commute there. The required uniqueness property of this morphism follows from the
essential uniqueness of f’, and thus we can conclude that (1, {X}) is A-presentable in Fam(%).

We are now ready to prove the statement of the theorem from right to left. So we consider a
family ¢ = (I, {X;},c;) in Fam(%) for which I is smaller than A, and for each i € I the object X; is
A-presentable in €.

This family (I, {X;},.,) is a coproduct of a diagram of A-presentable objects, and that diagram
A-small— i.e., the cardinality of the set of objects and morphisms of the diagram is smaller than A.
It is well-known that a A-small colimit of A-presentables is itself A-presentable, and thus we can
conclude that (I, {X;},.,) is indeed A-presentable. O

Presentable named-sets.
Corollary 5.1.7. Let A be a regular cardinal. A named-set (I Amitier {Hi}l.el) € NSety is A-pre-
sentable if and only if I is smaller than A.

Proof. Recall that the category NSety is defined as

NSet; = Fam (L[ Coset-Act(Sym(n))) .

neN

Thus this corollary follows from Theorem 5.1.6, provided we show that every object of the cat-
egory (]_[nEN Coset-Act(Sym(n))) is A-presentable. Indeed, we will show that every object of

(]_[neN Coset-Act(Sym(n))) is finitely presentable.

We begin by showing that, for every finite group G, all the objects of Coset-Act(G) are finitely
presentable. Let H be a subgroup of G. Recall that we have an embedding e : Coset-Act(G) — Set?,
and hence that eH is a model of the theory of G-sets: it is presented by one generator H, and for
each element g € H, an equation

gH=H

Thus eH is finitely presentable in Set®. By Theorem 5.1.3, the embedding e : Coset-Act(G) — Set®
is the free coproduct completion of eH, and so it follows from Theorem 5.1.6 that H is finitely
presentable in Coset-Act(G).

For each n € N the group Sym(n) is certainly finite, and so we know that every object of
Coset-Act(Sym(n)) is finitely presentable. We are now ready to show that every object of the
coproduct category (]_[neN Coset-Act(Sym(n))) is finitely presentable. To this end, consider
some m € N and a subgroup H of Sym(m).
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We first observe that the following two functors are equal; this follows from the nature of
coproducts of categories.

Coset-Act(Sym(m)) + (]_[neN’n#m Coset-Act(Sym(n)))
(Hom(H,—) , 0) Hom(inl(H),—)

Set

(Here, the left-hand functor maps an object K of Coset-Act(Sym(m)) to the hom-set Hom(H, K),
and an object of (]_[neN,n#m Coset—Act(Sym(n))) to the empty set. The right-hand functor maps
any object X in the domain to the hom-set Hom(inl(H), X).)

The object H € Coset-Act(Sym(m)) is finitely presentable; in other words, the hom-
functor (Coset-Act(Sym(m)))(H,—) : Coset-Act(Sym(m)) — Set preserves filtered colimits. So
too does the constant functor

0: ( ]_[ Coset—Act(Sym(n))) — Set

neN,n#m

Filtered diagrams are connected, and so we know that the copairing

(Hom(H,—), 0): Coset-Act(Sym(m)) + ( ]_[ Coset-Act(Sym(n))) — Set

neN,n#m

preserves filtered colimits. Thus the hom-functor

Hom(inj,,(H),—): (]_[ Coset-Act(Sym(n))) — Set

neN

preserves filtered colimits, and so the object inj,,(H) is finitely presentable.
We thus conclude, using Theorem 5.1.6, that a named-set in NSet is A-presentable if and only
if its indexing set is smaller than A. O

5.1.4 Named-sets with symmetries and the Schanuel topos

We now modify the morphisms between named-sets to match those suggested by Ferrari, Monta-
nari, and Pistore [2002]. In doing so, we arrive at a category equivalent to the Schanuel topos.

In Theorem 4.4.5 we stated that the Schanuel topos is the Kleisli category of the monad on Set®
that arises from the forgetful functor Ug : Set' — Set® and its left adjoint.

We begin this subsection by considering the Schanuel topos as a Kleisli category over the cate-
gory of presheaves on the skeleton B. We then introduce the modified morphisms between named-
sets, and, in Theorem 5.1.9, we establish an equivalence between the resulting category of named-
sets and the Schanuel topos. We conclude by discussing notions of presentability for the sheaves in
the Schanuel topos.

A monad on Set®. Let I be the category of natural numbers, considered as sets, with injections
between them. Notice that I is a skeleton of L.

The monad UgFP on Set® lifts to a monad UgF;® on Set”. Fiore [2001, Defn. 1.1] provides a
description of this lifted monad: it is given on objects as follows. For Q € Set® and m € N, let

ULFEQm) = ) (1n,m)-Qn) /..,

neN
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with (10, p) ~, (1,Qo(p)) for any o € Sym(n). For o € Sym(m), let
UgFPQ(o)(inj, [1,p] . ) =inj, [on,p]. .

It follows from Theorem 4.4.5 that the Schanuel topos is equivalent to the Kleisli category for
the monad UgF;’ on Set®.

Notation. Consider sets X, Y, Z. Let F be a set of functions X — Y, and let G be a set of func-
tions Y — Z. We write GF for the set of all functions X — Z found by composing a function in F
with one in G. When F has only one element, say f, we will write Gf for GF; and we adopt a
similar convention when G has only one element.

Modified morphisms. We define another category of named-sets NSet; as follows. The objects of

NSet; are the objects of NSetz. A morphism from (I, {mi}is {Hi}iel) to (J, {nj}jeJ , {Kj}je.]) in
NSet; is given by a function f : I — J together with, for each i € I, a non-empty set 1; of injections

from ng(;) to m; such that for each 1 € 1;,
(a) lle(l) = li and (b) Hili - li' (518)

The identity morphism on a named-set (I, {m;}.c; {H;}
gether with, for each i € I, the group H;.
Composition of morphisms is as follows. Given two composable morphisms,

(1 Am}ier AHi}iar)
(Fitdiar)

(I’, {m'itier s {H/i’}i’el’)
(e4Jv}ver)

(I "oAm oY inep  AH i} ey ”)

we let the composite be the morphism

(gf, {li]f(i)}iel) : (l’{mi}iel’{Hi}ieI) - (I//’{m//i”}i”el”’{H”i”}i”el”)

This category NSet; of named-sets is essentially the category considered by Ferrari, Montanari,
and Pistore [2002, Sec. 3.1]. We note two differences. Firstly, as mentioned above, the named-sets
of Ferrari et al. are equipped with a total-order on the indexing set. This order structure, though, is
not required to be respected by their morphisms, and so (assuming the axiom of choice) a category
without this order structure is equivalent to one with it. The second difference is as follows: with
the morphisms considered by Ferrari et al., the sets of injections (here denoted 1;) are not required
to be non-empty. However, it seems that the development of their paper would work equally well
with this restriction imposed.

ieI) is the identity function id: I — I to-

NSet; is the Schanuel topos. Notice that any morphism in NSety

(f,{Uin(i)}iel) : (I:{mi}iel?{Hi}ieI) - (J’{nj}jej’{Kj}jej)

is also a morphism between the same objects in NSet;; for each i € I, condition (a) of (5.1.8)
is immediate, while condition (b) amounts to the condition H; € al-Kf(i)ai_l that is imposed on
morphisms in NSet. Thus we have a faithful functor NSet; — NSet;.



120 Practicality

We also have a functor NSet; — KI(UgF;’) into the Schanuel topos. This functor acts on objects
as the equivalence NSet; ~ Set” suggested by Theorem 5.1.4: a named-set (I Amitier {Hi}iel)
in NSet;, is mapped to the presheaf Q € Set® given as follows. For any number n € N, we let

Q(n) = L[{aHl- } n=m; and o € Sym(n)} .

i€l
For any permutation 7 on n, and any element inj;(cH;) € Q(n), we let
Qz(inj;(cH;)) = inj;(toH;)
Suppose that we have two named-sets,

(L{mbier {H}e) and (2 {n} . {K},,)  inNset

with corresponding presheaves Q,R € Set®. A morphism

(f’ {li}iel) . (I: {mi}iel ’ {Hi}iel) - (J’ {nj }jeJ ’ {KJ }je]) in NSet;
gives rise to a natural transformation a : Q — Uz F{'R which is given by, for each number n €N,

a,(inji(oH)) = injy, [m,injf(i)(Kf@)]Nm_)
for some 1 € 1;. Condition (a) in equation 5.1.8 ensures that it doesn’t matter which injection is
chosen.

It clear that the following diagram commutes.

NSety —— Set®

| ]

NSet; —— KI(USF)

Theorem 5.1.9. The functor NSet; — KI(U]HBFER) is an equivalence of categories.

Proof. This functor is essentially surjective, since, by Theorem 5.1.4, the restriction NSety — Set®
is essentially surjective. So it remains for us to show that the functor is full and faithful. To

this end, we consider named-sets (I’{mi}iel’{Hi}ieI) and (J’{nj}jej’{Kj}jeJ) in NSet;, with

corresponding presheaves Q,R € Set®.

To see that the functor in question is full, consider a natural transformation a:Q — UEBF%BR
between presheaves on B. We define a morphism of named sets as follows. For each i € I, we must
have an element j € J, an injection 1 : n; — m;, and a permutation o € Sym(n;) such that

@, (inj;(idp,)) = injy, [1,inj;(cK)]
nj

We let f (i) = j, and define ; to be the set 10K of injections n; > m;. This definition is unambigu-
ous, by definition of the equivalence relation ~n;-
Condition (a) of (5.1.8) is satisfied straightforwardly. As for condition (b): consider an ele-
ment T € H;. Since TH; = H;, we know that
&y, (inj; (TH,)) = injy, [1,inj;(oK))]

~
n:

J
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In other words, (t1,inj;(0K;)) ~n; (1,inj;j(0K;)). So we know that there is = Sym(K;) such
that 71 =17/, and with 7'0K; = 0K;. So
T10K; = 17'0K; = 10K;

and we can conclude that H;1; C L;.
In this way, we derive a morphism

(f,{li}iel): (I’{mi}iel’{Hi}iel) - (J’{nj}jej’{Kj}jeJ)

in NSet;. It is not hard to see that the functor NSet; — KI(UgF;*) maps this morphism to the natural
transformation a : Q — UzF{'R. Thus this functor is full.
To see that the functor NSet; — KI(Ug F*) is faithful, consider two morphisms

 {Lbied (& {0ihe) - (B imbie ) = (4 {n} 0 {85} 0)

in NSet; with common domain and codomain. Suppose that the functor maps these morphisms
respectively to natural transformations a, 8 : Q — UgF{'R between the corresponding presheaves
on B, and suppose that a = . We must show that (f,{l;},.;) = (g, {]i}iel)'

Consider some i € I; we will show that f (i) = g(i) and that 1; = ;. Since a = 3, we know that
for every 1 € 1;, we have

N I:l:injf(i)(Kf(i))J —_ = inj, []:injg(i)(Kg(i)):l .

for some j € 1;. So we know that ny;) = ng(;), and that

(@ injriy(Kr)) ~nsy U5 ing()(Kgiy))

So, by definition of the equivalence relation (~, ; (l_)), we know that f(i) = g(i), and that there is
a permutation o € Sym(ny;)) such that ic = j and o € K;(;;. Using condition (a) of (5.1.8), we
can conclude that 1 € J;. Thus we have shown that, for each i € I, f(i) = g(i) and 1; C J;; in
a symmetric way one shows that also J; C [;. Hence we can conclude that the two named-sets
morphisms are equal:

(f’{li}iel) = (g, {]i}iel)

Thus the functor NSet; — KI(UgF7*) is an equivalence of categories. O

Theorem 5.1.9 has also been established (independently) by Gadducci, Miculan, and Montanari
[2006]. (Combine Prop. 29, Thm. 36, and Corollary 37 of their article.)

Presentability. Corollary 5.1.7 characterises presentable objects in NSety. To conclude this sec-
tion, we now show that this characterisation extends to presentable objects for the category NSet;
of named-sets with modified morphisms.

To begin, we provide a general result. We consider a condition on monads that is a weak form
of the Cartesianness studied by Burroni [1971]. Under this condition, the canonical functor into
the Kleisli category reflects presentable objects.

Proposition 5.1.10. Let A be a regular cardinal. Let T be a monad on a category 6, for which the
naturality squares of the unit of T are pullbacks. If an object X € € is A-presentable in the Kleisli
category KI(T) then X is also A-presentable in €.
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Proof. Suppose that X € € is A-presentable in KI(T), and consider a A-filtered diagram D:C— €
that has a colimit L € %4, together with a morphism f : X — L. The functor ¢ — KI(T) has a

right adjoint, and so preserves colimits; hence L is a colimit of the diagram C Lo KI(T).
By considering the morphism f : X — L as a morphism in KI(T), we have an object ¢ € C and
a sufficiently unique morphism f’ : X — Dc in KI(T), so that the following triangle commutes
in KI(T).

(Here, the vertical arrow is part of the colimiting cocone.) So the following diagram commutes
in 6.
T(Dc) (5.1.11)
/ Jr
X L— pT)

Now, by assumption, the naturality square (in 6)

D
Dc *>n( C)T(Dc)

| |

L——TL
nL
is a pullback, while diagram 5.1.11 is a cone for the same diagram. Thus we have a mor-
phism f” : X — Dc in ¢ making the following diagram commute (in %).

X

2PN

L+—Dc——T(Dc)
n(Dc)

To conclude that X is A-presentable in %, one must show that the morphism f” : X — Dc is
appropriately unique. This follows from the fact that that f’ is appropriately unique in KI(T). Here
it is helpful to note that 1 is monic: this is true since for any object Y in ¥ the naturality square
(in ¥)

ny
Y —TY

nyl T”Y

TY W TTY

is a pullback. O

Corollary 5.1.12. Let A be a regular cardinal. A named-set (I, {mi}is {Hi}iel) is A-presentable in
NSet; if and only if the index I is smaller than A.

Proof. We already know, from Corollary 5.1.7, that a named-set (I,{mi}iel,{Hi}id) is A-pre-
sentable in NSety (note the subscript) if and only if the index I is smaller than A. To conclude
the corollary, we will work across the equivalences introduced in Theorems 5.1.4 and 5.1.9, and
furthermore work with the corresponding non-skeletal categories, to show that

a presheaf Q € Set® is A-presentable if and only if FPP is A-presentable in Sh(I). (%)
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To prove statement (x) from left to right, we proceed as follows. Consider a presheaf Q € Set®.
Notice that, since F is left adjoint to Uy, the following diagram commutes.

Sh(D(FEQ,-)
Sh(I) : Set

Uy AQ,—)

Set®

If Q is A-presentable, then the hom-functor Set?(Q,—) : Set® — Set preserves A-filtered colim-
its. The inclusion functor jIB : B — I reflects covers (in the sense of Definition 4.1.2), when B is
considered with the coverage generated by all identity morphisms, and I is considered with the
coverage J;. Hence, by Prop. 4.1.4, the forgetful functor U]I3 : Sh(I) — Set® has a right adjoint,
namely (jP), : Set® — Sh(I). Thus Ug preserves colimits, and we can conclude that the hom-functor
Sh(I)(FIBQ, —) : Sh(I) — Set preserves A-filtered colimits, and so that FIBQ is A-presentable.

To prove statement (x) from right to left, we will appeal to Prop. 5.1.10, so it remains for us to
show that the naturality diagrams of the unit of the monad ULFg on Set® are pullbacks. (In fact,
the monad U§FP on Set® is Cartesian, but we do not need this here.)

First, we give an explicit description of the unit n : 1 — ULFP. For any Q € Set®, the
unit nq : Q — UgFY is the natural transformation with components

DcC

{(nQ)C 10— [ ] Q(D)}
CeB
given by, for each C € B and each q € QC,

(nQ)C(Q) = injc(q)

Consider presheaves Q,Q’ € Set®, and a natural transformation a : Q — Q’. We will show that
the naturality square

Q———q

W

1B 1B/
UBFI Q UlleIBa UBFI Q

is a pullback. To this end, suppose that we have R € Set® together with natural transformations,
B :R—Qand ' :R— Q’, making the following diagram commute.

/

R—' o (5.1.13a)

f| [

1B 1B/
U1 Q UIISFIB(; Upf1Q
We must show that there is a unique natural transformation y : R — Q making the following

diagram commute.
(5.1.13b)

“”Q , o

o Jne

UpFrQ - UFr Q'

1B
UgFra
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Since diagram 5.1.13a commutes, we know for each C € B and every r € R(C), that
if Bc(r) =injpq, then injo(B’-(r)) =injp(ap(q)). Thus we know that C = D, and so that g € Q(C).
So we let y-(r) =q.

Clearly, a family {y} .. defined in this way will be natural. It is the unique natural transfor-
mation making diagram 5.1.13b commute, since the unit 7, is manifestly monic.

Thus statement (x) is proved. ]

5.2 Final bisimulations

This section is comprised of two parts. In the first, Section 5.2.1, we discuss the existence of final
bisimulations. In the second, Section 5.2.2, we introduce a procedure for finding them.

Section 5.2.1 is devoted to the redevelopment, within a general coalgebraic setting, of the
usual greatest-fixed-point characterisation of bisimulation [for a conventional presentation, see
e.g. Milner, 1989, Sec. 4.6]. We define a monotone operator on the preorder of relations for which
bisimulations are exactly the prefixed points. Under certain assumptions, the preorder of relations
forms a complete lattice, and hence the existence of final bisimulations can be concluded from
Tarski’s fixed point theorem.

Section 5.2.2 is concerned with an analysis of the construction of fixed points. We introduce
a transfinite relation refinement sequence that relates to the well-known terminal sequence. We
provide conditions under which the relation refinement sequence will converge in a finite number
of steps.

Throughout this section we fix a category ¢ with finite limits and images [see e.g. Johnstone,
2002, Sec. A1.3], and consider an arbitrary endofunctor B on 4. Welet h: X - BX, k:Y — BY
be two B-coalgebras.

We will consider the full subcategory Rel(X,Y) of € /(X xY) whose objects are pairs of an object
R of ¥ and a monomorphism R = X X Y. As is common, we will often elide the monomorphism,
denoting objects simply by their object parts. As usual, this full subcategory is a preorder; we
write (C) for the preorder relation.

5.2.1 Final bisimulations

We begin this subsection by defining an operator ® on the preorder Rel(X,Y). We then explore
some properties of ®. We conclude this subsection by explaining how Tarski’s fixed point theorem
can be used to derive final bisimulations.
For any R € Rel(X,Y), we define ®R € Rel(X,Y) as follows. First, let LR be the following
pullback in ¥.
LR—BR (5.2.1)

|

B(X X Y)

l(Bﬂ:l,an)

X XY ——BX XBY
hxk

We let ®R — X x Y be the image of the pullback map LR — X x Y. (So the pullback map factors
through ®R, and moreover ®R is the least such relation, under the inclusion preorder C.)

It follows from the universal properties of pullbacks and images that the operator ¢ on Rel(X,Y)
is monotone.

Suppose that % is the category Set of sets, and that the endofunctor B is the endofunc-
tor By, = #(Lab x —) for labelled transitions systems suggested in Section 2.1. For any rela-
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tion R € X x Y, the refined relation ®R C X x Y is the following set.

V(,x")eh(x). 3y’ €Y. (l,y") € k(y) and (x’,y’) €R }

{("’y JEXx V(L,y)ek(y). Ix’ €X. (I, x") €h(x) and (x’,y’) €R

Thus the operator ® is the construction F defined by Milner [1989, Defn. 4.7].

Regular relations and bisimulations. We will say that a relation R € Rel(X,Y) is regular if the
corresponding span X «<— R — Y arises as a pullback.

We have the following properties. For the specific case of coalgebras for CCS, items 1 and 2 of
Prop. 5.2.2 amount to Prop. 15(2) of Milner [1989]: they correspond post-fixed points of ® with
bisimulations.

Proposition 5.2.2. Consider a relation R in Rel(X,Y).
1. If R is a B-bisimulation between (X,h) and (Y, k) then R C ®R.

2. IfR C ®R and R is regular, and if B preserves weak pullbacks, then R is a B-bisimulation between
(X,h) and (Y, k).

3. If B preserves weak pullbacks and R is regular, then so is ®R. Indeed, if R is a pullback of a span
(X - Z « Y) then ®R is a pullback of (X LA BX — BZ «— BY L Y).

Proof. Item (1) follows from straightforwardly from the definitions. For if R is a B-bisimulation

between (X,h) and (Y, k) then there is a morphism r : R — BR making the following diagram

commute.
R———BR

|
B(X xY)
J(Bnl,an)
X XY W BX x BY
By the universality of LR, we have a morphism R — LR making the following diagram commute in

particular.
R——ILR

@J’R
[

X XY

Before we prove items 2 and 3 we provide some general background discussion. Suppose that R
is a pullback of a cospan (X — Z < Y), and that B preserves weak pullbacks. We let I be a strong
pullback of the cospan (BX — BZ « BY). We will prove that ®R is a pullback of the cospan
x x v 5 Bx x BY —I).

We have the following situation.

By BY
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The universal property of I and the weak universal property of BR give us maps m:I — BR
and e : BR — I such that m is a section of e, and such that the following diagram commutes.

] —"—BR—5—1]
\l/
B(X XY)
\JJ'\(

BX x BY

We (temporarily) write R’ for a pullback of the cospan

hxk
(X XY =5 BX x BY «I)

We know that LR is a pullback of the cospan (R’ — I <~ BR) since we have the following situation,
and pullback squares compose.

The morphism e : BR — I is split epi, and the morphism I — X x Y is monic, since it is an equaliser.
Both split epis and monos are stable under pullback, and so the decomposition LR - R’ — X xY isa
split-epi/mono factorisation. Such factorisations are images, and so R’ is ®R (up-to isomorphism).
We will write e’ : LR — ®R for the retraction, and m’ : ®R — LR for its section.

We are now ready to prove item (2). Suppose that we have R ¢ ®R. Then there is a mor-

phism R — BR given by the composite (R — ®R = LR — BR). To see that this structure lifts R to a
span of coalgebras, consider the following subdivision.

/7

R ®R > LR BR
®R B(X xY)
/ J}BTEI’B“Z)
XXY — BX x BY

For item (3), notice that ®R is a pullback of the cospan (X LA BX — BZ <« BY L Y). Indeed,

. o . hxk
cones over this cospan correspond bijectively with cones over the cospan (X x Y S BX XBY «— I ).
O

Using Tarski’s fixed point theorem. Recall that if 6 is complete then so is the preorder Rel(X,Y).
Proposition 5.2.3. If € is complete then the property of regularity is meet-closed in Rel(X,Y).

Proof notes. For any set I, the meet of an I-indexed family of regular relations {R;},.; is computed
as follows. For each i € I there is a cospan (X — Z; < Y) in ¥ of which R; is a pullback. A
meet /\.,R; of {R;},; is a pullback of the cospan

(Xil_lx—ﬂ_lzl«—l_lyiy) . (5.2.4)

iel iel i€l
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(Here, the arrows labelled A are the diagonals.)
This relation A, R; factors through R;, for each i € I, since a cone over the cospan (5.2.4) is
also a cone over the cospan (X — Z; < Y). O

Suppose now that B preserves weak pullbacks, and that € is complete and well-powered. The
latter assumption ensures that the partial order determined by Rel(X,Y) is a complete lattice.
As mentioned above, the operator ¢ is certainly monotone, and so, in this setting, Tarski’s fixed
point theorem says that the operator ® has a greatest fixed point. By fixed-point induction, with
Prop. 5.2.2(3) and Prop. 5.2.3, we conclude that the greatest fixed point is regular. Hence, by
Prop. 5.2.2(1, 2), the greatest fixed point of & is a final B-bisimulation.

5.2.2 Constructing final bisimulations

In this subsection we introduce two sequences (precisely: ordinal indexed cochains). The first
sequence that we consider is the terminal sequence. This sequence is often used to construct a final
coalgebra for an endofunctor. We are not especially concerned with final coalgebras here, but the
reader will find a recent overview by Worrell [2005, Sec. 2]. The idea of the terminal sequence
is to begin with the terminal object, and then successively find B-algebra structures, so that if the
sequence converges, i.e. the B-algebra structure is an isomorphism, then we have a B-coalgebra
structure, and indeed the final such.

The second sequence that we consider we call the relation refinement sequence. This is a se-
quence of relations in Rel(X,Y') that arises when trying to construct a greatest fixed point for the
operator ® introduced in the previous section. Thus we begin with the universal relation on the
carriers of the coalgebras, successively refining this relation.

Having introduced these two sequences, we show that they are very closely connected. We then
provide a basic condition for the termination of the relation refinement sequence.

In this subsection we strengthen the previous assumptions about the ambient category %; we
now assume that ¢ is complete, as well as having images. We continue to consider an arbitrary
endofunctor B on ¢, and B-coalgebras h: X — BX and k : Y — BY.

The terminal sequence. The terminal sequence of B is the cochain (zg 4 : Zg — Z,),<p defined
by transfinite induction, as follows.

e The limiting step is as follows. For any limit ordinal a, we suppose that we have already
defined the a-cochain (z, 5 : Z, — Zg)g<y<o- We define Zg to be the limit of this cochain;
then we let zg , be the arrows of the limiting cone.

In particular, Z; is the terminal object of €.
e The inductive step is as follows. If, for some ordinal a, the object Z, has been defined, then
we let Z,.1 =B(Z,).
We define the morphism z,, , : Z,1, — Z, differently depending on whether a is limiting.
— If a is limiting, we already have an a-cochain (z, 5 : Z, — Zg)p<,<, and we know that

the cone (2,5 : Z4 — Zp)p<q is a limit for the cochain. There is another cone for this
cochain, with apex Z,,; and with edges

_ B(zap) _ ,
( Zas1 —— B(Z,) —“P3B(Zg) —=— Zgyy 05 7 )
B<a

Hence we have a mediating morphism Z,,; — Z,. In this case then we define z,,, to
be this morphism.
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- Otherwise, if a = 3 + 1, let 2,4, 4, be the composite

B(zg41,8) -

BZg Zy.

Zoc+1 — B(Zﬁ+1)

In either case, for any 8 < a, we then define z,,1 g : Zo41 — Zg by letting 2,1 g = 24414 © Z4p-

(It is straightforward to verify that the ordinal indexed family (z5, : Zg — Z,)q<p is indeed a
cochain.)

The relation refinement sequence. We define an ordinal indexed cochain (Rg C Ry)q<p in
Rel(X,Y) by transfinite induction as follows.

e For a limiting ordinal a, let R, be the limit of the a-cochain (R, C Rg)g<y<, in Rel(X,Y).
In particular, Ry =X x Y.

e We define R, to be ®R,,.

If a is a limit ordinal, then, since ¢ is monotone, we know that for each ordinal f < a we
have R, G Rg. Thus we can conclude that R, ; G R,. On the other hand, if a = + 1 then

we can conclude that R, ; C R, since ® is monotone.

Coalgebras determine cones over the terminal sequence. For each ordinal a, we have a mor-
phism x, : X — Z, given as follows.

e If aisalimit ordinal, we have an a-cochain (z, g : Z, — Zg)g<,<q; the cone (2,5 : Z, = Zg)p<q
is by definition limiting for the cochain.

The morphisms x, : X — Z, for a < 8 form a cocone over this cochain, with apex X. We
let x, : X — Z, be the unique mediating morphism.

For instance, if a = 0, then x, : X — Z, is the terminal map X — 1.

e Otherwise, if a = § + 1, then we let x be the composite

Bx
x—px —5HBZg =7,

In the same way, we determine a cone (y, : Y — Z,), over the terminal sequence with apex Y.

Relating the relation sequence with the terminal sequence. We are now in a position to relate
the sequence of relations (R, ), with the terminal sequence (Z,),.

Proposition 5.2.5. Suppose that B preserves weak pullbacks, and consider an ordinal a. The following
square is a pullback.

Ta,0 Ty
Ry — 3 xxY 2y

X XY Ya
X o Zq

Proof notes. This statement is proved by transfinite induction on a. The case when a is a limiting
ordinal holds because limits commute with limits. The inductive step follows immediately from
Prop. 5.2.2(3). O
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Bounds for convergence. We now provide conditions under which the relation refinement se-
quence will converge. In the category of sets, it is clear that for any finite set, the subset relation
on its subsets is well-founded. We now establish this property in a slightly more general setting.
(Here we say that a diagram of monos is bounded if there is a cocone of monos over it.)

Theorem 5.2.6. Let A be a limit ordinal for which card(A) is regular. Let ¢ be a Boolean
topos with colimits of bounded A-chains of monos. Consider a A-cochain (mg, : Sg > Sy)a<p<nr
of monomorphisms such that S, is (card(A))-presentable. Then there is an ordinal a < A for
which mgy1 4 : Sq41 = Sg 1 an isomorphism.

Proof. Consider a pair of ordinals a, 8 such that a < < A. Since the category ¥ is Boolean,

the morphism mg , : Sg = S, is complemented, and so we have an object (S, — Sg) such that the

object S, is a coproduct of Sg and (S, —Sg), and the monomorphism mg , is the coproduct injection.
We now define a A-chain

(m;ﬁ (S — Sy) = (So — sﬁ)) (5.2.7)

asp<A

with morphisms m’, s given as follows. First, observe that whenever a < 8 then we have

(So —Sp) +Sp = S
g(SO_Sa)-i_Sa
g(SO_Sa)+(Sa_S[5)+S[5

Since coproducts in the topos 6 are universal we can cancel the Sg from the resulting equation to
conclude that

(SO _Sﬁ) = (SO _Sa)+(sa _S[j)

We define m’, e (So — Sa) = (So — Sp) to be the evident coproduct injection. It is monic since
coproducts in the topos ¥ are disjoint.

There is a cone of monomorphisms over (5.2.7) with apex S,. Being bounded, the chain must
have a colimit, which we denote (S, — S;); we denote the colimiting cone by

(m&,l (S — S,) = (So — sk)) . (5.2.8)

a<i

We have a mediating morphism (S, — S;) — Sy from this colimit to the cone of monos, and
it follows that every morphism of the colimiting cone (5.2.8) is monic. Moreover, the mediat-
ing morphism (S, —S;) — Sy is monic because pullbacks commute with colimits in toposes —
so (Sp —S,) is a union of (5.2.7). Since ¥ is Boolean there is an object S, such that S, is a co-
product (Sy — S;) + S;.

Now, consider the A-chain

/ .
(Ot 5202 (So =S +82 = (So=5)+5,) _

of which (S, — S;) + S, = S, must be a colimit. By assumption, S, is (card(A))-presentable, and
the A-chain (m’a 6 +3S; per is certainly (card(A))-filtered; hence there is an ordinal a and a
2 a <

morphism f : Sy — ((Sy — S,) + S;) such that the following diagram commutes.

((SO - Sa) + SA)
f er;’)fi'sl

I
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Thus the morphism (m’a’ 5 +82) 1 (So—Sq) +Sy — S is split epic. It is also monic, since sums are
universal, and so we can conclude that it is an isomorphism.
By considering the following fragment of the colimiting cone, one can conclude that the mor-
phism m, ., : (So—S4) +S; = (So — Sg+1) + Sy is an isomorphism.
m/

a,a+1

((So—8a)+S3) — ((So = Sas1) +5,)

’
ma’l-i-S)L f
mot+1,)t+s7L

So
Thus we have

(So = Se+1) =(So — Sq)
=(So—Sg+1) +(Sq — Sg41)

Since coproducts are universal, we can cancel the common factor (Sy—S,, 1), leaving (S, — So41) = 0.
So we know that the morphism m,;, : S441 > S, (part of the original A-cochain) is an isomor-
phism, and the theorem is proved. O]

According to this result, the relation refinement process will terminate when % is a Boolean
Grothendieck topos and the carrier object X X Y is finitely presentable.

The Schanuel topos is Boolean, and so, by combining Theorem 5.2.6 with Corollary 5.1.12,
we can conclude that the relation refinement algorithm for the endofunctor B, on Sh(I) for early
bisimulation will always terminate when run on a sheaf that is presented by a named-set with finite
index.
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Chapter 6

Rule Induction and Mathematical
Operational Semantics

We begin this chapter with an overview of some important elements of an abstract theory of syn-
tax. The development is largely standard, although the characterisation of free monads in Theo-
rem 6.1.5 seems to be novel.

In Section 6.2, we survey some aspects of the Mathematical Operational Semantics begun by
Turi and Plotkin [1997]. The idea behind this field of research is to put some important results of
operational semantics in a mathematical framework. In doing so we can abstract away from the
low level details that so often dominate results in operational semantics. Here, we explain how
the usual way of defining transition systems by rule induction can be understood as using initial
algebra induction to lift a monad to a category of coalgebras. We explain how the main results are
valid from the point of view of structured coalgebras.

Finally, in Section 6.3, we illustrate the theory of Section 6.2. We recall a positive version of
the GSOS rule format proposed by Bloom, Istrail, and Meyer [1995], and explain the process of
monad lifting for rules in this format. This process has been discussed before; our main reason for
discussing it here is to introduce the ideas and techniques involved, since in Section 8.4 we will
follow a similar process in a more complex setting.

6.1 Rudiments of abstract syntax

We overview some important elements of the theory of abstract syntax. We begin by providing a
notion of algebraic signature, and defining a notion of model for such a signature. Such a model
can often be seen as an algebra for an endofunctor; this leads us to study categories of algebras for
endofunctors, and for monads, in some detail. To do this we introduce, in Section 6.1.2, categories
of endofunctors and of monads. We conclude this section with a discussion about free monads on
endofunctors, in Section 6.1.3.

6.1.1 Algebraic signatures and their models

We recall a notion of algebraic signature, and explain how a category of models for the signature
is often the same thing as a category of algebras for an endofunctor.

Algebraic signatures.

Definition 6.1.1. An algebraic signature S is a set Opg of operators op each equipped with an
arity ar(op) € N.

133
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As a first example, we consider a signature CCS for a finite fragment of the pure CCS of Milner
[1989], which has operators

Opces = {par,sum, nil,tau} U {a.(=) | a € Act}U{a.(—) | a € Act} (6.1.2)
while arities are given according to the following table.

op € Opccs | ar(op)
par 2
sum
nil
tau
a.(

-)
(=)

— = = O N

Qi

(Here, Act is a chosen set of CCS actions.)

Models of algebraic signatures. Let S be a signature. In any category ¥ with finite products, an
S-structure is an object X € ¢ together with, for each op € Opg, a morphism [op]y : X*©°P) — X,
(Here, X®(°P) denotes the ar(op)-fold product of X.)

For our example of CCS: a CCS-structure X in % = Set is given by a set X, to be thought of as
a set of processes, together with functions denoting the operations of CCS, including, for instance,

e a function [par]ly : X x X — X representing parallel composition — to be thought of as
mapping a pair of processes to the process that behaves as the two in parallel;

e an element [nil]x in X representing the deadlocked process.

Morphisms between models. A morphism X — Y between two S-structures in % is given by a
morphism f : X — Y in ¢ such that, for each op € Opg, the following diagram commutes.

xartop) 221, 5

f ar(cp)J JV f
[oply

yarlop) ——= Y

These objects and morphisms form a category; identities and composition are as in 4.

Models as algebras for an endofunctor. If ¥ also has Opg-indexed coproducts then we can
associate the signature S with an endofunctor Xg ¢, on ¢:

Sse= || (ide™). (6.1.3)

opeOpg

In this situation, to give an S-structure in % is to give an object X of ¢ together with a mor-
phism ]—[opGOpS (X ar(o”)) — X; in other words, an S-structure in ¥ is the same thing as an algebra
for the endofunctor Xg ;. Indeed, the category of S-structures in € is isomorphic to the category
of algebras for the endofunctor Xg .

6.1.2 Categories of endofunctors and of monads

The concept of algebras for an endofunctor is a basic one. We now turn to consider endofunctors
and their algebras in a general setting. The endofunctors arising as in equation 6.1.3 provide
important examples.
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Morphisms of endofunctors. We introduce a 2-category Endo of endofunctors. This is somehow
dual to the 2-category coEndo considered in Section 2.3.

e Objects of Endo are pairs (¢, %) of a category ¢ and an endofunctor ¥ on 4.

e A morphism from (¢,X) to (¢’,%’) is given by a functor F : € — €’ together with a natural
transformation ¢ : ©'F — FX; composition of two morphisms

F, G,
(,2) 2 (¢, O (47, 2)
is given by
1 rF i GO
(GF, ¥'GF - GX'F -5 GFY)
e Let (F,¢) and (G, y) be two morphisms from (%,%) to (¢’,%"). A 2-cell from (F, ¢) to (G, )
is given by a natural transformation a : F — G such that the following diagram commutes.

Z’FL)FZ

o e

¥'G — GX
Composition and identities of 2-cells are as in the category CAT of categories.

The construction of categories of algebras for an endofunctor extends to a 2-functor Endo — CAT,
exactly as was the case for coalgebras in Section 2.3. This functor is isomorphic to the hom-functor
Endo((1,id;), —), where we write (1,id;) for the identity endofunctor on the terminal category.

For any endofunctor ¥ on a category 4, we let £-Alg be the category of X-algebras.

Morphisms of monads. We will also need to work with the category Monad of monads; we
reproduce here the definition of Street [1972], for the case of monads in CAT:

e Objects of Monad are pairs (4, T) of a category ¢ and a monad T on 4. (As a convention,
we will use a bold symbol for a monad, and an italic symbol for the underlying endofunctor.)

e A morphism from (¢,T = (T,n,u)) to (¢’,T' = (T’,n’,u’)) is given by a functor F : € — €’
together with a natural transformation ¢ : T'F — FT for which the following two diagrams

commute.
n'F T'¢ ST
F——T'F T'T'F T'FT FTT
% J’¢ M’FJ , JFM
FT T'F FT

F, G, .
Composition of two morphisms (%, T) &), (¢',T) ©n, (€”,T") is given by

G
GF, T"6F 25 61'F £ GFT)

e Let (F,¢) and (G,y) be two morphisms from (%, T) to (¢’,T’). A 2-cell from (F, ¢) to (G, )
is a natural transformation a : F — G making the following diagram commute.

T’FLFT

ral Jﬂ

T'G —— GT

Composition and identities of 2-cells are as in CAT.
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Notice that we have a faithful forgetful 2-functor Monad — Endo, which is in fact locally full and
faithful.

For any monad T on a category 4, we always understand a T-algebra to be an algebra for the
monad T in the sense of Eilenberg and Moore [see e.g. Mac Lane, 1998, Sec. VI.2], as opposed to
the more liberal notion of an algebra for the endofunctor underlying T.

The construction of algebras for a monad extends to a 2-functor Monad — CAT. Once again, this
functor is isomorphic to the hom-functor Monad((1,id;), —), where (1,id;) is the terminal monad,
given by the identity endofunctor on the terminal category. In particular, to give a T-algebra is to
give a morphism (1,id;) — (%, T) in Monad.

For any monad T on a category %, we let T-Alg be the category of T-algebras.

Liftings of endofunctors and monads. We say that a morphism (F, ¢) : (¢,%) — (¥’,%') in Endo
is a lifting if ¢ is an isomorphism. In the same way, we say that a morphism (F, ¢): (4, T) — (6’,T')
in Monad is a lifting if ¢ is an isomorphism.
Occasionally, we will refer to strict liftings, i.e. liftings for which the isomorphism is the identity.
We recall two results, which both follow immediately from a basic result of two-dimensional
monad theory [see e.g. Kelly, 1972, Thm. 1.4], since both Endo and Monad are categories of alge-
bras and lax morphisms for particular 2-monads on CAT [see e.g. Blackwell et al., 1989, Sec. 6.1].

Proposition 6.1.4.

1. A morphism of endofunctors (F,¢) : (6¢’,%) — (€,%’) has a right adjoint in Endo if and only if
the underlying functor F has a right adjoint in CAT and ¢ is an isomorphism.

2. A morphism of monads (F,¢) : (6’,T) — (6, T’) has a right adjoint in Monad if and only if the
underlying functor F has a right adjoint in CAT and ¢ is an isomorphism. Ol

Morphisms of model categories and morphisms of signature endofunctors. Fix a signature S.
We let . be the 2-category of model categories: objects of _# are categories with finite prod-
ucts and Opg-indexed coproducts; morphisms are finite product preserving functors; 2-cells are
natural transformations. The construction of an endofunctor provided in (6.1.3) extends to a
2-functor #5 — Endo. In particular, any morphism F : ¢ — 2 in g induces a natural transfor-
mation Xg ,F — FXg ¢ as a mediating morphism into the cone

~ F(injop) . =
(Fidg)" @ = Flidg™) — F | ] (id™®) | = FEsy
opeOpg
opeOpg
Hence F : ¢ — 2 extends to a morphism (¢, Xs ) — (2, X5 ) in Endo.
If a morphism F : ¥ — 2 of model categories also preserves Opg-indexed coproducts, then

the induced natural transformation Xg ,F — FXg  is an isomorphism, and so we have a lifting of
endofunctors.

6.1.3 Free monads on endofunctors

Theorem 6.1.5. Let ¥ be an endofunctor on a category 6, and let Ty, be a monad on 6. The following
are equivalent.

1. There is a natural family of isomorphisms of categories

{Endo((.@, T),(%,%)) = Monad((2,T), (‘K’TE))}(@ T)eMonad
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for which the following diagram commutes, where the vertical arrows are the evident forgetful
functors.

Endo((2,T),(€¢,%)) ———— Monad((2,T), (%, Ty))

CAT(2,¢)

2. The forgetful functor -Alg — € has a left adjoint and the resulting monad on €6 is Ty,

Although this result is somewhat fundamental in understanding free monads, I could not find
it stated in the literature and so a proof is provided in Appendix 6.A.

Whenever we have the situation in Theorem 6.1.5 then we say that the monad Ty, is the free
monad on . We will write 0y, : 1 — Ty, for the unit of Ty, and uy, : Ty; Ty, — Ty, for the multiplication
of Ty,. Using item (1), we can transpose the identity morphism on (¥, Ty) in Monad to obtain a
natural transformation oy, : ¥ — Ty, exhibiting Ty, as free on ¥ in the slightly more general sense
studied by (e.g.) Barr [1970], Kelly [1980, Sec. 22], and Barr and Wells [1984, Sec. 9.4].

It is well-known that for any endofunctor ¥ on any category %, if the forgetful func-
tor X-Alg — %4 has a left adjoint then it is monadic [see e.g. Barr and Wells, 1984, Prop. 9.4.1].
Indeed, this result can be derived from Theorem 6.1.5, by taking (2, T) to be the terminal monad
(1,id;).

Suppose that we have the situation in item (2) of Theorem 6.1.5. Then the left adjoint to
the forgetful functor ¥-Alg — ¥ sends an object X of ¥ to an algebra with carrier T5X; we will
denote the structure map by tyy : £T5X — TxX. The adjunction can be understood as providing
the following recursion principle: for any :-algebra (Y, y), and any morphism f : X — Y, we have
a unique morphism (f, y)* : TxX — Y such that the following diagram commutes in 6.

The family of structure maps for the free Z-algebras {tyy : ET5X — TxX }y . is natural; the natural
transformation ty, : Ty, — Ty; is such that ty, = yy, 0 05 Ts.

Existence of free monads. We record here a sufficient condition for the existence of free monads,
that encompases all the cases that arise in this thesis. For a proof of this result, see, for instance,
Barr and Wells [1984, Prop. 9.4.7].

Proposition 6.1.6. If € is complete and has pushouts and colimits of w-chains, and an endofunctor %
on 6 preserves colimits of w-chains, then the free monad on (6,%) exists. Ol

Functoriality of the free monad construction. The construction T _, of free monads is 2-func-
torial in the following sense. When the free monads on (¢,%) and (%’,%) exist then we have a
functor between hom-categories

Endo((‘g, Z)) ((5/5 Z/)) B Monad(((gz TZ)J ((g/z TE’))
sending a morphism (F,¢): (%,%) — (¢’,%’) in Endo to the monad morphism found by transpos-
ing (using Theorem 6.1.5(1)) the following composite morphism of endofunctors.

(ide,05) (F.¢)
_—

(¢,Tx) (6,2) —— (¢, 2
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Term monads for signatures. When X = X , is the endofunctor on a category ¢ according to
equation 6.1.3 for a signature S, then we let Ts = (Ts , ts > Ns, 4> Us,¢) be the corresponding
free monad structure, whenever it exists.

For the signature CCS given in (6.1.2), then for any set X, we have a set Tg g¢(X) of CCS terms
with free variables in X. Since the empty set is initial, and left adjoints preserve colimits, we know
that the Ygcs ser-algebra (Tees set(0), toes,sety) 18 initial in the category of Yecg sec-algebras.

6.2 Mathematical operational semantics

We now present some aspects of the mathematical operational semantics introduced by Turi and
Plotkin [1997].

We begin, in Section 6.2.1, by explaining how a lifting of a monad of syntax to a category
of coalgebras corresponds to an operational semantics for which bisimulation is a congruence.
In Section 6.2.2, we describe a priniciple of parameterised recursion. We use this principle in
Section 6.2.3 to create a monad lifting from a mathematical structure that we call an abstract rule.

All the above work takes place in the context of structured coalgebras. In Section 6.2.4 we
explain that if the structure map has a right adjoint then the same process can be carried out in the
context of (non-structured) coalgebras.

6.2.1 Lifted monads and bisimulation congruences

Congruence. Let X be an endofunctor on ¥ and let (X, x), (Y,y) be two X-algebras. A X-con-
gruence between (X,x) and (Y,y) is a span (X IR Y) such that there exists a X-algebra
structure r : ¥R — R lifting the span (R,r;,r,) to a span ((X,x) L (R,1) LR (Y,y)) of ¥-alge-
bra homomorphisms. In the terminology of Definition 2.1.3: a X-congruence is a V-lifting span,
writing V for the forgetful functor Z-Alg — 4.

In the same way, we can define congruences between algebras for monads. Let T be a monad
on %; we say that a T-congruence between T-algebras (X, x) and (Y,y) is a span (X LR Y)
for which there exists a T-algebra structure r : TR — R lifting the span to a span of T-algebra
homomorphisms. So a T-congruence is also a V-lifting span, this time writing V for the forget-
ful functor T-Alg — ¥. Note that when T is the free monad Ty, on an endofunctor %, we know
that Ty-Alg = 3-Alg and so that a Ty-congruence between Ty-algebras is the same thing as a 3-con-
gruence between the corresponding >:-algebras.

Following the convention of Section 2.5.1, we will use the term congruence relation to describe
a congruence whose span is jointly monic.

For a basic example we return to the example signature CCS introduced in (6.1.2).
A Yccs ser-congruence relation on the initial Xccggser-algebra is a binary relation R on the
set Teesset(0) of closed CCS terms which is a congruence in the usual sense. For instance,
suppose that we have terms ty, t,, t1, t; € Tres ser(0) such that (t4,t1) € R and (t,,t;) € R; then
we must have (par(ty,t,), par(t/,t;)) €R.

Monad liftings. Recall, from Section 2.1, that to give a labelled transition system is to give a
coalgebra for the endofunctor By, = 2 (Lab x —) on Set. For the case of pure CCS, the labels are
actions, coactions or silent, and it is sensible to take Lab = Act + Act + 1. A strict lifting of the
term monad Tccg ser ON Set along the forgetful functor By;-Coalg — Set describes, in particular, a
way of transforming a By-coalgebra with carrier X into a By,-coalgebra with carrier Tecg gee(X). In
other words: given a behaviour for variables, a monad lifting describes the behaviour of compound
terms. Thus a monad lifting can be thought of as defining a compositional operational semantics.
In fact, as we now explain, such an operational semantics will necessarily be well-behaved.
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The following central result has nothing in particular to do with coalgebras, and so we state
and prove the general form using lifting spans as introduced in Definition 2.1.3. We explain the
relevance of this result in Corollary 6.2.3.

Theorem 6.2.1. Consider a functor V : 8 — € between categories. Consider a monad T on % which
is a lifting along V of a monad T on 6.
Let (X, x), (Y,y) be two T-algebras. A final V-lifting span between X and Y is a T-congruence.

Proof. As usual we write (T,n,u) for the monad T, and (T,7,fi) for the monad T. We
let v: TV — VT be the lifting isomorphism.
Consider a final V-lifting span between X and Y.

mn ra
VX «—R—VY

This means that we have a span in %

such that (R, ry, rz) = (VR, V?l, V?‘z).
Applying the monad T and composing with the algebra maps x,y gives the following span

between X and Y in 4.

e TF
X<—TX<—TR—2>TY—>Y

Thus we have a V-lifting span in ¢

- VT
VX<—VTX<—VTR—>VTY—>VY

Since (R, r,15) is a final span we have a unique morphism f : VTR — R such that the following
diagram commutes in 4.

VTR (6.2.2)
VTX f VTY
7 N
VX R VY

a1 T2

We will show that the composite r = TR VTR R R equips TR with a T-algebra structure. First,
we prove the unit law. Consider the following span in 2.

i ~w~ WR ~
X Fx I pg Rg R opp Iy Yy

This gives a V-lifting span in 4:

~ ~ V7R o VT,
VX<—VTX<—VTR<—R—>VTR—>VTY—>Y

Because (R,rq,15) is a final V-lifting span, we have a unique morphism g : R — R making the
following diagram commute in 6.

VTX g VTY

r ra
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It is clear from diagram 6.2.2 that setting g = f o V7jR makes the diagram commute. But so does
setting g = idg, as the following decomposition shows.

.. ViR VAR .
VIR——R—VTR
VT# VT,
M 1 Ty
. ¥vix VAY >
VX VX d VY — 5 VAY
Vxl (2) - (3) \, va
VX = R - VY

Using: (1) nat. of %; (2) V applied to the unit law for a; (3) equality. The right-hand side is similar.

Thus we have that f o VAR = idz. To conclude the unit law for r : TR — R, we observe that
the following diagram commutes in %.

Using: 1: unit law for v; 2: just established.

As for the multiplication law, consider the following span in 2.

By finality of (R, rq,75), there must be a unique morphism h : VTR — R in ¢ making the following
diagram commute (in %).

Y
1

~ Vi

eV ~ o
VIR——VTTR—VTR
h

VTX VTY
VxJV JVVy
VX R 4%

T Ty

It is clear from diagram 6.2.2 that h = f oV iR is one such map. Another oneish=f ovRo Tf o v !TR,
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as illustrated in the following decomposition.

VTR VTTR VTR
d | id
M : 17k
o vTR @) V‘Lw* o
VTTR TVTR VTTR
v, ® / \ v,
VITH TVTX @& Tf TVTY VITH,
vTX lTVX Tvyl vTY
M Vi 2 - vay M
VIX——VTTXx & TVX vE, T‘R i TVY VITY —VTY
©) VTx j % ) vf R vTy
v I TR 7 1%
x VTX i VT vy VTY y
v | e
8
) J
VX R 4%

r Ty

Using: (1) nat. of fi; (2) vov™! =id; (3) nat.of v; (4) T applied to dgm. 6.2.2; (5) nat.of v; (6) mult. law for x;
(7) nat.of v; (8) dgm. 6.2.2. The right-hand side is similar.

Hence f oViiR=f ovRo Tf ov™!TR.
To conclude that r = f o vR : TR — R satisfies the multiplication law, consider the following
diagram.

TTR TVTR——— TR
TvR 1
s |
~~ VIR o~ X -
KR TVTR—VTTR (3) VTR
ViR
(2) f
-
TR i VTR —>f R

Using: (1) v~'v =id; (2) mult. law for v; (3) as just established.

Thus we know that r : TR — R is a T-algebra, and so the final V-lifting span (R,r;,r5) is a
T-congruence. 0

By specialising Theorem 6.2.1 to the case where 2 is a category of structured coalgebras, and
restricting attention to free T-algebras, we arrive at the following corollary.

Corollary 6.2.3. Let U : 2 — 6 be a functor between categories, and let B be an endofunctor on €.
Let T be a monad on (U, B)-Coalg which is a strict lifting of a monad T on 9. Let (X,h), (Y,k) be
U-structured B-coalgebras.

Every final U-structured B-bisimulation between T(X,h) and T(Y, k) is a T-congruence between the
free T-algebra on X and the free T-algebra on Y. O

Our approach to Corollary 6.2.3 differs from that of Turi and Plotkin [1997, Corollary 7.5], in
that we do not make use of a final coalgebra, or their notion of bialgebra for a distributive law.

Characterisation of monad liftings along forgetful functors. We conclude this subsection with
the following elementary observation. Turi and Plotkin [1997, Rem. 5.1] use this result for cate-
gories of coalgebras.
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Remark 6.2.4. let V : 8 — % be a faithful functor between categories. Let T = (T,7n,u) be a
monad on €.

To give a strict lifting of T along the functor V is to assign to each object X in % an object TX
in % such that VTX = TVX, and such that

1. for each morphism f : X — Y in % there is a morphism T f : TX — TY in % such that

VIf=TVf:TVX - TVY ;

2. for each object X of % there is a morphism 7jy : X — TX in % such that

Vily =nyx : VX - TVX ; and

3. for each object X of & there is a morphism fiy : TTX — X in 9 such that

Viiy = tyyx : TTVX —» TVX
Functoriality of T, and naturality of 7j and fi, are guaranteed because V is faithful. O

6.2.2 Parameterised recursion

Let T be a free monad on an endofunctor ¥ on a category ¢ with binary products; we omit the
usual subscript % for brevity. Let X, Y be objects of 4. For any pair of morphisms

f:O(TXxXY)->Y g:X—>Y (6.2.5)
in ¥, the principle of “parameterised recursion” gives a unique morphism
(6,5, T.X,Y,f,g) :TX -»Y
making the following diagram commute.

S(ATX) S(TXX(6,%,T.X,Y,f,9))

»(TX) DATX X TX) b LB y2(TX XY) (6.2.6)
tXJ J,f
€, TX,Y,f,g)
TX ( f.8) Y
nXT 2
X

We refer to such a tuple (¢,%,T,X,Y, f, g) as (parameterised) recursion data.

Taylor [1999, Example 6.1.7] discusses the various forms of recursion. As he demonstrates,
parameterised recursion as defined above is exactly the notion that is often used in definitions of
unary primitive recursive functions, for instance for the factorial function.

Morphisms of recursion data. By introducing morphisms between items of recursion data, we
show, in Lemma 6.2.8, that the operation of parameterised recursion is functorial.

A morphism (F, ¢,vy,a,3) between two items of recursion data, from (¥¢,%,T,X,Y, f,g) to
(6,2, 1,X",Y',f',g"), is a functor F : € — €’ that preserves binary products, together with natu-
ral transformations ¢ : ©*'F > FX and ¢ : T'F — FT, and morphisms a : X’ > FX and f:Y' > FY
in ¢’, all such that we have a morphism of endofunctors (F,¢):(%,%) — (¥¢’,%') inducing a
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monad morphism (F,v) : (¢,T) — (€6’,T’), and such that the following diagrams commute. (Dia-
gram (a) is in the functor category [€, ¢’], while diagrams (b) and (c) are in 6’.)

(a) ST'F - TR (© Z(T'X'xY") AN Y’ (6.2.7)
Z/QPJV (T axf)
T'FT Y Y/ (T'FX X FY)
¢T¢ S (YX XFY)
FXT —— FT S/(FTX x FY) B
/ 1§
/ g /
®) X Y SYF(TX X Y)
o e
G(TXXY)
FX ——FY d
Fg FX(TX xY) 7 FY

Note that diagram 6.2.7(a) says that (F,) : (¢,T) — (¢’,T’) is the monad morphism induced by
the morphism of endofunctors, (F,¢): (€,%) — (¢/,%).

Lemma 6.2.8. Let (F,¢,y,a,3) be a morphism between two items of recursion data, say
fromd =(%,%,T,X,Y, f,g)tod = (6,2, T,X’,Y', f’,g'). Then the following diagram commutes

in €.

T'X’ a" Y (6.2.9)

T’aJ

T'FX B

w|
FTX o FY

Proof. By considering the recursion data
€, %, T X' FY,
, f = Z/(T’X’XFY)M)Z’(T’FXXFY)ZM)Z’(FTX><FY)
4= ~ SR(TXxY) —) L PR(rxxy) — Ly FY,
Fg

g =x'—25FX —5FY

we see that there is exactly one arrow d”* : T’X’ — FY making the following diagram commute.

S(AT'X! ST/X xd™
(m'x) 2 sy orxry o PN s x Fy) (6.2.10)

t'x’ J/f//
It d’”
T'X FY
n/X/ -
g
X/

We will show that d”* could be either of the two sides of diagram 6.2.9. For the case of

d"" = Fd" 01X o T'a, consider the following decomposition.
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Using: (1) properties of products; (2) nat. of t’; (3) dgm. 6.2.7(a); (4) nat. of ¢; (5) F applied to defn. of d*; (6) nat.
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Fal)

%/ (x 5/ (- xpX)
>'T'X’ —> S(T'X'xT'X") —) E’(T’X xT'FX) —— 2/(T'X’ ><FTX) —) Y(T'X'XFY)
e (T ax...)
>'T'FX ) S/(T'FX XFY)
> (YXx...)
(2) S/(FTXXFY)
/X
od ?
>/ FATX xdh)
t'FX (3) YFTX ———— YF(TXXTX) % YE(TXXY)
J:PTX @) 6(..)
xdh)
Frx — AT pnerxxx) 2D pnirx )
thx (5) Ff’
= T'a PX
T'X' T'FX FTX FY
E Fal
n (6) n'FX
—_—
)'d - FX

of 1’; (7) unit law for +); (8) F applied to defn. of d*.

For the case of d”# = 8 o d”, consider the following decomposition.

/(a

/X/)

»/(1'x! xd’?)

/( /X/ [j)

S(T'X) ———— > 2(T'X'XT'X") ——— (T'X'xY') ———— Z/(T'X' xFY)

t'x’

€Y

(2

(1’ ax...)
> (T'FXXFY)

= (X x...)
S/(FTXXFY)

4
YF(TXXY)
#(..)
FR(TXxXY)

Ff’

FY

(3

C))

Fg

FX

)'d m
Using: (1) defn. of d”*; (2) dgm. 6.2.7(c); (3) defn. of d*; (4) dgm. 6.2.7(b).

Since the mediating morphism d’* of diagram 6.2.10 must be unique, we can conclude that dia-
gram 6.2.9 commutes. O

6.2.3 Abstract rules inducing monad liftings

Definition 6.2.11. Let U : 2 — < be a functor between categories, and let B and 3 be endofunctors
on %. Suppose that the free monad T on X exists, and that T lifts along U to a monad T on 2. We
write u : TU — UT for the lifting isomorphism.
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An abstract rule for (¢,2,U,B, %, T) is a natural transformation

p:X(UXxBU)—BUT

Abstract rule induction. Together, an abstract rule of this form and a U-structured B-coalgebra,
(X,h:UX — BUX), provide parameterised recursion data

(6,%,T,UX,BUTX, f, x,8x 1)

where the morphisms f, x, gx » are defined as follows.

~ ~ = TX T T BUL T
fox = E(TUX x BUTX) 2555 5(UTX x BUTX) 2= BUTTX "5 BUTX (6.2.12)

h BUNX ~
gxn = UX —» BUX — BUTX.

Hence an abstract rule p gives rise to an operator T, which assigns to each U-structured B-coalge-
bra (X,h) a U-structured B-coalgebra with carrier TX, and with structure given by

(6,5.T,UX,BUTX,f, x.8x n)*

u*l ~
T,h=UTX "5 TUX BUTX . (6.2.13)
Theorem 6.2.14. The operator T, defined in equation 6.2.13 defines a strict lifting of the monad T
along the forgetful functor from the category of U-structured B-coalgebras.

Proof. The forgetful functor (U, B)-Coalg — 2 is faithful, so we make use of the characterisation
highlighted in Remark 6.2.4. We begin by proving requirement (1) of that remark: for any coal-
gebra homomorphism a : (X,h) — (Y, k), the morphism Ta in 2 is a map of coalgebras, i.e. the
following diagram commutes in 4.

vix L uty (6.2.15)

ule J{ulY
Ua

T
TUX —— TUY
(%,z,T,UX,Bufx,fp,x,gx,h)ﬂ J(%,Z,T,UY,BUTYJP,Y,gy,k)”

- -
BUTX Tﬁa BUTY

The top square commutes by naturality of u~!. For the lower square, we appeal to Lemma 6.2.8,
using the following morphism between items of recursion data.

(ide,idy,idy,Ua,BUTa): (6,5, T,UX,BUTX, f,x,8xn) — (6,5, T,UY,BUTY,f,v,8vx)

We check that this is a valid morphism, that is, that diagrams 6.2.7(a—c) commute. Dia-
gram 6.2.7(a) is trivial in this case. Diagram 6.2.7(b) commutes since a is a U-structured
B-coalgebra homomorphism and 7] is natural. Diagram 6.2.7(c) commutes since f, x is natural
in X.

For requirements (2) and (3) of Remark 6.2.4, we must show that the unit and multiplication of
the monad T lift to homomorphisms of coalgebras, i.e. that the following diagrams commute in .

Unx - - 0154 -
(@ UX ——UTx (b)) UTTx——UTXx (6.2.16)
hJ Jerh Tp(Tph)J( JTPh
BUX ——= BUTX BUTTX 72 BUTX

BUT BUfiX
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To see that diagram 6.2.16(a) commutes, consider the following triangulation.

UTx
\ (1) /

TUX — TUX

(3) J(%,Z,T,Ux,Bufx,fp,x,gx,h)”

BUX BUAX BUTX

Using: (1) unit law for u; (2) u! ou=id; (3) dgm. 6.2.6.

For diagram 6.2.16(b), multiplication, we proceed as follows. By parameterised initiality there
is a unique map d* : TUTX — BTUX making the following diagram commute.

(TUTX) ZATUTX) L(TUTX x TUTX) ot ZI(TUTX x BUTX) (6.2.17)
S(Tu 1Xx...)

Y(TTUX x BUTX)

tUTX (@) Z(pUXx...)

Y(TUX x BUTX)

fox

BUTX

We will show that such d* is found by precomposing either side of diagram 6.2.16(b) with uTX.
For d! = T,hoUjiX o uTX, we see that part (a) of diagram 6.2.17 commutes by considering the
decomposition in Figure 6.1. As for part (b) of diagram 6.2.17, consider the following decomposi-
tion.

Upx T h
TUTX 25 UFTx —— UTX —— BUTX
an 6)) - )
el ~T,h
UTX -

Using: (1) unit law for u; (2) unit law for T.

For the other case, d! = BUjiX o T,(T,h) o uTX, we see that part (a) of diagram 6.2.17 com-
mutes by considering the decomposition in Figure 6.2. As for part (b) of diagram 6.2.17,
consider the following decomposition. Here, the arrow labelled (f,g)! represents the morphism
(6,5, T,UTX,BUTTX, f, 1x, ix, T, h)ﬁ : TUX - BUTX.

T,(T,h) BUGX
TUTX I, UTTX *>BUTTX — BUTX
\u___/
(f.8)

BUnTX
nUTX 1) BUTX @

UTx
Using: (1) defn. of (f, g)'; (2) unit law for T.
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- S(ATUTX) . - id - o 2(-xuTx) N o o B(xUEX) - o (e xTpX) N N

S(TUTX) ——5 S(TUTX x TUTX) —S— S(TUTX x TUTX) ——— S(TUTX x UTTX) ——'S(TUTX x UTX) —5 S(TUTX x BUTX)
mwv S(-xuX) 4
2(-x TuX) 3 S(--xuT1X)
S(-xTu" X SC-x(f,9)5
. (- xpUX) . .
. S(TUTX X TTUX) — S(TUTX X TUX) () X(TUTX x TUX) ©) L(Tu X x...)
sTulx
-1
(1) —— S(Tu~'Xx...)

S(--xuUX ~
STTUX — 221X s(TTUX x TTUX) Coxautx) S(TTUX x TUX) S(TTUX x BUTX)
tUTX SaU% (7) S(uUX%...) S(uUX%...)

TATUX ~ (-x(£,8)0) -
(8) tTUX YTUX ——————— o N(TUX x TUX) —— S(TUX xBUTX)

©) & (10)
TTUX R TUX fotx
_ g
Tu'X TuUX (12) uxX &
11 (13)
. . .. g .
TUTX d »TUTX 1T UTTX UnX UTX T,h BUTX

Figure 6.1: Proof that d* = T,hoUiX o uTX is a mediating morphism for diagram 6.2.17(a). Here, the arrows

labelled (f, g)! represent the morphism (4, %, T, Shwquﬂkvbo,xv

wx,in

:TUX —» BUTX.

Using: (1) nature of products; (2) uou™! =id; (3) mult. law for u; (4) defn. of T,h; (5) u~ou = id; (6) nature of products;

1

(7) nature of products; (8) nat. of t; (9) since u is a homomorphism of %-algebras; (10) defn. of (f,g)*; (11) uou™* =id;
(12) mult. law for u; (13) defn. of T,h.
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~___x(ATUT - o S(-xuTx - o o D XT(Tyh) ~ X(xBUji - -
s(rUFx) "SR U Tx « TUui S N (TUTx x UTTX) S S(TUTX x m:qd& yamﬁqdm x BUTX)

nC-x(£,8)) (Tu=1Xx...)

(3)

P S s orutx x BUTX) == S(TTUX x BUTX)
Sixx...) ) g S(uUXx...)
STxx...)
S(UTTX xBUTX) 4 Y(TUX x BUTX)
tUTx ¢h) \\ (5) -
(--xBUJiX) S(UfX x...
L(UTTX x BUTTX) S ORX BT
> (6)
pTTX
BUTTTX BUTixX
N BUATX @
\\.\.\..\\\\\(\.\X\ s{lnili«l.l.l.lltlil!
1 \ /
TUTX " UTTX TR BUTTX UK BUTX

Figure 6.2: Proof that d' = BUjiX o T,(T,h)o uTX is a mediating morphism for diagram 6.2.17. Here, the arrows
labelled (f, g)! represent the morphism (4, %, T, UTX,BUTTX, f, tx, m@nﬁutn : TUX - BUTX.

Using: (1) defn. of (f, g)*; (2) nat.of fi; (3) uou™" =id; (4) mult. law for u; (5) nature of product; (6) nat. of p; (7) mult.
law.
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Such a mediating map d' must be unique, and so we know that
T,hoUpX ouTX =BUX o T,(T,h)ouTX

Because uTX is an isomorphism, we can conclude that diagram 6.2.16(b) commutes.
Thus we have established all the requirements of Remark 6.2.4, and we can conclude that we
have a lifting T,, of the monad T. O]

In Section 6.3.5, and again in Chapter 8, it will be seen that the inductive method of Theo-
rem 6.2.14 for lifting a monad to a category of coalgebras can be understood as the definition of
transition systems by rule induction.

6.2.4 Rule induction, when the structure functor has a right adjoint

We retain the notation of the previous subsection.

As we observed in Example 2.4.3(4), if the structure functor U : 2 — ¥ has a right ad-
joint R: ¢ — 2 then we have an isomorphism of categories (U, B)-Coalg = RBU-Coalg. We now
explain how, under mild conditions, we can use an abstract rule of the type used in the previ-
ous subsection to lift the monad T on 2 directly to the category RBU-Coalg. Thus the problem is
reduced to that considered by Turi and Plotkin [1997].

Preliminaries. Suppose now that the structure functor U : 2 — % has a right adjoint R: ¢ — 2,
and also that U preserves binary products. We write 1" : id, — RU for the unit of the adjunction
(U 4R), and €' : UR — id, for the counit; we use the superscript 4 here to distinguish from the
units of the free monads that are under consideration.

We will also need to suppose that the endofunctor % on € lifts along U to an endofunctor 5.
on 2, and that T is the free monad on ¥. We write u both for the endofunctor lifting isomorphism
XU — U and for the monad lifting isomorphism TU — UT; we assume that the latter is the
extension of the former according to part (1) of Theorem 6.1.5.

By Prop. 6.1.4(1) we have a morphism of endofunctors (R,r) : (¢,%) — (2,%) which is
right adjoint in Endo to the lifting (U,u) : (2,%) — (%,%). Similarly, by Prop. 6.1.4(2), we
have a morphism of monads (R,r) : (4,T) — (2,T) which is right adjoint in Monad to the lift-
ing (U,u): (2,T) — (¥, T). Note that, again, we use the same notation for both the morphism of
endofunctors and the morphism of monads, since here the latter is the extension of the former.

The fact that the unit 1" of the adjunction is a morphism of endofunctors and of monads means
that the following diagrams commute in the functor category [2, 2].

Sy Ty

3 —— SRU T ——TRU (6.2.18)
J{rU JVrU
5\ RZU 7\ RTU
J{Ru JﬁRu
RUS RUT

Derivation of an abstract rule for (2, 2,id,,RBU,%,T). An abstractrule p for data (4,2,U,B, %, T),
in the form of Definition 6.2.11, gives rise to an abstract rule

p : 5(— xRBU) — RBU (6.2.19)
for (2,9,id,,RBU, %, T), as follows: precompose p with the counit &,

--x¢'BU)

b ~
S(U — xURBU) X289, 51y — xBU) 25 BUT
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then use the lifting isomorphism and the fact that U preserves products to arrive at a natural
transformation

US(— xRBU) —BU ;
and finally transpose across the adjunction (U - R) to obtain a natural transformation of the form

of (6.2.19).
In summary, p is the following composite.

$(— x RBU)
75(..)
RU%(— x RBU)
Ru~Y(...)
RXU(— X RBU)
2
R>(U x URBU)
R5E(Uxe'BU)
RY(U x BU)
Rp
RBUT

Relating the derived rule with the original. Using this abstract rule 5, we can lift the monad T
on 2 to an monad T; on the category RBU-Coalg of coalgebras. As we now show, this monad T,
on the category RBU-Coalg corresponds to the monad T, on the isomorphic category (U, B)-Coalg.

Theorem 6.2.20. The isomorphism of categories (U,B)-Coalg = RBU-Coalg lifts to an isomor-
phism ((U, B)-Coalg, T,,) = (RBU-Coalg, T;) of monads.

Proof. Any isomorphism is necessarily faithful, and so, following Remark 6.2.4, it is sufficient to
show that

for every U-structured B-coalgebra (X,h : UX — BUX), the left adjunct of T,(h)
is T, (h"), writing h' for the right adjunct of h.

In other words, we must show that, for every RBU-coalgebra (X,h:X — RBUX), the following
diagram commutes.
TXx

17 J %ﬂo
n'TXx

RUTX Tf,h) RBUTX
We prove this by considering the following decomposition.

T; (Rhorj'X)

WX TX RUBTX (6.2.21)
V Jrf"n"X
LKW .
RUTX TRUX (3) id
idi (2{% JrUX )
O Rulx (6,5, T,UX,BUTX,f, x.8x 1) .
RUTX —RTUX RBUTX

\//)

RT,h
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Part (1) is diagram 6.2.18, and part (2) follows since uou~! = id. For part (3), note that, by
definition, T5(Rho 1'X)=(2,%,T,X,RBUTX, fox gX’(RhOTﬁX))ﬁ. Now, we consider the morphism of
recursion data

(Ra T, ’rl_|X7 Id) : ((g) 2) T: UXJBUTXpr)(7 gX,h) - (@; i; T)XJRBUTXpr)(a gX’(RhOVﬂX))

and we will use Lemma 6.2.8 to show that part (3) commutes. Since R is a right adjoint, it certainly
preserves binary products, and so it remains for us to show that the three diagrams in (6.2.7)
commute. Diagram (a) is straightforward, since the morphism of monads (R,r): (¢,T) — (2,T) is
chosen to be the extension of the morphism of endofunctors (R,r):(%,%) — (2,%).

For diagram (b), we consider the following decomposition.

8X ,RhonX ~
X RBUTX
%X
nX RBUX id
Rh
RUX T RBUTX
To see that diagram (c) commutes, consider the decomposition given in Figure 6.3. Ol

6.3 The Positive GSOS rule format

We now illustrate some aspects of the theory of the previous sections by considering concrete rules
in a positive version of the GSOS format of Bloom, Istrail, and Meyer [1995].

Notation. As in Section 2.1, we fix a set of labels Lab. We also fix a signature S, in the sense of
Definition 6.1.1; we will make use of the endofunctor Xg . on the category Set of sets as defined
in equation 6.1.3. (Hereafter we write Xg for X g, since we will only consider the category of sets
in this section.)

Because Set satisfies the conditions of Prop. 6.1.6, there is a free monad Tg ger 0N X g¢. (Here-
after we write Tg = (Tg, s, Ug) for this free monad.) For each set X, elements of the set TsX are to
be thought of as terms built out of the operators of S, with free variables taken from X.

6.3.1 Rule structures

Definition 6.3.1. A premise structure over a set X of variables is a triple in X x Lab x X with the
components respectively named the source, action and target. A conclusion structure over a set X of
variables is a triple in XgX x Lab x T¢X with the components respectively named the source, action
and target.

A rule structure R over a set X of variables is a set Prems of premise structures over X and a
conclusion structure (src,[, tar) over X.

We will often refer to classes # of rule structures R; the intention is not that each rule structure R
in #Z is over a common set of variables, but rather that each rule structure R has an implicit set of
variables over which it is defined.

Notice that we use a typewriter font to denote the set X of variables. We will use the same font
to notate elements of X. So the symbol x is different from the symbol x.
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- - S(TnXx)n o . B(rUXx..) ~ - ~ - o o
2(TX XQQHNVEMQNQN XQQHNVEM%HQN XRBUTX) — XR(TUX meﬂNvtvmmqsm X BUTX)

n5(.) /n?ﬁxx/ ) m:éxx...v\ ) mo@?...v/
RUS(TX x RBUTX) S(RUTX x Ew:@@ — m@:@m X RURBUTX) —— 2 (RUTX x RBUTX)
(--xnRBUTX) 3(*-xReBUTX)
-1
Ru~'(...) RuC) 3) 0
RRU(TX x RBUTX) «——— RZU(TX x RBUTX) o SRU(TX x RBUTX) ) ~ ) RE(uXx...)
1§ (6) 14
- - - o ~ 5R(..eBUTX) . o o
RE(UTX x URBUTX) - SR(UTX x URBUTX) ——'SR(UTX x BUTX)
. r(..)
RY(--xeBUTX) (7)

RE(UTX x BUTX) 5 RE(UTX x BUTX)
RpTX RpTX
RBUTTX - RBUTTX

RBUTX RBUTX
RBUTX - RBUTX

Figure 6.3: Proof that diagram 6.2.7(c) commutes, as required for using Lemma 6.2.8 to prove that part (3) of
diagram 6.2.21 commutes.

Using: (1) dgm. 6.2.18; (2) triangle id.; (3) dgm. 6.2.18; (4) nat. of product preservation; (5) nat. of r; (6) nat. of r;
(7) nat. of r.
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Rule structures as first-order logic formulae. Suppose that we have a class % of rule structures.
We will explain how this class can be considered as a theory of (potentially) infinite logic, for the

language with operations S and with a binary predicate L, for each label [ € Lab. We note that, for
each set X of variables, every element of X and every element of T¢X is a term in the language,
with free variables in the set X.

For each rule structure R € Z, we define a formula & as the following Horn clause.

l
oy = /\ X N y | = src—tar (6.3.2)

(x,l,y)€Prems

Now, the theory associated to £ has an axiom for each R, as we now explain. If X is the set of
variables over which R is defined, then the axiom associated to R is:

VX. &

We use this notation to indicate simultaneous universal quantification in the formula & of every
variable in the set X — this is a convention that is common in infinitary logics. If we can enumerate
the variables in X, say X = {xl, . ,x|x|}, then we have

VX. CI)R — VXl:"':X|X|'q)R

Models of rule structures. A structure for the language of the above theory we call an %-struc-
ture. That is, an Z-structure is a set X equipped with a ¥g-algebra structure a : 35X — X and a
labelled transition relation — C X x Lab x X.

We say that such an Z-structure is an %-model if the transition relation — C X x Lab x X
satisfies every instance of each formula &g, for R € £. Simpson [1995, Sec. 2] restricts the notion
of model by only allowing transitions out of elements in the image of a when they are derivable
from some ®;. But of principle interest for operational semantics is the model that Simpson says is
intended; in this case it is defined as follows:

e the carrier set is Tg0, the set of free terms of the signature S;
e the Yg-algebra structure is the structure map tg : 35Ts0 — Ts0 of the free Xg algebra;

e the labelled transition relation — C X x Lab x X is the smallest relation that satisfies every
axiom of the theory.

6.3.2 GSOS conditions

We say that a rule structure R over variables X is in the Positive GSOS rule format if it satisfies
Gsos™-1-5 in Figure 6.4.

Discussion. The class of rules considered here differs from that introduced by Bloom, Istrail, and
Meyer [1995, Defn. 4.3.2] in two ways: we have removed the image-finiteness condition, and we
do not consider negative premises.

The image-finiteness condition can be reintroduced by considering a finite powerset functor;
indeed, this is the approach taken by Turi and Plotkin [1997].

A positive version of the GSOS format has previously been studied by Groote and Vaandrager
[1992, Sec. 9]. It is beyond the scope of this thesis to discuss the merits and demerits of negative
premises in detail, but we can summarise some of the arguments.

e Against negative premises: the meaning (i.e., the intended model) of rules with negative
premises is a matter of debate [see e.g. Aceto et al., 2001, Sec. 3].
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Of arule R

we require:

Gsos™1.

GSOS™-2.

GSos™3.

GSOS™-4.

GSOS™-5.

over variables X, where

Prems
R=

L
@(51’ .. ,gar(o)) — tar

All variables appear either in the conclusion source or in the targets of the

premises.

Jje[1,ar(op)]. x; =x
Vx eX. - / .
v dl €Lab, y€X. (x,1,y) € Prems

The source of each premise appears in the conclusion source.

V(x,l,y) € Prems. 3j € [1,ar(op)]. x =X;.

The target of any premise does not appear as the target of any other premise.
V(x,Ly), &, lU,y)ePrems.y=y = x=x'Al=1.
The target of any premise does not appear in the conclusion source.
V(x,l,y) €Prems, j < [1,ar(@)]. y # X;.
Variables in the conclusion source are distinct.

vj,j'e [Lar(op)]. x; =%, = j=]J'

e One might argue that if inaction is not observable then it cannot be used in system definition.

¢ In favour of negative premises, though, they do provide a convenient means of system speci-

Figure 6.4: The Positive GSOS format

fication for properties such as deadlock detection.

We will address some model-theoretic aspects of Positive GSOS in Section 9.3.4.

6.3.3 Natural transformations from single rules

In this subsection we fix a rule structure R over variables X, with premise set Prems, and conclusion
(src,l,tar). So we must have an operator op € Opg and, for each j € [1,ar(op)] an element X, €X

such that

(We underline

sre= % ((zj)je[l,ar(g)])

variables that appear in the conclusion source to distinguish them from other vari-

ables.) We will show how R induces a family of maps

{[RIx : Zs(X X BX) = BTsX }ycger

which will be natural if R is in the GSOS format.
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Behaviour. Here, the endofunctor B on Set that we have in mind is the endofunctor
B =By, = % (Lab x —)
as discussed in Section 2.1. We will also make use of the endofunctor L on Set given by
L =Labx (-)

This endofunctor describes labelled transition systems where each state can and must perform
exactly one transition.

Valuations. A valuation of the variables of the rule R is a set X together with a function ¥ : X — X
between sets.

Instantiating premises. A valuation ¥ : X — X determines, for each j € ar(op), a subset of LX
that we denote ¥ (Prems;). It describes the of “requirements on parameter j”, and is given by

¥ (Prems;) = {(l,y) eLX ‘ dyeX. (gj,l,y) €Prems and ¥(y)=y }

Instantiations of rules. We say that a valuation ¥ : X — X is an instantiation of R into an
element s € Xg(X x BX), if there is a family (b; € BX)je[1 ar(opy] SUch that

(= op ((«y@j), bj)jeu,a@])

and, for each j € [1,ar(%)], we have ¥(Prems;) C b;.

Archetypal results. For every valuation, we have a result given by
(L Ts¥(tar)) €LT:X

Here, we are using the function Tg¥ : TsX — TgX.

Induced family of maps. A rule induces a family of maps
{IRI]y : Z5(X x BX) = BTsX }ycser

given by
[RIx(s)= {(L TsV¥(tar)) | ¥ is an instantiation of R into s } . (6.3.3)

Thus [R] x can be thought of as taking an expression in which each element is equipped with a
behaviour, and returning a set of all possible resumptions.

Naturality of the induced family of maps.
Theorem 6.3.4. If R is in the GSOS format then the family {[R]x }ycge is natural in X.

Proof. Consider a function f : X — Y; we must show that for any

s§=op ((xl: bl): EP) (xar(op): bar(op))) € Z(X X BX)
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we have

BTSf ( [[R]]X( Op((xl’ bl), REP) (Xar(op)7 bar(op))) ))
= [[R]]Y( op((f(xl);Bf(bl)): .- -:(f(xar(op)):Bf(bar(op)))) ) . (6.3.5)

It is easy to show that LHS € RHS in (6.3.5) — the GSOS conditions are not needed for this.
Indeed, suppose that (I, t) € LHS. Then [ =[ and we must have an instantiation ¥ of R into s such
that Tg¥(tar) = t. It is straightforward to see that the valuation (f o) : X — Y is an instantiation
of R into Xg(f x Bf)(s) for which Tg(f o ¥)(tar) = t. Thus (l,t) € RHS; and so LHS € RHS
in (6.3.5).

To show that RHS € LHS in (6.3.5) is more involved, and does use the GSOS conditions.
Suppose that (I,t) € RHS. Then op = op, and [ = [, and we must have an instantiation ¥’ : X —» Y
of R into Zg(f x Bf)(s) for which Tg¥’(tar) =t.

We will exhibit a valuation ¥ : X — X satisfying

(@ Vje[1,ar(op)]. ¥(x;) = x;

(ii) Vlelab, yeX, je[1,ar(op)].
(x;,L,y) €Prems = (L,¥(y) €b; A ¥'(y)=f(¥(¥).

It follows immediately from these properties that ¥ is an instantiation of R into s. We will later
argue that it also follows that (f o ¥) = ¥/, and hence that (I, t) € LHS.

To help us define such a valuation ¥, we consider an equivalent formulation of the GSOS
conditions. Indeed, the GSOS conditions ensure that the function

[1,ar(%)] + ]_[je[l’ar(g)] {(X, l,y) €Prems | x = X; } — X (6.3.6)
inl(j)1 X
inr(injj(X)Z)Y))} y

is a bijection. Surjectivity corresponds to Conditions Gsos™1,2. Injectivity for the upper map corre-
sponds to Condition Gsos™5, and injectivity for the lower map corresponds to Condition Gsos™-3.
Injectivity for the sum of the two maps corresponds to Condition GS0s*-4.

There may be many valuations that satisfy conditions (i) and (ii) above. We explain precisely
why such a valuation can be found. (Note that we do use the axiom of choice for this.)

For each [ € Lab and j € [1,ar(op)], we define sets (I*Prems;) € X and (I*b;) € X by

[*Prems; = {y eX ’ (zj,l,y) ePrems} I*b; = {y eXx } (Ly)e bj} .

(The symbols (I*Prems;) and (I*b;) are only notation, but are chosen because (I*b;) is a pullback

lid
of the cospan (b; = Lab x X (J)X).)
We observe that because ¥ is an instantiation of R into Xg(f X Bf)(s), we have

¥'(I*Prems;) C f(I*b;)
Now, for the subset X; ; € X defined by by

X ;= {x €l*b; | Jy € I"Prems;. f(y) = “V/(X)}
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we have that f(X; ;) =¥ ’(I*Prems ;); in other words we have a surjection
flx, X5~ ¥’ (*Prems;)
We pick a section of this surjection,
my ; : ¥'(I"Prems;) = X ;
We are now in a position to define our valuation ¥. We do this using the bijection of (6.3.6):
e forje [1,ar(@)], we let ‘1/(§j) = Xx;

e for (gj,

1,y) € Prems, we let ¥ (y) = m; ;(¥'(y)).
This valuation satisfies conditions (i) and (ii) above.

Finally, we explain that any valuation ¥ satisfying conditions (i) and (ii) must have the prop-
erty f o ¥ =’. To do this, we again make use of the bijection in (6.3.6). For variables y € X that
appear as targets of premises, condition (ii) insists that f(¥(y)) = ¥’/(y). For each j € [1,ar(op)],
we know that ¥’ (gj) = f(x;) because ¥ ’ is an instantiation of R into Zg(f x Bf)(s). Thus we have

that f(aV(KJ)) = "V/(Ej)- 0

6.3.4 Interpretation of multiple rules

The collection of natural transformations

Zs((=) x B(=)) = BTs(-)

inherits a complete join semi-lattice structure from the powerset functor 2. We use this to give
meaning to a class # of rule structures in the GSOS format: we define a natural transforma-
tion [2] : Z5((—) x B(=)) — BTg(—) by

[%2]=\/[R]

ReZ

So for any set X we have a function [Z ]y : Zg(X XBX) — BTsX mapping an element s € (X XBX)
to the set

[2]x()= | ([RIx(s))

ReZ

6.3.5 Relating our semantics of rules with the usual one

We have described how any class % of positive GSOS rule structures gives rise to a natural transfor-
mation [2] : X5((—) x B(—)) — BTs(—). Using the techniques of Section 6.2.3, then, we arrive at
a monad Tgg57 on the category of B-coalgebras. The initial Tggy-algebra can be thought of as an
Z-structure; its carrier is a B-coalgebra, indeed it is the set Tsf equipped with a labelled transition
relation. We now explain why it is in fact the intended model.

Instantiations really are instantiations. For now, we consider single rules. We fix an R-structure
(X, a,—); that is, an Z-structure for the singleton class #Z = {R}. Our comments here only require
Condition Gsos™2 to hold of the rule structure R.

Note that a valuation in the sense used in Section 6.3.3 is the same thing as a valuation of the
logic formula &y that we associated to the rule in (6.3.2).

Suppose that we have, for each j € [1,ar(op)], an element x; € X. We have the following result
for every valuation ¥ into X: o
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The valuation ¥ is an instantiation of R into

op (((xj,{(l,y) ‘ Xj _l)y}))je[l,ar(g)])

if and only if the formula

A ()

(x,l,y)€Prems

is true for the valuation ¥ in the R-structure (X, a, —).

The abstract rule specifies allowed transitions. We now consider a class # of rules structures,
all of which we assume satisfy Condition Gsos™*-2.

The family of functions [#2]x : Zs(X x BX) — BTgX can be understood as follows. Con-
sider a Lab-labelled transition system (X,—), For any operator op € Opg, and x; € X for
each j € [1,ar(op)], and for any (I,t) € LTsX, we have:

(L,t)e [#]x (OF’ (((XJ" {(l,y) ‘ X L>y}))jeu,ar(om]))

if and only if for every ¥s-algebra structure extending (X, —) to a Z-model allows the

l
o, . ) n
transition a (op (Xl)jeu,ar(g)] — af(t).
Here we write o for the extension of the Yg-algebra structure a : £X — X to a Tg-algebra struc-
ture of : TsX — X.
Thus the intended #£-model can be found by using [2] to build up a transition relation struc-
ture on the set Ts@ of ground terms. This is precisely the role of the parameterised recursion in

Section 6.2.3. So we have:

Theorem 6.3.7. For a class & of rule structures in the positive GSOS format, the initial Ts 57 -algebra
is the intended %-model.

From Corollary 6.2.3, we conclude the following result.

Theorem 6.3.8. In the intended model of a set # of rule structures in the positive GSOS format,
bisimilarity is a congruence. Ol
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6.A Appendix to Chapter 6: Proof of Theorem 6.1.5

We prove Theorem 6.1.5. We begin by recalling the statement of the theorem from page 136.

Theorem 6.1.5. Let X be an endofunctor on a category 6, and let Ts, be a monad on 6. The following
are equivalent.

1. There is a natural family of isomorphisms of categories

{Endo(U(@, T), ((g, 2)) = Monad((@’ T)’ (%’ TZD}(@ T)eMonad

(where we write U for the forgetful 2-functor Monad — Endo) for which the following diagram
commutes, where the vertical arrows are the evident forgetful functors.

Endo((2,T),(€¢,%)) ———— Monad((2,T),(%,Tyx))

CAT(2,¢)

2. The forgetful functor ©-Alg — 6 has a left adjoint and the resulting monad on 6 is Ts..

Proof. From item (1) to item (2): observe the following diagram in CAT, where the unlabelled
arrows are forgetful functors.

Endo((1,id;), (%, %)) = Monad((1,id;), (%, Ty))
ZJV \ / J{I
%-Alg CAT(1,%) Ty-Alg

By definition, the forgetful functor Ty-Alg — % is monadic, and hence so is 3-Alg — €.

To establish item (1) from item (2) is more involved. We suppose that the forgetful functor
Us, : X-Alg — € has a left adjoint Fy; : ¢ — %-Alg, and that the resulting monad on ¥ is Ty,.

Let 2 be any category. We write (X—) for the endofunctor on the functor category [2, 6] given
by postcomposition with 3; and we write (Ty,—) for the monad on the functor category [2, 6],
whose underlying endofunctor is postcomposition with Ty,. We will now show that the forgetful
functor Ugy_y : (£-)-Alg — [2, 6] has a left adjoint, and the resulting monad is (Ty—).

First, consider the hom 2-functor [2, —] on CAT. By applying this to the adjunction Fs, 4 Us; :
¥-Alg — % we arrive at the following adjunction in CAT

[2, Z-Alg]

for which the resulting monad has underlying endofunctor [2, UsxFs.] = [2, Tx;]. Now, to conclude
that the forgetful functor Uy_y : (X¥—)-Alg — [2, 6] has a left adjoint it remains for us to exhibit

an isomorphism of categories i : (£—)-Alg — [, £-Alg] making the following diagram commute.

i

(X-)-Alg (2, %-Alg]

kﬁ

[2,¢6]
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Such an isomorphism i is found as follows.

For each (X—)-algebra, which is a functor G : 2 — ¥ together with a natural transforma-
tion y : ©G — G, we have a functor i(G,y) : 2 — 2-Alg which acts as follows:

e for any object D of 2, we let i(G, y)(D) be the Z-algebra given by (G(D),vp);

e for any morphism f : D — D’ in 2’, we let i(G,y)(f) be the X-algebra homomorphism
i(G,y)(D) — i(G,y)(D’) given by Gf : GD — GD’; this is a homomorphism because y is
natural.

Meanwhile, for every (X—)-algebra homomorphism from (G, y) to (G’,y’), which is a natural trans-
formation a : G — G’ making the following diagram commute,

Y6 2% v (6.A.1)

G—5 ¢

we have a natural transformation ia : i(G,y) — i(G’,y’") between functors 2 — X-Alg given as
follows. For each D € 9 we have a 3-algebra homomorphism given by (ia), = ap; this is a
homomorphism because diagram 6.A.1 commutes.

It is straightforward to find an inverse for i. Thus we can conclude that the forgetful functor
Uiy : (B-)-Alg — [2, 6] has a left adjoint, and that the resulting monad on [2, €] is (Ty—). So
for any functor F : 2 — %, the left adjoint provides a natural transformation tyF : £TsxF — TxF
that is universal, in the sense that for any other (X—)-algebra, (G,y), and any natural transfor-
mation a : F — G, there is a unique natural transformation (a,y)! : TF — G making the following
diagram commute.

#
STeF 2 6

tEFJ, Jy
(ay)

IsyF —— G

- /

F

The functoriality of the left adjoint to Uy_y : (¥-)-Alg — [2,%] ensures that the family
{ETsF - TgF};., & isnatural in F.
We are now in a position to define a isomorphism
Endo((@7 T)) (Cgﬂ Z)) = Monad((@> T): ((gﬂ TZ))
as required by item (1). To this end, we define a functor

j:Endo((2,T),(¢,%)) — Monad((2,T), (¢, Ts))

as follows. For any morphism (F,¢) : (2,T) — (¥,%) in Endo, we define a morphism
j(F,¢):(2,T)— (¢,Ty) in Monad by letting j(F,$) = (F, $"), where we write ¢! for the unique
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natural transformation Ty, F — FT making the following diagram commute.

#
STeF 22 sEr

Jo
tyF FTT
-
&
TsF ——FT
ngF i
F

We have to check that j(F,¢) : (2,T) — (¥,Ty) is a monad morphism, that is, that it respects
the units and multiplications. For the units, we must show that the following diagram of natural
transformations commutes.

M
IsF ——FT

F

This follows immediately from the definition of ¢!. For the multiplications, we must show that the
following diagram of natural transformations commutes.

Ty ToF 20, ToF (6.A.2)
TMJ
TyFT e

WJ

FTT ——FT
Fu

To show this, we first note that there is a unique natural transformation f : Ty, Ts,F — FT such that
the following diagram commutes

STeTyF =P wFT

tyTsF FTT

Fu
p

TyTyF S FT

NneTeF

w
Ts.F

and then we explain that  could be either side of diagram 6.A.2. To show § = Fuy 0 ¢! T o Ty¢?,
we use the following decomposition.
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LT5 " ToiT TF
ST ToF 2 s rT 225 s 2 R

¢TTJ 3) Jd)T
FTu

tnTxF (1) txFTy (2) FTTT —FTT

F,uTl 4) lFM
Ty ¢* iT F
Ty ToF 2 7o T 2 S prr 2 7
6
NeTeF (5) neFT (© FnT @

Using: (1) nat. of ty; (2) defn. of ¢; (3) nat. of ¢; (4) mult. law for T; (5) nat. of 1; (6) defn. of ¢*; (7) unit law
for T.

For the case 8 = ¢ o uyxF, we use the following decomposition.

f
ST ToF 2 wror 2, wpT

Jo
txTxF (1) tgF 2 FTT
-
TuTyF 20 1oF % b
nZTZF\ @)
TgF ¢

Using: (1) uxF is a ©-algebra homomorphism, since it can be defined in terms of the counit; (2) defn. of ¢*; (3) unit
law for Ts,.

Thus the action of j : Endo((2,T),(%,%)) — Monad((2,T),(¥¢,Ts)) on objects is described.

A morphism (F,¢) — (F’,¢’) in the category Endo((2,T),(%,X)) is a natural transforma-
tion a : F — F’ making the following diagram commute.

SF 2% 5F

| L

/
FTTFT

We let ja : j(F,¢) — j(F’,¢’) be the same natural transformation, regarded as a 2-cell between
monad morphisms. We must check that it is a valid 2-cell, that is, we must check that the following
diagram commutes.

TeF —1%5 ToF (6.A.3)

o e

/
FTT)FT

To show this, we first observe that there is exactly one natural transformation f3 : Ts,;F — F’T mak-
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ing the following diagram commute.

ZTZFLZF’T

o
toF F'TT
[
TeF b F'T
Nl s

F——(0—F

163

We now claim that this natural transformation, 3, could be either side of diagram 6.A.3.

For = aT o ¢!, consider the following decomposition.

sl
SToF 2, s 290, iy

¢T (2) o'T

oF @ FTT YL prrr

Fu (3) LF/H
#
TEF ¢ FT aT F,T
. [ @ -
N Fn P

Using: (1) defn. of ¢¥; (2) since a is a 2-cell in Endo; (3) nat. of a; (4) defn. of ¢!; (5) nat. of a.

For 8 = ¢'" o Txa, consider the following decomposition.

STeF 2% s g 2 spr
o'T
wF| ) oF| @ FTT
Fu
A

Tya / ;
IyF —— T F' ——F'T

r @
Nx el ,
(3) Finy

F—p—F

Using: (1) nat. of ty; (2) defn. of ¢**; (3) nat. of ny; (4) defn. of ¢”.

In this way we define, for each monad (2, T), a functor

Jia,m : Endo((2,T),(€6,%)) — Monad((2,T), (¢, Tx))

We will show that this family of functors is natural in (2, T). We must show that for every monad
morphism (G,y) : (2',T") — (2, T) and for every morphism of endofunctors (F,¢): (2,T) — (6, %)
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we have
U@ (F$))o(G,7) = jiom((F,¢)o(G,71))

By the definition of composition in Endo, it suffices for us to prove that the following diagram
commutes in the category of functors 2’ — 6.

fe;
ToFG 25 kTG 6.A.4)

Fy
o |

FGT’

Here, (y o ¢)! is the unique morphism Ty.FG — FGT’ making the following diagram commute.

LTFG 209, spGr
¢GT’

FTE?T’

tsFG FyT’
FGT'T’
FGu/

IsFG M FGT’
NxFG
FGn'
FG

So, to show that diagram 6.A.4 commutes, we consider the following decomposition.

2olG ©F
=15FG 22 spre 2 wrGT

¢TG (2) ¢GT’
FTy
FTTG——FTGT’
tnFG (1) FyT’
FuG (3) FGT'T’
FGu'
¥ F L
ToFG % 5 rTG — 5 pGr
4
N=FG FGn/
FG

Using: (1) defn. of ¢*; (2) nat. of ¢; (3) mult. law for y; (4) defn. of ¢*; (5) unit law for y.

It remains for us to show that j is an isomorphism. To define the inverse, we define, for each
monad (2, T), a functor

k(1) : Monad((2,T), (€6, Ty)) — Endo((2,T),(%, %))

This functor k(4 1) acts on the objects of Monad((2,T),(%,Ty)) as follows. Given a monad mor-
phism (F, ¢) : (2,T) — (6, Ty), we define a morphism of endofunctors ki, 1)(F, ¢) : (2,T) — (6, %),
by setting k(g 1)(F, ¢) = (F, $”), where the natural transformation ¢’ : ©F — TF is the composite

tyF ¢

XnsF
SF — = RToF TyF FT
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The functor k¢, 1) acts as identity on 2-cells.
It is straightforward to show that the family of functors k4 1) is natural in (2, T).

We now explain why k1 is left and right inverse to j, 7). For left inverse, it is sufficient
to show that for any monad morphism (F,¢) : (2,T) — (€, Ty) we have an equality of natural
transformations

$"=¢ :TxF - FT (6.A.5)

Now, ¢’ is defined to be the unique map Tx.F — FT making the following diagram commute.

ng™
STeF 22 s

Jo-

FTT

-
¢

ToF —* S FT

toF

neF

Fn
F

To conclude equation 6.A.5, we consider the following decomposition.

o

STsF

toF

()

tsF

XNy TsF

STy TsF

ZHEFJV

STsF

€Y
Tyé

tn Ty F

(3)

(5)

)
Ts¢

SFT
TneFT
ST FT

toFT

TszF e TzFT

¢T
FTT

Fu

F

(6)

Fn

FT

Using: (1) nat. of 1y; (2) unit law for Ty; (3) since uy, is a X-algebra homomorphism; (4) nat. of ty; (5) mult. law for
¢; (6) unit law for ¢.

To show that k1) is right inverse to j, 1), it is sufficient to show that for any morphism of
endofunctors (F,¢) : (2,T) — (€¥,%) we have an equality of natural transformations

¢’ =¢ :TF >FT

To see this, consider the following decomposition, in which the leftish outer leg is the definition
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of .

Using: (1) defn. of ¢¥; (2) nat.of ¢; (3) unit law for T; (4) defn. of ¢*.

Thus we have derived item (1) from item (2), and Theorem 6.1.5 is proved.



Chapter 7

Nominal Sets for Syntax and Behaviour

The purposes of this chapter are threefold. Firstly, we address a problem with the approach to
abstract syntax taken in Chapter 6: it is not immediately relevant for name-passing systems, which
tend to involve name binding and a-equivalence. We address this problem by recalling the theory of
nominal sets that has been championed by Gabbay and Pitts (and others) as an elegant framework
for abstract syntax with binding.

Arbitrary, non-injective, substitution significantly enhances the model theory of name-passing
systems, as was seen in Section 3.4. The second purpose of this chapter is to emphasise that
arbitrary substitution is relevant for systems built of abstract syntax. To this end we introduce a
theory of nominal substitutions to accommodate arbitrary substitution in the context of nominal
sets.

It is convenient to work with syntax and behaviour within the same framework. The third
purpose of this chapter is to exploit the equivalence between nominal sets and the Schanuel topos
in order to study the models for name-passing of the first part of this thesis in the context of nominal
sets. In doing this we arrive at a rather simple axiomatisation for a labelled transition system model
of name-passing.

We begin in Section 7.1 by recalling some of the basic aspects of nominal sets. We include a
sketch of a proof that the category Nom of nominal sets is equivalent to the Schanuel topos Sh(I)
which was studied in Section 4.2. Using this equivalence, we translate an endofunctor for non-
determinism from Sh(I) to Nom, so that it is possible to work with coalgebras for an endofunctor
defined on Nom.

Having introduced nominal sets, we recall in Section 7.2 a variant of Pitts’s nominal logic,
which is essentially a first order fragment of the internal logic of the category of nominal sets. It is
in this setting that we introduce, in Section 7.3, the theory of nominal substitutions, proving that
the category of models of nominal substitutions is equivalent to the sheaf category Sh(F) that was
studied in Section 4.3. This equivalence is important because it means that the model theory of
Chapters 3 and 4 can be carried out in the setting of nominal sets, where syntax sits most naturally.

We investigate signatures for abstract syntax in Section 7.4. We introduce a restricted form
of nominal logic signature, and illustrate this by showing that structures for such signatures in
the category of nominal substitutions provide models of syntax up-to a-equivalence with arbitrary
substitutions. On the other hand, structures for such signatures in the category of sets provide
models of raw syntax, with no a-equivalence. The forgetful functor from nominal substitutions to
the category of sets induces a way of instantiating raw syntax into abstract syntax.

The final section of this chapter, Section 7.5, is concerned with a nominal logic theory of labelled
transition systems. We show that the models of our theory correspond to I-IL.I'Ss over sheaves that
satisfy Axioms I1-16, as introduced in Section 3.3.
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7.1 Nominal sets

In this section we recall some aspects of the nominal sets of Gabbay and Pitts. The reader will
find further details and discussion elsewhere [e.g. Gabbay’s thesis, 2001; Gabbay and Pitts, 2001,
Sec. 3; Pitts, 2006, Sec. 3].

We begin, in Section 7.1.1, by recalling the basic definitions and properties of nominal sets.
In Section 7.1.2 we briefly investigate connections between the category of nominal sets and a
category of permutation actions, and the category of sets. We then turn, in Section 7.1.3, to
recall various basic constructions of nominals sets — limits, colimits, the set of names, and the
binding operator. In Section 7.1.4, we recall the equivalence between the category of nominal sets
and the sheaf category Sh(I) considered in Section 4.2. We close in Section 7.1.5 by lifting the
powerset endofunctor from Sh(I) to an endofunctor on Nom. by doing so we are able to consider
the endofunctor for ground behaviour in the nominal setting.

7.1.1 Nominal sets

We recall the notion of nominal set, as an action of a permuation group subject to a finite-support
condition. As a first example, we consider a nominal set of r-calculus terms. We recall some basic
results about supports, in particular that every nominal set has a least support.

Actions of the symmetric group on 4. As in earlier chapters, we fix an infinite set .4 of names.
We write Sym(4") for the group of permutations on 4. Recall that a Sym(A)-set is a functor in
the category Set>Y™") (here, the group Sym(.¥) is regarded as a category with one object). More
concretely, a Sym(4)-set is a set X together with a function

o :Sym(AN)xX - X
This function is written infix and must be such that, for all o, 7 € Sym(A), x € X,
id, ey x =x and Toy(Ceyx)=(1-0)exx

Morphisms between Sym(4")-sets X and Y are equivariant functions; that is, functions f : X —» Y
that are such that for any x € X and any o € Sym(/), f(o ex x) = o ey (f(x)). Composition and
identities are found according to the underlying functions.

The permutations in Sym(.4") that swap two names play an important role. We write [a < b]
for the permutation of 4" that swaps a with b and does not affect any other names.

We will often abuse notation by writing X for a Sym(.4)-set (X, o).

Finite supports and nominal sets. A finite set C S; A of names is said to support an ele-
ment x € X of a Sym(A")-set if for any permutation o € Sym(4") we have

Olc=ide = cex=x

A nominal set is a Sym(A4")-set X for which every element x € X has a (finite) support. We let Nom
be the full subcategory of Set>Y™¥) whose objects are nominal sets.

Example. As a first example, we give a nominal set of 7-calculus terms. A grammar for a variant
of the mt-calculus was given in (3.1.1); recall that we work with terms up-to a-equivalence.
Thus we consider the set of n-calculus terms

X, ={t | t is a term of the 7-calculus with names taken from .4} (7.1.1a)
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with an action given by
ooy t = the term t renamed according to o . (7.1.1b)

For t € X, a finite set C <; A supports t if and only if all the free names appearing in t are
contained in C.
Nominal sets of r-calculus terms will be constructed in a more methodical way in Section 7.4.
(The same symbol, X, is used briefly here for the nominal set of m-calculus terms, and also
in Section 3.4 for the presheaf over F of n-calculus terms. The reader should not confuse the two
different entities.)

Basic results. We recall some basic results about nominal sets and equivariant functions.
Proposition 7.1.2.

1. Let X be a Sym(A)-set, and consider x € X together with C,D < A If C supports x and C € D
then D supports x.

2. Let X be a Sym(A)-set, and consider x € X together with C,D < A" If both C and D support x,
then (C N D) also supports x.

3. Let X be a Sym(A)-set, and consider x € X together with C < A and a permuta-
tion o € Sym(A). If C supports x then o(C) supports o ey x.

4. Let f : X — Y be an equivariant function between nominal sets. If C supports x € X, then C
supports f(x) €Y.

Proof notes. Statements 1, 3 and 4 follow immediately from the definitions. For item 2, see e.g. the
comments of Pitts [2006, discussion after Defn. 3.1]. O

Least support. It follows from Prop. 7.1.2(2) that every element x of a nominal set X has a least
support which we will denote suppy (x). (The subscript will often be omitted.)
For a variable a € 4 and an element x € X of a 4#-nominal set we write

a#x for a & suppy(x)

The symbol # is pronounced “is fresh for”. It follows from Prop. 7.1.2(4) that for any equivariant
function f : X — Y between nominal sets,

Vae N, xeX.a#tx = a#f(x)

For an element of our example nominal set X, of m-calculus terms, the least support of a term
is the set of its free names. It is often helpful to think of the supp function as an abstract form of
the ‘free variables’ function that is used by many authors when dealing with syntax.

7.1.2 Relating Nom with Set>™“*) and Set

We remark briefly how the category of nominal sets relates with the category of Sym(/)-sets and
with the category of sets. Our primary motivation for this is to explain the structure of limits and
colimits of nominal sets.
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An adjunction between Nom and Set>Y™“*), The embedding

Nom > Set>Y™(")
has a right adjoint (—)g, : Set>Y™*) — Nom which sends a Sym(.4)-set X to the nominal set with
carrier

X = {x eX | x has finite support} .

The embedding Nom < Set>Y™“") preserves finite limits, and so we have a geometric morphism
Set>Y™(") _ Nom.

This geometric morphism can be seen to arise from a continuous map between topological
groups [see e.g. Moerdijk, 1995, Sec. 2.3].

An adjunction between Nom and Set. The unique functor 1 — Sym(") induces an essential
geometric morphism Set — Set>Y™") in the usual way; the inverse image is the forgetful functor
Set>Y™A)  Set sending a Sym(4)-set to its underlying set.

By considering the composite geometric morphism

tSym(JV )

Set — Se — Nom

we see that the faithful forgetful functor Nom — Set, that maps a nominal set to its underlying set,
is the inverse image of a geometric morphism. Thus it preserves all colimits and finite limits.

7.1.3 Constructions on nominal sets

We recall some constructions in the category of nominal sets. Limits and colimits are determined
according to the previous section, but we also recall the nominal set of names, and, crucially, the
abstraction operator for nominal sets.

Limits and colimits. Above, we explained that the forgetful functor Nom — Set preserves finite
limits and arbitrary colimits; this determines the underlying sets of limits (resp. colimits) of finite
(resp. arbitrary) diagrams in Nom. Most relevant for the present work are finite products and
arbitrary coproducts.

Because the embedding Nom — Set>Y™“") preserves finite limits and all colimits, the group
actions are componentwise. Specifically, given Sym(.4")-sets X, Y, the product of the underlying
sets is equipped with action given by

oexyy(x,y)=(0exx,00yy)

for any (x,y) € X xY. A finite set C <; A supports both x and y if and only if C sup-
ports (x,y) €X X Y.

For any set I, and any I-indexed family of Sym(A4/)-sets, {X;}
sets is equipped with action given by

:1» the coproduct of the underlying

o) () = (7 05 )
for any j € I and any x € X;. A finite set C & A& supports x € X; if and only if C sup-
ports inj;(x) € [ [;; X
Names. The set 4 of names has an action

o :Sym(AN) X N =N

which is given by evaluating a permutation at a name. A set C ¢ A supports a € 4 if and only
if a € C. Thus supp_y(a) = {a}.
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Name abstraction. For each nominal set X we have a set [A4]X of elements of X with names
abstracted from them. Let
[AIX =(AN xX)/

where (a, x) ~ (b, y) if there exists ¢ € A such that c#x, c#y, and
[c—a]exx=[c>b]exy

This equivalence relation can be seen as a-equivalence, an interpretation that will be particularly
important in Section 7.4.

We will write (a) x for the ~-equivalence class containing (a, x). Notice that if C supports x € X
then (C — {a}) supports {(a) x € [A]X.

Proposition 7.1.3. 1. Let X be a nominal set.
a) Vae N, x,yeX. (a)x=(a)y = x=y
b) YVae N, xeX.a#{a)x

2. There is a bijective correspondence between equivariant functions Y x [A]X — Z and equivari-
ant functions f : Y x & x X — Z for which

Vy,a,x.a#y = a#f(y,a,x) -

7.1.4 Nominal sets are the Schanuel topos
In this section we recall some constructions involved in the following well-known result.
Theorem 7.1.4. The category Nom of nominal sets is equivalent to the category Sh(I) of sheaves. []

Gabbay and Pitts [2001, Sec. 7] discuss this result and supply some references. Here, we provide
an outline of a proof. We conclude this subsection by explaining how the operators on Nom,
introduced in Section 7.1.3, correspond to the operators on Sh(I) considered in Theorem 4.2.6.

From nominal sets to sheaves. Given a nominal set X € Nom, we define a sheaf P € Set! as
follows. For any C €1, we let

P(C)= {x eX | C supports x}
while for any morphism 1 : C > D in I, and any x € P(C), we let
Pi(x) =1 oy X

Here, 1 € Sym(4) is a permutation such that 1!|, = 1; since C supports x, it doesn’t matter
which one is chosen. There always is such a permutation, for the following reason. The restricted
function 1| : C > 1(C) is a bijection, and so the set (1(C) — C) is in bijection with (C —1(C)). We
pick any bijection 8 : (1(C)—C) — (€ —1(C)), and now define a permutation 1* € Sym(.#) according
to the following diagram.

N —=—CWC)—C)y (N —C—1(C))
lﬁJ Jdc&J[J’Lﬂid
N —=—1(C) W (C—uC)) W (AN —C—1(C))

(Here, and elsewhere in this thesis, we adopt the usual convention that set subtraction associates
to the left: so /' —C —1(C) =(AN —C)—1(C).)

To see that this presheaf P € Set! satisfies the sheaf condition, observe that for any C,D €1
and x € P(C) such that D C C: the set D supports x € P(C) (in the sense of Section 4.2.1) if and
only if D supports x in the nominal set X.
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From equivariant functions to natural transformations. We now translate equivariant func-
tions between nominal sets into natural transformations between the corresponding sheaves. Sup-
pose we have two nominal sets, X and X’, with associated sheaves P and P’ in Sh(I). An equivariant
function f : X — X’ between the nominal sets induces a natural transformation a : P — P’ as fol-
lows. For any C €1, and any x € P(C) (i.e. x € X that is supported by C) we let

ac(x)=f(x)

This makes sense as a result of Prop. 7.1.2(4).

Equivalence. One can straightforwardly verify that the above construction yields a func-
tor Nom — Sh(I) that is full and faithful. To conclude that it is an equivalence, we will outline a
construction that demonstrates that the functor is essentially surjective. To this end, we consider a
sheaf P, and from this construct a nominal set that corresponds to this sheaf.

To construct this nominal set, we first consider the presheaf (P) € Set® of seeds of P, introduced
in (4.4.1). From this we form the set f(P) of elements of (P), as elsewhere in this thesis, follow-

ing (3.2.2). The set f (P) is to be thought of as a set of minimal elements of the presheaf P. This set
has Sym(.4")-action given by

oge(Ckp)= (o(C)FPolc(p))

To see that the sheaf corresponding to this nominal set is indeed isomorphic to P, observe that
for any C,D € I and x € P(C) such that D € C, the set D supports x € P(C) if and only if D
supports (D F x) in the nominal set f(P).

Relating constructions in Nom with constructions in Sh(I). Because Nom and Sh(I) are equiv-
alent, limits and colimits correspond across the equivalence. It is straightforward to show that
the nominal set of names .#° € Nom corresponds to the sheaf N € Sh(I). Moreover, the binding
operator [4"](—) on Nom corresponds to the name generation operator 6 on Sh(I).

It is easy to see that the sheaf associated to the nominal set X of n-calculus terms, introduced
in equations 7.1.1, is precisely the sheaf P, € Sh(I) introduced in equations 3.2.1.

7.1.5 Non-determinism in nominal sets

The pointwise powerset endofunctor on Set! (of equations 3.2.6) was used in Section 3.2.2 to
introduce non-determinism into the coalgebraic model of ground transitions. We now explictly
describe an endofunctor on Nom that corresponds to the pointwise powerset functor, via the equiv-
alence Nom ~~ Sh(I) considered in the previous subsection.

We begin by introducing the notion of support-bounded subset of a nominal set. We use this
notion to define an endofunctor on Nom. We prove that this endofunctor corresponds to the
pointwise powerset functor on Sh(I), and thus arrive at an explicit description of an endofunctor
on Nom for ground behaviour.

Support-bounded subsets. Let X be a nominal set. We say that a subset S of X is support-bounded
if there is a finite set of names C S 4 that supports every element of S. We write S Cg, X to indicate
that S is a support-bounded subset of X.

A powerset endofunctor on Nom. We introduce an endofunctor £, on Nom as follows. For any
nominal set X, we define the set 2, X to be the set of support-bounded subsets of X. The group
action on 2, X is given by, for each o € Sym(./), and each S Cy, X,

Tegp xS={0exx |xeS}
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To show that Z; X is a nominal set we provide an explicit description of the support of its elements
in the following proposition.

Proposition 7.1.5. A set of names C ¢ A supports S in 24X if and only if C supports every element
of S.

Proof. From right-to-left is straightforward, so we concentrate on proving the left-to-right direction.
To this end, consider S € 2, X that is supported by C. We know that there is a finite set that
supports every element of S. Here, we let D be the smallest set that supports every element of S.
(Such a smallest set can always be found, since if both D’ and D” support every element of S,
then so does (D'ND”).) We will show that D € C. To do this, we suppose not, and establish a
contradiction.

If D € C then there must be a name ¢ € (D — C). We pick another name z € (# —C —D) —
this is possible since .4 is infinite, while C and D are finite. Since the set D is the smallest set that
supports every element of S, there must be an element x € S for which ¢ € suppy (x); otherwise the
smaller set (D — {c}) would support every element of S. By Prop. 7.1.2(3), the least support of the
permuted element [c «— z] oy x is ((suppx(x)—{c})U{z}). Since z & D, we see that D does not
support [c «— 2] ey x, and so this permuted element cannot be in S.

On the other hand, our assumption is that C supports S, and certainly the swapping permuta-
tion [c «— 2] fixes C. So the permuted element [c < 2] ey x is in S — a contradiction.

Thus D C C, and, by Prop. 7.1.2(1), we know that C supports every element of S. O

The functorial action of & is as follows: for any equivariant function f : X — Y, and
any S Sy, X, we let

(Ppf)S)={f(x) [ x€S}
The subset (2, )(S) C Y is necessarily support-bounded; this follows from Prop. 7.1.2(4).

Support bounded powersets and sheaves.

Proposition 7.1.6. The support-bounded powerset endofunctor &, on Nom lifts the pointwise pow-
erset endofunctor on Sh(I) across the equivalence Nom ~ Sh(I) of Section 7.1.4.

Proof. Consider a nominal set X, and let P be the corresponding sheaf in Sh(I), constructed accord-
ing to the techniques of Section 7.1.4. We must show that the pointwise powerset sheaf & P is the
sheaf corresponding to the nominal set (#4,X). In other words, we must show, for each C €1, that

P(PC) = {S Cp X | C supports S}

This result follows immediately from Prop. 7.1.5. It is equally straightforward to show a correspon-
dence for the actions of the two endofunctors. O

Coalgebras for ground behaviour over Nom. The endofunctor L, on Sh(I) (of equation 3.2.15),
for determinstic ground behaviour, is lifted to Nom as follows.

Ly(=) = binp: A x[A](—) Bound input
+ out: A XA x(-) Free output
4+ bout: A X[ A](—) Bound output
+ tau: (-) Silent.

(7.1.7a)

Using Prop. 7.1.6, we see that the endofunctor B, on Sh(I) (of equation 3.2.16), for non-
determinstic ground behaviour, is lifted as follows.

Bg(_) = 9sb(Lg(_)) . (717b)
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7.2 Nominal logic

Nominal logic was introduced by Pitts [2003] as a first-order theory of names and binding. We
introduce the syntax of the variant that we will use in Section 7.2.1. In Section 7.2.2 we define
structures for signatures, and briefly note how models of theories are defined.

Our presentation here differs from that of Pitts in two ways. Firstly, we only allow one sort of
names, while Pitts allows a countable number of name sorts. Secondly, we consider structures for
signatures within a class of different categories, whereas Pitts only considers structures in Nom.
This latter generalisation is important in Section 7.4.

For models of nominal logic theories, though, we only consider structures in Nom (and, indeed,
the reader is referred to Pitts’s article for full details) primarily because these kinds of models are
sufficient for this thesis.

7.2.1 Syntax of nominal logic

Nominal logic signatures. Here, a nominal logic signature is understood as a collection of basic
sorts together with a collection of relation symbols and a collection of function symbols. The sorts
of a signature are defined inductively as follows: every basic sort is a sort; there is a sort N of
names; for every sort S there is a sort [N]S of abstractions. Each relation symbol is equipped with
an arity consisting of a list of sorts (we write R € S;,...,S,,); each function symbol is equipped with
an arity consisting of a list of sorts, together with a result sort (we write f : S4,...,5, = S).

Constructing terms and formulas. Terms and formulas over the signature are built up as in
many-sorted first-order logic with equality, with three additional constructions: if a, b are terms of
sort N and ¢ is a term of sort S then: {(a) t is a term of sort [N]S; [a «— b]t is a term of sort S; and
a#t is a formula.

Nominal logic theories. A nominal logic theory is a nominal logic signature together with a
collection of axioms in the language of nominal logic.

7.2.2 Semantics of nominal logic

Structures for nominal logic signatures. Let S be a nominal logic signature. Let ¢ be a cat-
egory with finite products, a distinguished object 4 (‘of names’), and a distinguished ‘binding’
endofunctor [A]— : 6 — €. An S-structure M in € is given as follows.

e To each basic sort X of the signature is assigned an object [X],;. Compound sorts are then
interpreted as follows: [N],; =4, and [[N]STy = [AT1ST -

e To each relation symbol R € S,,...,S, is assigned an a subobject
[RIm € [S10m x -+ % [SyDlm
e To each function symbol f : S4,...,S, — S is assigned a morphism

CFDa s S0 %o+ x [Splm — (ST

Morphisms between S-structures. Let M, M’ be two S-structures in 6. Suppose we are given,
for each basic sort X, a morphism

fx: [XIy = XDy in<.
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Then for a compound sort S, we define fg inductively on the structure of sorts, as follows: we
let fy = id 4, and we let fiy;s = [A1fs. A homomorphism of S-structures M — M’ is such a sort
indexed family of morphisms

{fs : [STm — [SIwm}s

such that the following conditions hold.

e For each function symbol f : S,,...,S,, — S the following diagram commutes.

[S:Ta % -+ % [SpTr — [ST s

|
fsy X xfs, ifs
1

[S10pe x -+ x [Sp WM} [STw

e For each relation symbol R € S;,...,S,, there exists a morphism (necessarily unique)

fr: [RIy = [RIw

such that the following diagram commutes.

[RIy —— [S11m % ‘ X [SpIm
fRJ fslxixfsn
[RIy —— IS0y x -+ x [Spll

S-structure homomorphisms are composed by composing the underlying morphisms of base sorts;
the identity S-structure homomorphism is found by taking the identity morphisms for the interpre-
tations of each of the base sorts. Thus we have a category of S-structures.

Structures in Nom. The case ¥ = Nom is particularly important — indeed it is the only case
originally considered by Pitts [2003]. In this case, the object of names and the binding endofunctor
are taken to be the corresponding structures in Nom as introduced in Section 7.1.3.

Models. Nominal logic formulas over a signature S are interpreted in S-structures in Nom, in a
straightforward way. Pitts [2003, Defn. 2] provides the details and a thorough analysis. Thus we
arrive at a category of models for a nominal logic theory over a signature S; it is the full subcategory
of the category of S-structures, containing those S-structures that satisfy interpretations of the
axioms.

7.3 Nominal substitutions

The framework of nominal sets has provided a notion of a-equivalence, for which permutation
actions were required. When defining name-passing systems, though, non-injective substitutions
are indispensable — for instance, in the rule for communication in Figure 3.3, and also in the
models of uniform input of Section 3.4. For this reason we now introduce a theory of nominal
substitutions which, roughly speaking, is a theory of nominal sets that additionally allow arbitrary
non-injective substitution of names.

We begin this section with the nominal logic theory of nominal substitutions. Two presentations
are possible. The first has a more elaborate signature but a simpler axiomatisation. The second has
a simpler signature but requires an extra axiom. It will be useful in Section 8.4 to have the extra
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axiom pushed into the signature (in a sense we will make precise), but for proving basic results
about the theory it is convenient to have the extra axiom explicit.

In Section 7.3.1 we prove that the category NomSub of nominal substitutions is equivalent to
the sheaf category Sh(F) considered in Section 4.3. By doing so we can more readily understand
the exactness properties of NomSub, and in Section 7.3.2 we give explicit descriptions of various
operations in NomSub.

We conclude this introductory paragraph by noting that Fiore, Plotkin, and Turi [1999] took the
category Set" as a basis for their study of abstract syntax with variable binding. Thus, by working
with nominal substitutions, the work of Fiore et al. can be recast in the context of nominal sets,
and two approaches to abstract syntax are related.

The theory of nominal substitutions. The signature for nominal substitutions has one sort X
and one function symbol sub : N,[N]X — X. We use ‘[b/a]x’ as shorthand for the expression
‘sub(b, {a) x).

The theory of nominal substitutions consists of the signature for nominal substitutions together
with the following four axioms.

NomSUB-1. Va:N.Vx:X. [a/a]x =x.

NomMSUB-2. Va,b:N.Vx:X a#x = [b/a]x =x.

NoMmSUB-3. Va,b,c:N.Vx:X. [c/b][b/a]lx =[c/b][c/a]x.

NomSuUB-4. Va,b,c,d:N.Vx:X.c#b#a#d = [d/b][c/alx =[c/a]l[d/b]x.

We write NomSub for the category of models of this theory in Nom.

We will abuse notation by writing X for a nominal substitution (X, suby).

For a first example, notice that the nominal set X, of w-calculus processes, introduced in equa-
tion 7.1.1, can be given a nominal substitution in a straightforward manner. For any r-calculus
process t € X, and any names a, b, we let [b/a]t be the process t in which all free occurrences of
the name a are replaced with b.

An alternative presentation. An alternative theory of nominal substitutions is inspired by
Prop. 7.1.3(2) above, as follows. As with the original theory, the signature has one sort, X, and an
operator sub with result sort X, but this time with arity (N, N, X). Writing ‘[b/a]x’ for ‘sub(b, a, x)’,
Axioms NOMSUB-1-4 above can be interpreted for this signature. To these axioms we add the
following additional one.

NomSUB-0. Va,b:N,x:X.a#b = a#[b/a]x.

Proposition 7.3.1. The category of models for this alternative theory is isomorphic to the cate-
gory NomSub introduced above.

A proof of this statement is provided in Appendix 7.A.

7.3.1 Nominal substitutions are sheaves

We now explain that the category NomSub of nominal substitutions is equivalent to the sheaf
category Sh(F) introduced in Section 4.3. To do this, we begin by explaining that the forgetful
functor Sh(F) — Sh(I) is monadic. We then interpret the theory of nominal substitutions directly in
Sh(I). So, to conclude the main theorem (Theorem 7.3.2), it remains to show that the category of
nominal substitutions in Sh(I) is equivalent to the category of algebras for the monad arising from
the monadic forgetful functor Sh(F) — Sh(I).
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Set! is monadic over Set!. Before looking at the relationships between the sheaf subcategories,
we remark that Set® is monadic over Set'. The forgetful functor U} : Set" — Set' is the inverse
image of the essential geometric morphism induced by the inclusion functor j{:I—F, and so
it has a left adjoint (j), : Set' — Set®. To conclude that the adjunction (j}), 1 U} : Set" — Set' is
monadic, we appeal to the weak monadicity theorem: the category Set’ has all colimits, and
certainly coequalisers; the functor U} : Set" — Set' has a right adjoint and so preserves colimits, and
coequalisers in particular; and the functor Uj : Set" — Set! reflects isomorphisms (because jII, :I—F
is surjective on objects).

Sh(F) is monadic over Sh(I): outline. In Prop. 4.3.1 we showed that the forgetful func-
tor U} : Set’ — Set! restricts to a functor UL : Sh(F) — Sh(I). To show that this functor is monadic,
we can use the weak monadicity theorem in essentially the same way as above. The right adjoint
for U} : Sh(F) — Sh(I) was discussed at the end of Section 4.3. It remains for us to show that the
left adjoint (jg), : Set' — Set® restricts to a functor (ji), : Sh(I) — Sh(F).

A left adjoint for the forgetful functor Sh(F) — Sh(I). In order to reason about the left ad-
joint (j§), : Set' — Set®, we write down an explicit description. For P € Set', and C € F, we have

(#)1P(C) = (]_[(F(D, C) x P(D))) /
~c

DeF
where ~ is the equivalence relation on the set (]_[DeF(F(D, C) x P(D))) generated by

inip (1) ~c iniyy (f, PL(p)) forany D,D’€1,1: D>~ D’ inl,
n N ~c Ny B .
"N UEPJ)~c 1Mip P any f : D’ > C inF, p € P(D).
An equivalence class [inj,(f,p)] in ( jllz)!P(C ) is to be thought of as describing the element p subject
to the substitution f.

The action of (j{),P is as follows. For any function g : C — C’ in F, and any ~-equivalence
class [injp(f,p)] in (jg),P(C), we let

UpPglinip(f,p)] = [injp(g o f,p)]  in (jpP(C)).

A natural transformation a : P — Q between presheaves in Set!' induces a natural transformation
Gpha s ()P — (jg)Q given as follows. For each C €F, and each [inj,(f,p)] in (jy),P(C), we let

(Upr@dcLinjp(f, p)] = [injp(f, ap(p))]

If P is a sheaf in Sh(I), then ( jII:)!P is a sheaf in Sh(F), as we now explain.

We begin by noting that when P is a sheaf then the equivalence relation used to de-
fine (ji),P has the following characterisation. For any set C € F we define a relation = on
the set | [,z (F(D,C) x P(D)) as follows. For any two components inj,(f,p), injp(f’,p’), we
let injp(f,p) =¢ injp/(f’,p’) if and only if there is a set D” € F, an element p” € P(D”), and
injections x : D” > D, x':D”> D’ in I such that f o x = f’ o x’ and such that Px(p”)=p
and Px’(p”)=p’. It is easy to show that = is an equivalence relation; the sheaf condition on P
(in the form of Prop. 4.2.3) is required for transitivity. In this circumstance, it is straightforward to
show that the relation = is equal to the relation ~ used in the definition of (j}),P.

Following Prop. 4.3.3, to check separatedness for the presheaf (ji),P in Set", it is sufficient to
check that the action ( leT)!P(! : 0 — 1) is injective. (Here, ! : 0 — 1 denotes the initial and terminal
morphism into an arbitrary singleton name set.) This follows straightforwardly from the above
characterisation of (ji),P.
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To check that (jp),P satisfies the sheaf condition, we again use Prop. 4.3.3: it is sufficient to
check the sheaf condition for the elements of (j;),P(1) with empty support.

To this end, consider an element [inj,(f,p)] € ( le;)!P(l) with empty support. Note that 1 is
terminal, and so f : D — 1 can only be the unique terminal map. Consider a two element
set, 2 €1, and distinct injections 1,7 : 1 > 2. Since the element [inj,(f,p)] has empty support,
we know that [1][injp(f, p)] = [71[injp(f,p)] in (jp)P(2); so [injp(tf, p)] = [injp(;f, p)]. The above
characterisation =, of ~. means that there is a set D”, and an element p” € P(D”), and injec-
tions x : D” > D, k¥’ : D” > D’ in I, such that [x]p” = p = [x’]p” and making the following diagram
commute.

D D
S~ L
p"’ K

Thus the set D’ must be empty, and we have an amalgamation p” € P(0) for p € P(1), and hence
an amalgamation [injy(idg, p”)] € (ji)P(0), as required.

It follows that the functor (j), : Set' — Set® restricts to give a left adjoint for Uy : Sh(F) — Sh(I),
as required. Thus the forgetful functor U} : Sh(F) — Sh(I) is monadic.

The monad on Sh(I). We record here explicit descriptions of the unit and multiplication of the
monad (Uj o (ji),) on Sh(I).

The unit is a natural transformation 7 : id — (Uj o ( jll,)!) between endofunctors on Set! given as
follows. For each P € Set!, C €1, and p € P(C), we let

TIP,C(P) = [injc(id¢, p)]
The multiplication is a natural transformation
(U o (jp) o Up o (jp)) — (Ug o (jp))

between endofunctors on Set! given as follows. For each P € Set!, C,D,E €1, and f : E — D,
g:D—CinF, and p € P(E) we let

ppc [inip(g, [injg(f,p)D] = [injz(g o f,p)]

Nominal substitutions in Sh(I). We can interpret the theory of nominal substitutions directly
in Sh(I) by using the equivalence between Sh(I) and Nom recalled in Theorem 7.1.4. Here, we
focus on the second, alternative presentation of the theory because it is convenient not to have the
binder in the arity.

A nominal substitution in Sh(I) is given by a sheaf P together with a natural transfor-
mation N x N x P — P, satisfying the following properties, for all C € I, a,b,c,d € C, and
all p e P(C):

NOMSUB-0. a#b = a & supp(subq(b,a,p)).

NomSUB-1. subq(a,a,p)=p.

NomSUB-2. a ¢&supp(p) = subq(b,a,p) =p.

NoMSuUB-3.  sub¢ (¢, b,sub(b,a,p)) = sub¢ (¢, b,sub(c,a,p)).

NomSuUB-4. Ifc#b#a#d
then sub¢ (d, b,sub(c,a,p)) = sube (¢, a,sub(d, b, p)).
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(Here, we are using the least support construction supp on elements of sheaves in Sh(I), defined in
Section 4.4.1.)

A morphism between nominal substitutions in Sh(I), say (P,subp) and (Q,subg), is a natural
transformation a : P — Q such that

subg.c(b,a,ac(p)) = ac(subpc(b,a,p)) forall C €1, a,b e C, and all p € P(C).
Theorem 7.3.2. The category NomSub is equivalent to Sh(F).

A proof of this theorem is provided in Appendix 7.B. There, we show that the category of models
in Sh(I) for the theory of nominal substitutions is isomorphic to the category of algebras for the
monad (U} o (ji),) on Sh(I).

7.3.2 Constructions of nominal substitutions

The forgetful functor NomSub — Nom lifts much of the structure of Nom into NomSub, as we now
explain. We provide explicit descriptions of products and coproducts; we define a nominal substi-
tution structure for the object of names; and we lift the binding operator from Nom to NomSub.

Products and coproducts. Since NomSub is a Grothendieck topos, it has limits and colimits, and
the forgetful functor NomSub — Nom has left and right adjoints, and so preserves them. Thus,
in particular, products and coproducts of nominal substitutions are computed according to their
underlying sets.

Specifically, a singleton nominal set {*} has the nominal substitution given by the terminal
map A x [A]{*} — {x}. Given two nominal substitutions, X and Y, the product set X x Y has
substitution action

[b/al(x,y)=([b/a]x, [b/a]x)

The initial nominal set @ has nominal substitution structure given by the identity map, since
N x [A]0 = 0. Given two nominal substitutions, X and Y, the coproduct set X +Y has substitution
action

[b/a](inlx)=inl ([b/a]x) [b/al(inry)=inr ([b/aly)

Names. The nominal set .4 of names has exactly one nominal substitution structure that is a
model of the theory, given by
b ifa=c
[b/a]c = {

c ifa#c.

The first case is forced by equivariance, and the second by Axiom NOMSUB-2.
The nominal substitution of names corresponds to the sheaf N in Sh(F) that is the inclusion of
the category F into Set.

Abstraction. The abstraction operator [.4']— on Nom lifts along the forgetful functor NomSub —
Nom as follows. If a nominal set X is equipped with a nominal substitution structure, then a
nominal substitution structure on [.4]X can be given as follows:

[b/a]({c)x)={(c)([b/a]x) provided a#c#b

(Some such ¢ can always be chosen.) Axioms NOMSUB-1-4 hold of this induced structure because
they hold of the structure on X.

It might be interesting to investigate whether this lifting is the only one that satisfies the axioms
and is functorial.



180 Nominal Sets for Syntax and Behaviour

Internalising the structure. Using the above operations, we see that, for every nominal substi-
tution X € NomSub we can build a nominal substitution A4 x [#]X. Using Axioms NOMSUB-3
and 4, we can conclude that the function suby : A X [A]X — X is a homomorphism of nominal
substitutions. It is easy to show that the resulting family {suby : A& X [A]X — X}y cnomsup Of hO-
momorphisms is natural.

The reader might notice that in this subsection we have mentioned Axiom NOMSUB-2 as being
necessary to ensure the uniqueness of a structure .4 for names, and Axioms NOMSUB-3 and 4 as
being necessary to ensure that the structure can be internalised.

7.4 Nominal algebraic signatures

This section redevelops the theory of syntax of Section 6.1.1 in the context of name binding. We
begin with a notion of nominal algebraic signature, which, as we explain, isolates a restricted class
of the nominal logic signatures considered in Section 7.2.1. We illustrate this kind of signature
with a signature for the m-calculus.

Next, we provide explicit descriptions of structures for such signatures. We provide exam-
ples, specifically: the m-calculus up-to a-equivalence, with substitution action, by interpreting in
NomSub; and the m-calculus in raw syntax, by interpreting in Set. Certain special morphisms
between categories induce morphisms of endofunctors, and hence functors between categories of
algebras. We illustrate this by relating syntax in NomSub with syntax in Nom, and also by showing
how raw syntax (in Set) can be instantiated into abstract syntax (in Nom).

Definition 7.4.1. A nominal algebraic signature S is given by a collection Opg of operators, where
each operator op € Opg is associated with

e an arity of names, arn(op) € N

e an arity of terms, art(op) € N

e a binding depth dep;(op) € N for each term parameter j € [1,art(op)].
The data of Definition 7.4.1 defines a nominal logic theory as follows.

e The theory has one ground sort: the term sort X.

There are no relation symbols.

The function symbols are the operators in Ops.

The arity of a function symbol op € Opg is given by the string N*™(°P) concatenated with the
string ([N]depf(oP)X)

jell.art(op)]”

The result sort of every function symbol is the term sort X.

Example: Signature for the r-calculus. We consider a nominal algebraic signature PI for the
n-calculus grammar that was introduced in equation 3.1.1. We have a collection of operators

Oppp = {nil, par,sum, inp, out, tau, match, mismatch, restrct}
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The operators are assigned arities according to the following table.

op € OpIP’]I arn(op) art(op) (depi(op))ie[l,art(op)]
nil 0 0 0O deadlock
par 0 2 (0,0) parallel composition
sum 0 2 (0,0) non-deterministic choice
inp 1 1 (D) input prefix
out 2 1 (0) output prefix (7.4.2)
tau 0 1 (0) silent prefix
match 2 1 (0) match prefix
mismatch 2 1 (0) mismatch prefix
restrct 0 1 (D restriction

Structures for signatures. Let S be a nominal algebraic signature. We will consider structures for
this signature, as in Section 7.2.2. Thus, for any category ¥ with finite products, a distinguished
object ./, and an endofunctor [.4], a S-structure in %4 is given by an object and X in ¥ together
with, for each operation op € Opg, a morphism

[[Op]]X : JVarn(op) X l_[ [W]depi(op)x — X
ie[1,art(op)]

(Here, we write [A#]"X for the n-fold application of the endofunctor [.4#](—) to the object X.)
We will illustrate this later by considering structures for the signature of the m-calculus.

Categories of structures as categories of algebras. If the category ¢ has Opg-indexed coprod-
ucts as well as the structure of the previous paragraph (finite products, an object, and an endo-
functor) then a nominal algebraic signature S induces the following endofunctor on €.

SgeX= [ | AP x [ [a1denirx (7.4.3)
opeOpg je[1,art(op)]

The category of Xg -algebras is isomorphic to the category of S-structures in €.
Following the developments of Section 6.1.1, if a free monad on g exists then it is de-
noted Ts ¢ = (Ts 4, N5, 4> Ns,%)-

Example: Syntax of the m-calculus up-to-a-equivalence. A structure for the m-calculus sig-
nature PI in NomSub is a nominal substitution X together with interpretations of the operators,
including, for instance, an input operator as a nominal substitution homomorphism

Linpllx : A X [N]X =X,
an output operator as a nominal substitution homomorphism
[outlly : A/ XA XX —>X
and a restriction operator as a nominal substitution homomorphism
[restrct]y : [A]X — X

In this way the signature induces an endofunctor Xpjnomsup ON NomSub, and, indeed, the free
monad Tp; Nomsub ON Zp) Nomsub €XiSts. In a similar way one can consider PI-structures in Nom,
and we have an endofunctor Xp; yom and a monad Ty yom On Nom. For example, the nominal
set Tppnom® is the nominal set X, of m-calculus terms up-to a-equivalence, introduced in equa-
tion 7.1.1, and the nominal substitution Tp; yomsub? is the nominal substitution of 7-calculus terms,
as suggested at the beginning of Section 7.3.
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Congruence in Nom and NomSub. We remark that the notions of congruence introduced in
Section 6.2.1 specialise to the usual, intuitive notions of congruence for syntax with variable bind-
ing: closure under all contexts, including those that may capture variables. (For the m-calculus,
this notion is considered by Sangiorgi and Walker [2001, Defn. 1.2.2], although their care over
non-degeneracy is not relevant here.)

Example: Raw syntax of the m-calculus. We can consider PI-structures in the category of sets
as follows. We will interpret the sort of names as a set N of name metavariables; from this set
we can derive an endofunctor [N] : Set — Set given by [N]X = N x X. We will write (c) x for an
element (c,x) € [N]X. This is merely suggestive notation; there are no quotients involved.

We write Sety for the category of sets, with the understanding that N is the object of names,
and [N] is the binding endofunctor.

There is a free monad Tpyg, for the endofunctor Xppge,. For each set X, we have the
set Tpyger, X Of 7-calculus terms with name variables from N, and free term variables in X; the
terms in Tpyge, X are not quotiented by a-equivalence.

Model categories and morphisms of endofunctors. A nominal S-model category is a category €

with finite products, Ops-indexed coproducts, a distinguished object .4, and a distinguished endo-

functor [A]. (Above, we have been abusing notation by writing € for the structure (¢, A4, [A4]).)
A morphism between nominal S-model categories

(%,JV%, [JV%]) - (@)‘/V@’ [JV@])

is given by a triple (F,f,¢), where F : € — 92 is a functor that preserves finite prod-
ucts, f : Ny — F(ANy) is a morphism in 9, and ¢ : [A,]F — F[A] is a natural transformation
between functors in [4,2]. The situation here is analogous to the situation at the end of Sec-
tion 6.1.2: these data induce a natural transformation (F, f, ¢)* : Xis o F — FXg  in an obvious way,
and so we have a morphism of endofunctors (¢, %g ) — (2, X ). According to Section 6.1.3, if
free monads on Xg  and Xg 4 exist then a monad morphism (¢, Ts ) — (2, Ts 5) is induced.

Note that if F : 4 — 92 preserves coproducts, and f : A, — F(A) is an isomorphism,
and Fpyq : [#y]F — F[A4] is a natural isomorphism, then the induced natural transforma-
tion (F,f,¢)" : 35 oF — FYg« is an isomorphism. In the terminology of Section 6.1.2, (F, f,¢)
defines a lifting of the endofunctor Xg , along the functor F : ¢ — 2.

The 2-categorical situation is as follows. We write .#g for the 2-category of nominal S-model
categories, with objects and morphisms as introduced above; a 2-cell between morphisms

(F5f> ¢):(G5 g Y) : (%,W(g, [JV‘K]) - (@,JV@, [JV@])

is a natural transformation a : F — G making the following diagrams commute.

f ¢
Ng —— F(Ng) [ANg]F —— F[N]
x Jamg [W@]al Jam]
G AN [A5]G — G[Ae]

Then the construction of equation 7.4.3 extends to a 2-functor .#s — Endo.

Example: Lifting n-calculus syntax from Nom to NomSub. As discussed in Section 7.3.1, the
forgetful functor NomSub — Nom preserves limits and colimits. It is clear that it also preserves
the object of names and the binding endofunctor. Thus we know that the endofunctor Xp; Nomsub
on NomSub is a lifting, along the forgetful functor NomSub — Nom, of the endofunctor Xp; yom
on Nom.
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Since the forgetful functor NomSub — Nom has a right adjoint, we know from Prop. 6.1.4(1)
that the induced morphism (NomSub, Xp; Nomsub) — (NOM, Xy nom) Of endofunctors has a right
adjoint in Endo. The 2-functoriality of the free algebra construction ensures that the induced
morphism of monads (NomSub, Tp; Nomsup) — (Nom, Ty nom ) has a right adjoint in Monad; i.e. that
the monad Tp; nomsub O1 NomSub is a lifting, along the forgetful functor NomSub — Nom, of the
monad Tp; yom ON Nom.

Of course, this phenomenon is not specific to the r-calculus, and similar results hold for every
signature S.

Example: Instantiating name metavariables. Let N be a set of name metavariables. Consider
a function ¥ : N — & between sets, to be thought of as a valuation of the name metavariables as
names. As remarked in Section 7.1, the forgetful functor U : Nom — Set preserves finite limits. The
valuation function supplies a function N — U(4") and so induces a natural transformation
¥V xidy ~
(NJ(U(=)=NxU(=) — UAN) xU(=)=UN x (=) = U([AMom](—))

between functors Nom — Set. Here, the rightmost morphism is the quotient arising from the
binding construction in nominal sets.

In this way the valuation function ¥ : N — 4 induces a morphism of endofunctors
(Nom, Zpp nom) — (Set, Zpy s, ), and hence also a monad morphism (Nom, Tp nom) — (Set, Tpy get, )-
This can be regarded as an operation transforming 7-calculus expressions in raw syntax with name
metavariables into 7t-calculus expressions (involving names) up-to a-equivalence.

7.5 Nominal transition systems

We now investigate how nominal logic can be used to axiomatise labelled transition systems for
name-passing. Thus we arrive at an alternative to the indexed labelled transition systems studied
in Sections 3.3, 3.4.3 and 4.4.2. We introduce a notion of nominal labelled transition system,
and prove a correspondence with I-IL.TSs over sheaves in Sh(I). We then briefly explain how the
uniform input behaviour studied in Section 3.4.3 can be axiomatised in nominal logic using the
theory of nominal substitutions.

An axiomatisation of ground labelled transition systems is provided next, and we have a corre-
spondence with the B,-coalgebras of Section 3.2.2. We conclude this section by considering notions
of ground and wide open bisimulation in this setting.

Nominal early labelled transition systems.

Definition 7.5.1. The nominal logic theory of nominal early labelled transition systems (/.-LTSs)
has one ground sort X and three relation symbols:

e an input transition relation symbol (—>) with arity X, N, N, X;
e an output transition relation symbol (_—'_>) with arity X, N, N, X;

e a silent transiton relation symbol (L) with arity X, X

subject to Axioms /.1-1.3 in Figure 7.1a.

A model of this theory (in Nom) is given by a nominal ‘carrier’ set X together with three equiv-
ariant relations

(i)gXxﬂxﬂxX (:)gXxwxﬂxX (L)gXxX
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M.1. The channel is known.
Vx,y: X, ¢c,d:N. (x ﬂy E ﬂ(c#x))
cld
A (x —y = ﬁ(c#x))
M.2. Names in the derivative depend only on names in the source and communication data.
Vx,y:X, a,c,d : N. (xﬂy/\a#(x,d) = a#y)
A (x id>y ANat#(x,d) = a#y)
T
A (x — Yy ANa#x — a#y)

M.3. If one name can be input then so can any other.

c?d’

Vx,y: X, c,d,d" :N. xﬂy:Ely':X.x—q/

Figure 7.1a: Axioms for the nominal logic theory of nominal early labelled transition systems.

M.1. The channel is known.
Vx,yeX, c,deN. (xﬂ_y = cesupr(x))
A (x id>y = ce€ supr(x))
M.2. Names in the derivative depend only on names in the source and communication data.
Vx,yeX, c,deN. (x LN y = suppx(y) € suppx(x)U {d})
A (x =5 y = suppy(y) € suppy(x) U {d})
A (x —y = suppx(y) S suppx(x))
M.3. If one name can be input then so can any other.

c?d

Vx,y €X, c,d,d' € N. xﬂy=>5|y’€X.x—>y’

Figure 7.1b: Requirements on a nominal early labelled transition system with nominal carrier
set X.
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that together satisfy the interpretations of Axioms /1.1-/1.3. For reference, these interpretations are
given explicitly in Figure 7.1b.

Relating W.-LTSs with I-IL.TSs. In Section 7.1.4 we gave a construction that exhibits the Schanuel
topos as equivalent to the category of nominal sets. By using this construction, we now establish a
correspondence with some of the I-IL.TSs of Section 3.3. Consider a W.-LTS — over X. An I-IL.TS
—; over the sheaf corresponding to X (as in Section 7.1.4) is induced as follows.

1If x <4 y and C supports x and C U {d} supports y
then CFx Z%, CcuUidlF y.
If x 24 y and d € suppy(x) and C supports x and C supports y

cld
then CHx —;CFy. (7.5.2)

If x 24 y and d ¢ C and C supports x and C U {d} supports y
then C+x 24, cUldlF y.

If x — y and C supports x and C supports y
thenCl—quCI—y.

Theorem 7.5.3. The mapping described in (7.5.2) takes a U.-LTS to an I-IL.TS satisfying Axioms 11—
16. For each nominal set X, the mapping defines a bijective correspondence between W,-LTSs over X
and I-ILTSs over the sheaf in Sh(I) corresponding to X, that satisfy Axioms I1-I6.

A proof of this theorem is provided in Appendix 7.C.

Nominal transition systems for the m-calculus. The early transition system for the r-cal-
culus, recalled in Section 3.1.1, provides a model of the theory of W.-LTSs, with the nominal
set X, of m-calculus terms (7.1.1) as the carrier. Equivariance of these relations corresponds to
Prop. 3.1.12(1). Axioms /1.1 and V.2 are Prop. 3.1.2, and Axiom 1.3 is Corollary 3.1.4(1).

Uniform input. We form the theory of nominal labelled transition systems with uniform input by
combining the theory of nominal labelled transition systems with the theory of nominal substitu-
tions (Section 7.3), and adding the following axiom.

Me4. Uniform input.

Vx,y: X, c,d,d : N. (d#x/\x ﬂy) = xﬁ[d’/d]y

For the W.-LTS for the m-calculus, Axiom V.4 corresponds to Prop. 3.1.3. Using the construction of
Theorem 7.5.3, we have the following result.

Proposition 7.5.4. There is a bijective correspondence between nominal labelled transition systems
with uniform input over a nominal substitution X, and F-ILISs over the sheaf in Sh(F) corresponding
to X, that satisfy Axioms 11-16 and F2’. Ol

Nominal ground labelled transition systems. We now axiomatise a class of ground labelled
transition systems.

Definition 7.5.5. The nominal theory of nominal ground labelled transition systems (V;-LTSs) has
one ground sort X and four relation symbols:
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e a bound input transition relation symbol (ﬁ)) with arity X, N, N, X;

e an output transition relation symbol (—~) with arity X, N, N, X;
e a bound output transition relation symbol (ﬁ)) with arity X, N, N, X;

e asilent transiton relation symbol (L\) with arity X, X

subject to Axioms V,1 and W,2 in Figure 7.2.

Mgl. The channel and free data are known, while binding data is fresh.

Vx,y: X, c,d:N. (xc'?(—d\)y =55 —(c#x)/\(d#x))
A (x LNV —(c#x)/\—'(d#x))

1(d
A (XC'(—)y — —(c#x)/\(d#x))
M42. Names in the derivative depend only on names in the source and communication data.
2(d
Vx,y: X, a,c,d : N. (xcv(—\)y/\a#(x,d):xa#y)
cld
A (x — YAa#x — a#y)

I(d
A (xd(—)y/\a#(x,d) = a#y)

A (xL\y/\a#x =4 a#y)

Figure 7.2: Axioms for the nominal logic theory of nominal ground labelled transition systems.

For a first example, we note that the ground transition system for the m-calculus, recalled in
Section 3.1.2, provides a model of the theory of V,-LTSs, with the nominal set X, of r-calculus
terms (7.1.1) as the carrier.

Every U -LTS induces a W,-LTS, according to a straightforward procedure akin to (3.3.21). Con-
versely, a model of the combined theory of nominal substitutions and /,-LTSs, induces an W -LTS
with uniform input, via a process akin to (3.4.10). In this way, one establishes that models of the
combined theory of nominal substitutions and Vl,-LTSs are in bijective correspondence with U.-LTSs
with uniform input. In other words:

Proposition 7.5.6. To give a V,-LTS together with a nominal substitution structure on its carrier,
is to give a coalgebra for the endofunctor B, on Nom that is structured by the forgetful functor
NomSub — Nom. O]

Bisimulation for nominal transition systems. We conclude this section by introducing notions
of bisimulation for W,-LTSs. This amounts to translating the definitions of Definition 3.3.4 to the
nominal setting.

Definition 7.5.7. Consider structures (X,—y) and (Y, —y) in Nom for the theory of W,-LTSs,
and let R be an equivariant relation between X and Y.
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1. Ris a ground simulation if, for all x,x’ € X, y €Y, and a,c,d € A:

? . . ?
e whenever xRy and xc(—agxx’, with a # (x, y), then we have y’ € Y with yﬂyy’ and
x'Ry’; and
d . 1d
e whenever xRy and xL\Xx’ then we have y’ € Y with yLYy’ and x’Ry’; and

! !
e whenever xRy and xc(—a)xx’, with a # (x, y), then we have y’ € Y with ycﬁzyy’ and
x'Ry’; and

e whenever xRy and x—yx’ then we have y’ € Y with y—,y” and x’R y’.

2. R s a ground bisimulation if both R and R°P are ground simulations.

3. Suppose that X and Y are equipped with nominal substitution structures. Then an equiv-
ariant relation R between nominal sets X and Y is a wide open bisimulation if it is a ground
bisimulation and it is closed under substitution, i.e.

VxeX, yeY.Vbae #. xRy = [b/a]x R [b/aly

4. An element x of X is ground bisimilar to an element y of Y if there exists an (equivariant)
ground bisimulation that relates them.

5. If X and Y are equipped with nominal substitution structures, then an element x of X is wide
open bisimilar to an element y of Y if there exists an (equivariant) wide open bisimulation
that relates them.
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7.A Appendix to Chapter 7: Proof of Prop. 7.3.1

We now prove Proposition 7.3.1, from page 176:

Proposition 7.3.1. The category of models for the alternative theory is isomorphic to the cate-
gory NomSub.

Proof notes. Starting with a conventional nominal substitution sub : A x [A/]X — X, one obtains
a nominal substitution in the alternative presentation by precomposing with the quotient map
N xX — [A]X. It is immediate that axioms NOMSUB-1-4 remain true, and easy to see that
NoMSuB-0 is also true.

Starting with a model of the alternative presentation, that is, an equivariant function
sub: A x & xX — X, we can find a conventional nominal substitution, sub’: & x [A#]X — X,
such that

Va,be N, x €X.a# b = sub/(b,{a) x) =sub(b,a, x) (7.A.1)

because sub satisfies NoMSUB-0. This is the essence of Prop. 7.1.3(2). One must then verify that
axioms NOMSUB-1-4 hold of sub’. Axiom NOMSUB-1 requires the most work. Pick b,c # (x,a),
with b # c; then

sub’(a, (a) x) = sub’(a, (b) [a < b] ex x) (defn. of [A]X)
=sub(a, b, [a < b] ey x) (defn. of sub’, (7.A.1))
=[a/b][a <> b] ex x (change notation)
=[a/c]la/b][a < b] ex x (NomMSUB-2)
=[a/c][c/b][a <> b] ex x (NomSuUB-3)
=[a/c][c/alx (NomSuB-0, and equivariance)
=[a/c]la/a]x (NomSUB-2)
=[a/c]x (NomSUB-1)
=X (NoMSUB-2)

To show that the rest of the axioms, NOMSUB-2—4, hold of sub’, one has to break the axioms
down into cases, depending on which names are disjoint. For example, to show axiom NOMSUB-2,

Va,b:N.Vx: X a#x = [b/a]lx=x ,

we consider separately the cases where a = b, and where a # b. When a = b, axiom NOMSUB-2
follows immediately from NOMSUB-1; when a # b, we use the definition of sub’ (7.A.1) together
with the fact that NoMSUB-2 holds of sub. O

7.B Appendix to Chapter 7: Proof of Theorem 7.3.2

We now prove Theorem 7.3.2, from page 179:
Theorem 7.3.2. The category NomSub is equivalent to Sh(F).

Proof. We will show that the category of models in Sh(I) for the theory of nominal substitutions is
isomorphic to the category of algebras for the monad (U} o ( jll,)!) on Sh(I).

Let P be a sheaf in Sh(I). Given a (U o ( jllz)!)-algebra structure a : Ux(( jll?)!(P)) — P for P, we
define a nominal substitution structure sub : N x N x P — P as follows. For each C € I, and
eacha,be C, p e P(C), we let

p ifa=b

subc(b,a.p) = {ac[injc ([C-{a} = Cl[b/al,p)]  ifa#b.
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(Here, as usual, [b/a] denotes the function C — (C — {a}) acting as the identity except that a is
mapped to b.) To see that the family {sub.:C x C x P(C) — P(C)}. is natural, we consider an
injection 1 : C > D in I, and (b,a,p) € (C x C x P(C)). If we have a = b then we must also
have 1(a) = 1(b), and so in this case it follows immediately that

[1] (subc(b, a, p)) = (subp(1(b), 1(a), [1]p))

For the case where a # b, then we must also have 1(a) # 1(b), and in this case,

[1] (sub¢(b,a,p)) = [1] (ac [injc ([C —{a} — C][b/al,p)]) )
= ap[1] [injc ([C —{a} = C1[b/a],p)] ©)
=ap [injc (1o [C—{a} = Clo[b/al,p)] 3)
= ap [injc ([D = {1(a)} = D] o [1(b)/1(a)] o1,p) ] )
= ap [injp ([D — {«(@)} = D] o [1(b)/1(a)], [1]p) ] ©)
= subp(1(b),1(a), [1]p) . (6)

Using: (1) defn. of sub.; (2) nat. of a; (3) defn. of action of 1; (4) factorisation; (5) defn. of ~,; (6) defn. of sub,,.

We now explain why Axioms NoMSUB-0—4 hold of this structure. For Axiom NoMSUB-0, we
consider C €1, and (b,a,p) € (C x C x P(C)). Suppose that b # a; then

subc(b,a,p) = ac [injc ([C — {a} — C1[b/al,p)]
= ac ([C - {a} = C] [injc_gq ([b/al,p)])
=[C —{a} = C] (@c_ga [Inic—a) ([b/al,p)])

and hence (C — {a}) supports sub(b,a,p).

Axiom NoMSUB-1 follows immediately from the definition of sub. For Axiom NOMSUB-2, con-
sider C €1, and (b,a,p) € (C x C x P(C)). Suppose that a & supp(p). For the case where a = b, the
result follows from axiom NOMSUB-1; for the case where a # b, we have

subc(b,a,p) = ac [injc ([C — {a} — C][b/al,p)] (1)
=ac [injc ([C —{a} = C][b/a],[C —{a} — Clseed (p@C — {a})) ] 2)
=ac [injc ([C —{a} = C][b/al[C — {a} — C],seed (p@C — {a})) ] (3)

= ac [inj¢ ([C — {a} = Cl,seed (p@(C — {a}))] @
= ac [injc (id¢,p) | (5)
—=p . 6)

Using: (1) defn. of sub.; (2) since a & supp(p); (3) defn. of ~.; (4) equality of functions; (5) defn. of ~; (6) unit law

for a.

To show Axiom NOMSUB-3, we consider C €I and a, b, c € C, together with p € P(C). We must
show that sub.(c, b,sub(b,a,p)) = subq(c, b,subq(c,a,p)). For the case where b = ¢, this follows
immediately from the definition of sub. When b # ¢ but a = b, the result follows from Axioms
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NoMSUB-0-2, already established. When a # b # ¢ yet a = ¢, we have:

Subc(C, b, SUbC(b: a’p))

=sub.(a, b,subq(b,a,p)) (1
= ag [inj¢ ([C — {b} = Cl[a/b], a¢ [injc ([C —{a} = C1[b/al,p)])] 2
. . [ [€—={b}—=C]l[a/D],
= (@ GHUA ) [””C ( [injc ([C — {a} = C][b/al,p)] ﬂ o
= ag [inj¢ ([C — {b} = C1[a/b][C — {a} = C][b/a],p)] (4)
=ac [injc ([C — {b} — C][a/b],p)] (5)
=sub¢(a, b,p) (©)
=sub¢(c, b,subc(c,a,p)) . )

Using: (1) since a =c; (2) defn. of sub.; (3) defn. of action of (UII: o( jll,)!); (4) mult. law for a; (5) equality of functions;
(6) defn. of sub; (7) since a = ¢, and using NOMSUB-1.

Finally, in the case when a, b and c are all distinct, we have:

Sch(C, b,SUbC(b: a>p))

= ac [inj¢ ([C = {b} = C][c/b], a¢ [injc ([C —{a} = C][b/al,p)])] 69)
= (oo (U] .. [ [C—={b}—=C][c/b],

= (a0 (UG (@), [ch ( linje ([C - {a} — C][b/a],p)])] @
= ac [inj¢c ([C = {b} = C][c/b][C — {a} — C][b/a],p) ] 3)
= ac [injc ([C = {b} = C][c/b][C —{a} — C][c/al,p)] 4)
(oo (U] .. [ [C—={b}—=C][c/b],

= (a (UF((]F)!(a))))C ['”Jc ( [injc ([C - {a} — C][C/a],p)])] (5)
= ac [inj¢c ([C —{b} = C][c/b],ac [injc ([C — {a} = Cl[c/al,p)])] ©)
=sub¢(c, b,subc(c,a,p)) . @)

Using: (1) defn. of sub.; (2) defn. of action of (UII: o (ji),); (3) mult. law for a; (4) equality of functions; (5) mult. law
for a; (6) defn. of action of (UII, o (j;)!); (7) defn. of sub,.

Axiom NoMSUB-4 is verified in a similar manner. Thus a (U} o ( j}),)—algebra induces a nominal
substitution.

Given a nominal substitution sub : N x N x P — P in Sh(I), we define a (U o ( jll,)!)-algebra struc-
ture a : Up((j£),(P)) — P as follows. Consider some C €1, and consider [inj,(f, p)] € Ux((jp):(P))(C).
By definition of ~., we can assume that D and C are disjoint. We now pick an ordering of D,
say D = {dl, e d|D|}, and we consider the following element of P(C U D):

subcup (fd|D|:d|D|’ (...subcyp (fdy,dp,[D — CuDIp) ))

By repeated use of NOMSUB-0, one concludes that C supports this element, and so we let

dce [In_]D(f,p)] = seed (SUbCUD (fdlDl’d|D|’ ("'SUbCUD (fd]_,d]_, [D — C UD]p) . ..))@C) .

It follows from NOMSUB-4 that this definition is independent of the ordering of D.

We now show that the function a. : UX(( jll:)!(P))(C) — P(C) respects equivalence classes. Every
injection decomposes into a bijection and an inclusion, and we will treat these two special types of
injection separately.

Consider D,D’ € 1, both disjoint from C, and consider a bijection f8:D 5D/, a func
tion f : D’ — C and an element p € P(D). Then, picking an ordering of D, say D = {dl, . d|D|}, we
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have

.. R o subcup(f Bdip), dpys - - -
ac [inip(f © )] = seed ( suboup(f By, dy, [D > CUDIp)...) @c) w
_ o SUbCUD(fﬁd|D|ﬂd|D|""
= seed (['dc e ( subcyp(f Bdydy, [D > CUDIp)... )) @C) @
— ceed (SUbCUD’(fﬁd|D|>ﬁdIDI’ S ) @
subcyp (f Bdy, Bdy, [D — CUD][B]p)...) @C
= ac [injp/(f, [BIp)] - o)

Using: (1) defn. of a.; (2) since C supports the expression, and [id. wf]: CUD = CUD’ acts as identity on C; (3) nat.
of sub; (4) defn. of a., bearing in mind that, since f3 is a bijection, we have D’ = {ﬂdl, . .ﬁd‘m}.

To deal with the case of inclusions, we consider three disjoint sets of names, C,D,E € 1, a
function f : DUE — C, and an element p € P(D). We will show that, according to the definition
above,

ac [injp(f o [D = DUE],p)] = ac [injpue(f, [D = DUE]p)]

Indeed, pick orderings of D and E, say D = {dl, e, d|D|}, E= {el, . ..,e|E|}, and then

ac [injp(f o [D = DUE]p)]

_ subcupue(fdip)> dip)s - - -
= seed o
subcupup(fdi,dy, [D—= CUDUE]p)...) @C

subcupur(feje)s ezl - - -
— seed subcupup(fers ey, o
subcupue(fdip)> dip)s - - -
subcupue(fdy,dy, [D = CUDUE]p)...))...) @C

=ac [injp(f,[D —=DUE]p)] . (3

Using: (1) defn. of a.; (2) repeated use of NoMSUB-2; (3) defn. of a,.

The family {ac : U;((jll,)!(P))(C) — P(C)}ca is natural in C, since sub is natural.

We now show that a : UL(( jII,)!(P)) — P is an algebra for the monad (Uj, o ( jII:)!), by showing that
it satisfies the unit and multiplication laws.

For the unit law, consider C €1, and p € P(C). We must show that

ac [i”jc(idc,P)] =p

We do this by considering the following sequence of equations. Pick some set D € I disjoint from C,
for which there is a bijection 8 : D = C, and suppose that D = {dl, ey d|D|}. Then
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ac [injc(ide,p)] = ac [injp(B,[7'1p)] M
subcup(Bdip,dipy, - - -
= seed B 2)
( subcup (Bdy,dy,[D— CUDI[F']p)...) @C)
=seed (([Bdjp| — dp]]...[Bdy — d,][D = CUD][B']p)@C) (3
=seed (([f'wpl[D — CuUD][']p)@C) @
=seed (([C — CUDI[BIIF"Ip)@C) (s)
=seed (([C — CuD]p)@C) (6)
=p - (7)

Using: (1) defn. of ~.; (2) defn. of a.; (3) repeated use of NOMSUB-1; (4-6) manipulating functions; (7) defn. of
seed.

For the multiplication law, consider distinct C,D,E € I, and f : E - D, g : D — C in F,
and p € P(E). We must show that

ac [i”JE(g °f,P):| =0dc [injD (g’aD [i”JE(f,P)])]

We do this by considering the following sequence of equations. Suppose that D = {dl,...,d|D|}
and E = {el,...,e|E|}. Then

ac [injg(g o f,p)] = seed (SUbCUE(gfelEl’eE"”' ) )
e subcus(gfes, e, [E— CUE]p)...) @C
_ (SUbCUDUE(gfe|E|:e|E|: cen )
= seed (2
subcupue(gfer,e, [E— CUDUE]p)...) @C
[SUbCUDUE(gfe|E|:fe|E|: \
. SUbCUDuE(fe|E|,€|E|,---
= seed 3)
subcupue(gfer, fer,
| suboupus(feren, [E = CUDUE]p))...)) @C
[ subcupue(gdip)> dipys - - - \
subcyupup(gds, dy,
= seed )
subcupue(f g epg)s - - -
\ subeupue(ferer, [E > CUDUER))...)) @C )
(SUbCUD(gdlDl) dlDl, cee
subcp(gds, dy,
= seed [D — C U D]seed( (5)
subpue(feg), e - - -
. subpui(fer,e1, [E— DUEp)...) @D))...) @C
= ac [injp (g, ap [inje(f,p)])] - ©)

Using: (1) defn. of a.; (2) nat. of sub; (3) repeated use of NoMmSuUB-3 and NOMSUB-2; (4) repeated use of NOMSUB-2
and NoMSUB-4; (5) properties of supports and seeds; (7) defn. of a; and a,.

Thus a nominal substitution induces a (U o jlﬁ)!)—algebra.
The operation converting a (U} o (jg),)-algebra to a nominal substitution is left and right inverse
to the operation converting a nominal substitution to a (U} o ( j;)!)-algebra. To see this, it is a matter
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of stepping through the conversion processes, using Axioms NOMSUB-0-4 on the one hand, and the
laws for (U} o ( j;)!)-algebras on the other.

Moreover, for any two (U} o j;)!)-algebras, (P a) and (Q, B), a natural transformation P — Q is a
homomorphism of (U} o (j3),)-algebras if and only if is a homomorphism between the corresponding
nominal substitutions. O

7.C Appendix to Chapter 7: Proof of Theorem 7.5.3

We now prove Theorem 7.5.3. We begin by recalling the statement of the theorem from page 185.

Theorem 7.5.3. The mapping described in (7.5.2) takes a W.-LTS to an I-IL.TIS satisfying Axioms 11—
16. For each nominal set X, the mapping defines a bijective correspondence between V.-LTSs over X
and I-IL.T'Ss over the sheaf in Sh(I) corresponding to X, that satisfy Axioms 11-16.

Proof. Let P € Sh(I) be the sheaf corresponding to X, according to Section 7.1.4. We first verify
that Axioms I1-16 of Figure 3.4 hold of the I-IL.TS —; over P induced from a /.-LTS — over X.
As regards Axiom I1, suppose that

CI—xLIDI—y

is induced. We will focus on the case £ = c?d, cases for the other modes of communication are
treated similarly. We know that

c?d
X —)

and that C supports x, while D = C U {d} — the data is learnt. By Axiom V1.1, ¢ € suppy(x). But
suppx(x) € C, so ¢ € C — the channel is known.
Turning to Axiom I2: suppose that

chxZ4 culdiry

is induced, and consider a name d’ € 4. We know that

c?d
X—Y

and that C supports x. By Axiom 1.3, we have y’ € X such that

cd
X—)y

Axiom V.2 enforces that (C U {d’}) must support y’; thus

crxZh cufdiry
as required.
We turn now to Axiom I3. Suppose that

Ckx -5 culdiry

is induced, with ch(¢) € C. We consider a bijection 8 : C U{d} — D. We will focus on the case
of free output, where ¢ = c!d and d € suppy(x), but other modes of communication are treated
similarly. We must have that C supports x and that C supports y, and that

cld
X —)
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——

Since — is equivariant,
(Be(BA)
([511 ®x X) - (ﬁn ®x J’)

for any permutation ' of 4 that acts as 8 on (C U {d}); we outlined how such a permutation can
be constructed in the proof of Section 7.1.4. By Prop. 7.1.2(3), B(C) = D supports o ex x and D
supports o ey y. By definition of P,

Bex x =P(Blc)(x)  Blexy=P(B)Y)

Thus Axiom I3 holds.
Axiom I4a follows directly from the definition of —. As regards Axiom I4b: suppose that

Cu{d}F[C—cuidilx 25 culdity

There are two ways that an output transition can be induced; here though, we know that the name
context of the transition source is the same as the name context of the transition target. Thus the
transition must be induced by
x 24, y

with d € suppy(x). Since x is supported by C, we have that d € C, as required.

Axioms I5 and I6 arise because if C supports x € X then for any D © C we have that D sup-
ports x.

This concludes our proof that Axioms I1-I6 hold of the induced transition system —; over P.

We now describe how to induce a V1.-LTS from an I-IL.TS. We continue to consider a nomi-
nal set X € Nom, with corresponding sheaf P € Sh(I) according to Section 7.1.4. Suppose that
we have an I-ILJIS — over P, that satisfies Axioms I1-16 of Figure 3.4. We induce a W,-LTS

—— - 1
(—y, — 1, —y) over X as follows.

IfCI—xﬂDl—ythenxidmy.
IfCFx 2% Dk y then x <5, y. (7.C.1)
If Ckx —> Dty then x —,y

We must show that these relations are equivariant and satisfy Axioms 1.1-1.3.

As for equivariance, suppose that
c?d
X—pYy

is induced, and consider o € Sym(4"). We must have some C, D such that C supports x and D
supports y and

Cl—xﬂDl—y
By Axiom I1, c € C and D = C U {d}. By Axiom I3,

a(C)F P ((alp)lc) (x) 29 o(D)FP(olp)(y)
But, by definition, P ((o]p)|¢) (x) = 0 ex x and P(c|p)(y) = o ex y. So we have
F(C)F (0 ox x) =5 0 (D) F (0 0y ¥)

Thus

(U’Xx)id’w(a’xy)

—2— . . . L
isinduced, and so the relation —, is equivariant. The relations for other modes of communication
are seen to be equivariant in a similar way.
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We turn now to show that Axiom V.1 is satisfied by the induced relations. Suppose, for instance,

that
cld
X—pny

is induced. Then we must have sets of names C and D such that C supports x and

Cl—xid>Dl—y.

By Axiom I1, D = C U {d}. Now, note that d & (C \ (suppx(x)U(C n{d}))). Thus, by Axiom I6,

(suppx (x) U(C N {d}) F x <5 (suppy(x) U {d}) -y’

(We simplify using the definition of the action of P.) By Axiom I4b, if d € C then we
have d € suppy(x). So

(suppx (x)U(C N {d})) = suppx(x)
Axiom I1 ensures that ¢ € suppy(x); thus Axiom V.1 is satisfied for the induced output relation.

Axiom W1 is proved for the input relation in a similar way.
As regards Axiom M,2, we proceed as follows. Suppose, for instance, that

T
X—pny

is induced. Then we have name sets C, D such that C supports x and
Ckx—DF y

Axiom I1 enforces that D = C. By Axiom 16, we have y’ € P(suppy(x)) such that

P(suppx(x) = C)(y¥)=y and suppy(x)F x —> suppx(x)F y’

By definition of P, the first condition amounts to requiring that y = y’, and thus we have
suppy () € suppy(x). Axiom W.2 is verified for other modes of communication in a similar manner.
Axiom /1.3 is quickly seen to be a consequence of Axioms I2 in the presence of Axiom I1.
It remains for us to show that for any U.-LTS — over X and any I-IL.TS — over P,

D) —=(—1)y and (i) —=(—y); - (7.C.2)

We begin by showing that LHS € RHS in (7.C.2)(i): that if x N y then x i’m y. We concentrate
. e . . cld
on the case where { = c!d; reasoning is similar for the other modes of communication. If x — y

then, by Axiom W.2, (suppx(x) U {d}) supports y. Whether or not d € suppy(x) we have that the
transition 4
1
suppx (x) b x > suppy (x) U {d} I y

is induced. Thus the transition
cld
X—wmYy

is induced, as required.

We now show the converse: if x LIM y then x N y. Indeed, suppose that x idqw y is induced,
this time with ¢ = ¢?d. Then we must have C,C’ C; A4 such that C supports x and C’ supports y
and such that

2d
C |_ X C_>I C/ l_ Yy
This, in turn, must be have been induced by a transition

c?d
X —)
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Thus property (i) of (7.C.2) is proved.
Turning to property (ii) of (7.C.2), we show that if C F x N C’ F y then we have
Ckx L’m C’ I y. Indeed, suppose that

CI—xLC’I—y

is induced, with £ = c!d. Then we have that C supports x and the transition

cld
X——ny

has been induced. If d € C then, by I4b, d € suppyx(x). So, whether or not d € C, the transition

Chx %, culdiFy
is induced. Also, by Axiom I1, C’ = C U {d}. Other modes of communication are treated similarly;
in this way one direction of property (ii) is proved.

For the other direction, that if C F x LMI C'kythenChkx Ny ¥, we proceed as follows.
Suppose that

Chkx Lm C'hy
is induced. We will consider the case £ = c?d. We must have that C’ = C U {d}, and a transition

c2d
X—ny

must have been induced. Thus we must have D,D’ ¢ 4 such that D supports x, D’ supports y,
and we have a transition ;
?
DFx—5D'F y

By Axiom I4a we can assume that d € D. Axiom I1 ensures that D’ = D U {d}. Since suppy(x)
supports x, so does (suppy(x) U {d}), and so, by Axiom 16, we have the transition

(suppy (x) U {d}) F x <3 (suppy(x) U {d}) F y

We know that (suppy(x)U {d}) € C U {d}; thus Axiom I5 gives the transition

culdiFx 24 culdiry

and Axiom I4a provides
2d
ckx < cuidiry
The cases for other modes of communication are treated similarly; for output, Axiom I4b is re-

quired.
Thus properties (i) and (ii) of (7.C.2) are established, and Theorem 7.5.3 is proved. O



Chapter 8

Operational Semantics for Name-Passing

For various reasons, the GSOS format (as recalled in Section 6.3) is not relevant for name-passing
systems. The purpose of this chapter is to provide a rule format for name-passing systems, together
with an analysis based on the mathematical structural operational semantics of Section 6.2. We do
all this by using the models of syntax and behaviour that were developed in the previous chapter.

We begin, in Section 8.1, by providing a notion of rule structure for name-passing systems. As
we explain, these rule structures can be understood as nominal logic formulae. Thus the problem
of finding a rule format for name-passing systems becomes the problem of finding conditions on
rule structures that ensure that the intended models of the corresponding nominal logic theories
are well-behaved. We introduce these conditions in Section 8.2; we call the resulting format the
N-Gsos™ format. This format serves, in particular, to explain the good behaviour of the n-calculus:
its models are nominal ground labelled transition systems, in the sense of Section 7.5, and wide
open bisimilarity is a congruence.

In Section 8.3 we provide examples of rule structures that violate the conditions, and we ob-
serve how the semantics induced by such rule structures may break the requirements of well-
behavedness.

Finally, in Section 8.4, we explain how rule structures give rise to abstract rules and hence to
monad liftings. In this way, we conclude that every system that is induced from a set of rules in the
U-Gsos™ format is well-behaved.

8.1 Rules for name-passing

In this section we redevelop the notion of rule structure from Section 6.3.1 in the context of name-
passing systems. The development of that section is not adequate for this context. To see this,
recall (e.g. from Figure 3.3) one of the rules of communication and the rule for scope opening, for
ground transitions in the n-calculus:

cd , cz) cz
P =4 P —=4q P =4
;T d / c(2) (z ?é C) ’
plp" — qlld/z]q vz.p — ¢

Note that, in the communication rule (on the left) there is an explicit substitution operator; mean-
while, in the rule for scope opening (on the right), we see that the syntax and also the labels include
binding operators, while the rule has side conditions about the distinctness of names. None of these
aspects can be accomodated within the rule structures of Section 6.3.1, nor indeed within the GSOS
framework of Bloom et al. [1995]. Thus we move from the standard algebraic treatment of syntax
used in Section 6.3.1, to the treatment based on nominal sets and nominal substitutions developed
in the previous chapter. Indeed, instead of interpreting the rule structures as theories of first or-
der logic, as in Section 6.3.1, rule structures for name-passing are to be understood as theories of
nominal logic.

197
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We introduce the notion of rule structure for name-passing in Section 8.1.1. Section 8.1.2 is
dedicated to an exposition of the intended meaning of rule structures.
Throughout this section we fix a nominal algebraic signature S (in the sense of Definition 7.4.1).

8.1.1 Rule structures for name passing

In this subsection we introduce and recall various notions, culminating, in Definition 8.1.1, with
the notion of rule structure for name-passing. We begin by recalling our treatment of raw syntax,
and introduce a simple mechanism for handling the explicit substitutions that appear in rules. We
then discuss why it is that rule structures are built from raw syntax, rather than abstract syntax with
a-equivalence. Before introducing rule structures, we recall a set of labels for ground behaviour,
and some basic properties of such labels.

Raw syntax. In Section 7.4 we showed how, for a given set N of name metavariables, the nominal
signature S induces an endofunctor Xg g, On Set such that for any set X, the set Xig g, X contains
all basic expressions of raw syntax, of the form

J
°p ((Ci)ie[l’am(‘)p)]’ ((ak>ke[1,depj(op)] Xj)

with name metavariables c;, a{( taken from the set N and term variables x; taken from the set X.
Recall that the suggestive notation

J'E[l,art(or))])

] .
<ak > ke[1,dep;(op)] %j

denotes simply a tuple (al, ...
raw syntax.

In the introduction to this section we noted that explicit substitutions may appear in the conclu-
sion of the rule. To accommodate this, we will sometimes add to the nominal algebraic signature S
the nominal substitution operator sub, from Section 7.3, with

,a’l ,X;); there is no quotient or a-equivalence involved in the
dep, (op)* *J

arn(sub) =1 art(sub) =1 dep;(sub) =1

We write (S + sub) for the resulting signature. This corresponds to the combination of the nominal
logic signature for S with the signature for the theory of nominal substitutions. It makes no sense,
though, to consider Axioms NOMSUB-1-NOMSUB-3 in this raw syntax setting.

The free monad Ts, gyp,ser, ON the endofunctor Yg, gyp set, €Xists. The set Tgq,p, ser, (X) contains
all compound terms of raw syntax with explicit substitutions and with name variables taken from
the set N and term variables from the set X.

Discussion: Raw syntax in the rules. We use raw syntax in the definition of rule structures, as
opposed to a-equivalence classes of syntax. This is because it is not immediately clear how to define
a-equivalence for expressions that have free term variables. Indeed consider one of the 7-calculus
rules for transition under restriction, written here according to the conventions of syntax in Sety.

cld
X—y

3 (c#£a#d)
restrct({a) x) — restrct({(a) y)

Suppose we were to consider (a)x as an a-equivalence class using the machinery of nominal sets
introduced in Chapter 7. A first question is: What is the support of x? If the support is empty, then

restrct({(a) x) = restrct({c) x)
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and so we equally have the rule

cld
X—y

- (c#a#d)
restrct({c) x) — restrct({a) y)

which was certainly not intended. On the other hand, if the term variable x has non-empty support
then there must be a permutation o of name variables such that ¢ e x is also a term variable and
such that o e x # x. Such relationships between term variables would surely make for a very
elaborate notion of rule [but see e.g. Urban et al., 2004].

Thus, while a-equivalence is fundamental to our treatment of syntax of process terms, the rules
that we consider will not involve any a-equivalence.

In the following subsection we will explain how rules can be understood from the standpoint
of nominal logic (as recalled in Section 7.2). Nominal logic is simply a first-order theory, so the
logical equality of the theory, which involves an axiomatisation of a-equivalence, is stronger than
syntactic equality, which treats syntax as raw.

Labels. In (3.3.18) we introduced the set of ground labels as
Labg= AN XN + N XN + N XN + 1

Our rules will involve name metavariables, and so it is helpful to parameterise the set of labels, by
the set of names under consideration. To this end, we define, for each set N, the set of labels

Lab,(N)=NXN + NXN + NxN + 1

As with the set of (3.3.18), we consider the components as describing input of a fresh name (writ-
ten c?(a)), output (c'!a), bound output (c!(a)), and silent action (7). Note that here it is essential
to distinguish between free and bound outputs, because it does not make sense to refer to the free
names of a term metavariable.
For each label 1 € Laby(N), we define the sets of free names fn(1) of 1 and bound names bn(1)

of 1 in the following table.

l fn(l) | bn(l)

c2(a) | {c} | {a}

cld {c,d} 0

cl(@ | {c} | {a}

T 0 0

The function bn is essentially the assignment for 7t-calculus ground labels provided in Section 3.1.2.

Rule structures.

Definition 8.1.1. Let (X,N) be a pair of sets, with N finite. A premise structure over (X,N) is an
element of the set X x Lab,(N) x X. A conclusion structure over (X,N) is a tuple in the set

Z:S,SetN(X) X Labg(N) X TS+sub,SetN (X)

(Notice that in the last component of the product, the signature (S+sub) with explicit substitutions
is used.)

A rule structure for name-passing over (X,N) is a pair of a finite set of premise structures
over (X,N) and a conclusion structure over (X, N).
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8.1.2 Understanding rule structures

The reader may already have an inkling of the intended meaning of the rule structures of Defini-
tion 8.1.1. The purpose of this subsection is to develop this further. First, we explain our intention
that rule structures be interpreted as having implicit side conditions about the freshness of names.
We then provide some examples of rule structures, including, in Figure 8.1, rule structures describ-
ing the m-calculus. Apart from the implicit side conditions, the rule structures essentially follow the
presentation of the m-calculus of Figure 3.3. We conclude this subsection by making the interpre-
tation of rule structures precise, by exposing rule structures as a restricted class of nominal logic
formulae.

Implicit side conditions. In the introduction to this section we observed that rules for name-
passing systems often include side conditions. For instance, consider the nt-calculus rules for paral-
lel transitions and scope opening. (The rules here are essentially as they appear in Figure 3.3, only
we use a more formal syntax and the nominal logic # operator.)

xS ¥ 22y
L ——(a#c) > (a#x)
restrct((a)x) — y par(x,x’) — par(x,y’)

These side conditions, insisting on freshness and distinctness of names, are the only kinds of side
conditions that need to be considered. To make matters simpler, we will make these side conditions
implicit by always imposing the following side conditions:

1. All names must be as distinct as they are in the rule.
2. Bound data in the conclusion label must be fresh for the conclusion source.

This will all be made precise below, when we introduce an interpretation of a rule structure as a
nominal logic formula.

Because the side conditions are always implicit, in order to describe rules without side condi-
tions it may be necessary to consider several versions of the rule together; examples are provided in
the following paragraph. Including several versions is rather inconvenient, and one might concoct
a notion of ‘rule structure with explicit side conditions’ from which a family of rule structures with
implicit side conditions could be derived via a standard procedure.

Examples. As a first example we show how part of the m-calculus rule for communication arises
as a rule structure for the nominal algebra signature PI introduced in (7.4.2). The term variables
for this rule structure are X = {x,x’,y,y'} and the name metavariables are N = {a, c,d}. There are
two premises

(x,c!d,y) and (x/,c?(a),y")

and the conclusion is the triple

(par(x, x'), 7, par(y, [d/ a]y’))

We will often write rule structures in a more suggestive way, with the premises above and the

conclusion below, as follows.

cld ,c2(a) ,
X y X y

par(x,x) — par(y, [d/aly’)

For this rule structure, the implicit side conditions amount to requiring that a # c, a# d and c # d.
One would need a separate rule structure to handle the case where ¢ =d.
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Further examples of rules from the m-calculus are given in Figure 8.1. Because the side con-
ditions are implicit it is not necessary to include side conditions such as “c # d” in the rule for
mismatch, or “a#x” in the rule for transitions in parallel. On the other hand it is often necessary
to include several copies of rules. For example, in Figure 8.1, we have included one rule for output
of data that is distinct from the channel, and one rule for output of data that is the same as the
channel. For free output under a mismatch operator, a full presentation would require seven rules
to describe all the possible coincidences of variables.

As mentioned in Section 3.1, we have not explicitly introduced any facilities for infinitary be-
haviour in this thesis. There are various ways of adding replication to the calculus, and we note that
the semantics suggested by Sangiorgi and Walker [2001, Table 1.5] does fit into our rule format.

Interpretation in nominal logic. Suppose that we have a set # of rule structures. This set
induces a nominal logic theory, in the sense of Section 7.2. The theory has one basic sort, X, and
the signature has all the function symbols of the signature S together with the nominal substitution
operator sub, and also four relation symbols:

—2(=)

e a bound input transition relation symbol ( iR ) with arity (X, N, N, X);

|—

e an output transition relation symbol (_—*) with arity (X, N, N, X);

e a bound output transition relation symbol (_L_)) with arity (X, N, N, X);

e asilent transition relation symbol (L\) with arity (X, X).

(The reader will recognise these relation symbols as the symbols in the theory of nominal ground
transition systems, introduced in Definition 7.5.5.)

The axioms of the theory are, firstly, the axioms NOMSUB-1-3 of nominal substitutions, and,
secondly, axioms corresponding to the rule structures in £, which are determined as follows.

Consider sets X and N, with N finite. For each rule structure R over (X,N) in &, we define a
nominal logic formula &, with free term variables in X and free name variables in N, as follows.
Let Prem be the set of premises of R, and let (src,1,tar) be the conclusion of R. As such, src
and tar can be considered as expressions of nominal logic, of sort X, with free term variables in X
and free name variables in N. Then

1 1
O = /\c;éd/\ /\ c#src A /\ X—y | = src —tar.
c,deN cebn(1) (x,1,y)€Prem
c#d

For each rule structure R over (X,N) in #, we enumerate the sets of variables, say
XI{Xl,...,Xm} Nz{al,...,a“\”}
and include, in the theory associated to £, an axiom

Vxq,...,Xg s X Vag, ..., ay : N. &p

Models of rule structures. As in Section 6.3.1, there is an ‘intended’ model of the nominal logic
theory associated with a set # of rules, that is particularly important. This model has a carrier
set Ts Nom®, the nominal set of terms of the signature S. An S-structure is given by the structure
map s nom s Nom? — Tsnom?- Recall, from Section 7.4, that the monad Tg yop, 0n Nom lifts along
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(a) Silent
X={x},N=0

tau(x) “x

Operational Semantics for Name-Passing

(b) Input
X={x},N={a,c}

inp(c, (a)x) ‘ﬁ\)x

(c) Output of the channel name

X={x}, N={c}

|
out(c, c,x) “Sx

(d) Output of a name distinct from the channel
name

X ={x}, N={c,d}

1d
out(c,d,x) “Sx

(e) Match for input transitions where channel
is match name

X={xy},N={a,c}
c?(a)
X—Yy

?
match(c, ¢, x) <) y

(f) Mismatch for input transitions with channel
as second mismatch name

X={xy},N={c,d,e}

d?(e)
X—Yy

_ d?
mismatch(c,d, x) ) y

(g) Sum for bound output on the left
X={x,%,y},N={a,c}
cl(a)
X—Yy

sum(x,x") tﬁ*)y

(h) Parallel for bound output on the right
X={xx,y'},N={a,c}

,cld)

Xy

par(x, x') 22 par(x, y')

(i) Communication with output on left, where
data differs from channel

X= {Xn Xl: Y: Y/}, N= {a) G, d}

cld ,c(a)
x—y x—7

par(x,x') — par(y, [d/aly")

(j) Restriction for bound output

X={x,y},N={a,b,c}

c!(b)
X—y

restrct({a) x) <® restrct((a) y)

(k) Scope closure for output on left
X={xx,y,y}L N={ac}

! ?
XCE\) X,c_(\a) /

y
par(x,x’) "« restrct ((a) par(y,y")

Figure 8.1: Examples of rule structures for the r-calculus. Note that the side conditions are implicit.

() Scope opening
X={xy},N={a,c}

cla
X—Yy

restrct({a) x) @ y
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the forgetful functor NomSub — Nom, and so we have a nominal substitution structure on Tg yom®.
The transition relations of the model are the smallest (equivariant) relations that satisfy axioms
arising from the rule structures in 2. Thus the intended model of a set # of rule structures is in
fact the initial model in the category of models for the nominal logic theory associated with Z.

8.2 Rules that induce well-behaved semantics

In this section we introduce conditions on rule structures that, as will be shown in Section 8.4,
ensure that the intended model will be well-behaved. We begin, in Section 8.2.1, with a discus-
sion of appropriate notions of well-behavedness for name-passing systems. Following this, in Sec-
tion 8.2.2, we translate the conditions of the positive GSOS format to the setting of name-passing
systems. These are not the only conditions needed, however, and in Sections 8.2.3 and 8.2.4 we de-
velop some properties of rule structures that are used in Section 8.2.5 to define further conditions
on rule structures, resulting in the /-Gsos™ format.

Throughout this section we continue to fix an arbitrary nominal algebraic signature S, and we
consider finite sets X and N, and an arbitrary rule structure R over (X,N). Let Prem be the set of
premises of R, and let (src,1,tar) be the conclusion of R; so we have an operator op € Opg and

c, €N (forie [1,arn(@)])
x;€X (for j e [l,art(g)])
aleN (for j € [1,art(op)], k € [1,dep;(op)])

such that

_ , J .
src = op ((Ei)le[l,arn(op)]5 (<§k>k€[1’depj(op)] E))je[l art(op)])

Here, as in Section 6.3.3, we underline the variables and the operator symbol that appear in the
conclusion source. We refer to the elements c. as free name variables and the elements gi{ as binding
name variables.

8.2.1 Notions of well-behavedness

In Section 6.3, we developed a rule format that ensured that the induced semantics would be well-
behaved; there, that meant that bisimilarity would be a congruence. This is certainly not the only
notion of well-behavedness that one can take for labelled transition systems. For instance, in their
presentation of the GSOS format, Bloom et al. [1995, Sec. 5] take as a basic property of transition
systems that they are finitely branching.

For name-passing systems, there are yet more notions of well-behavedness available. In Sec-
tion 3.1.3 we recalled four notions of bisimilarity for the 7-calculus; if we are to insist that one is a
congruence, which one should it be? Neither early, late nor ground bisimilarity is a congruence for
the full m-calculus, so we will not use them here. Thus we are left with the simpler notion of wide
open bisimilarity.

Another consideration is that, in Chapters 3 and 4, and Section 7.5, we have axiomatised
various properties of transition systems for name-passing. Moreover, the intended model of the
nominal logic theory associated with a class of rule structures will certainly provide a structure for
the theory of nominal ground labelled transition systems (Definition 7.5.5), and so it makes sense
to insist that this intended model is also a model of the theory of nominal ground labelled transition
systems.

In summary, we say that the intended model of a class of rule structures is well-behaved if
(a) wide open bisimilarity is a congruence, and (b) Axioms /1,1 and V|,2 of Figure 7.2 are satisfied.
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N-Gsos*-1. Every element of X appears in the conclusion source or as a premise
target.
dj e [1,ar(op)]. x; =x
Vx eX. - ’
vV 3y €X, 1 €Laby(N). (y,1,%) € Prem

N-Gsos™2. The source of each premise appears in the conclusion source.
V(x,1,y) € Prem. Jj € [1,ar(@)]. X=X
N-Gsos™-3. The target of any premise does not appear in any other premise.
V(x,1,y), &, 1, y)ePrem.y=y = x=x'A1=1

N-Gsos™4. The target of any premise does not appear in the conclusion source.

¥(x,1,y) €Prem, j € [1,ar(op)]. y # 1,

M-Gsos™5. Each variable in the conclusion source is distinct.

Vj:j/ € [1,31'(%)]. Ej :zj’ — ]:]/

Figure 8.2: Conditions on a rule structure for name-passing. Notation is defined at the beginning
of Section 8.2.

8.2.2 First conditions on rule structures

We introduce Conditions /-Gsos™1-5 (Figure 8.2) on rule structures. The reader will recognise
Conditions //-Gsos*-1-5 as direct translations of Conditions Gsos™-1-5 of Figure 6.4.

Alone, Conditions U-Gsos*-1-5 are insufficient to guarantee well-behavedness. Instead, they
allow us to define further conditions from which we will be able to derive such a result.

For the rest of this section we assume that Conditions U-Gsos*-1-5 hold of the ambient rule
structure R. The following result — which is essentially (6.3.6) — is useful when defining functions
with domain X, the set of term variables.

Proposition 8.2.1. The function

[1,art(op)] + ]_[je[l’art(g)] {(x, 1,y) € Prem ‘ X =X; } —X

inl(j) X,

inr(inj;(x,1,y)) y

is a bijection. O

8.2.3 Associating names with components of the rule

We now introduce a variety of functions that associate name variables to components of the rule
structure. By doing this we are able to approximate the variables that may appear once the term
variables have been instantiated.
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We define a function BN : X — 2 (N) which assigns to each term variable x € X a set of names
which are ‘bound’ in x in the rule structure. We use the bijection introduced in Prop. 8.2.1 to make
this definition.

o For j < [1,art(op)], we let BN(x,) = {g{{ k € [1, dep;(op)] }

e For (x,1,y) € Prem and each j e art(o_p) such that x = X
ke [1,depj(%)] } Ubn(1).

By way of example consider rule structure (j) of Figure 8.1, for bound output under restriction.
There, we have BN(x) = {a} while BN(y) = {a, b}.

We will also find it useful to refer to the set BN C N of all names that appear in binding position
anywhere in the premise labels or in the conclusion source, given by

BN =|_J{BN(x) | x€X}

For example: in the case that R is rule structure (j) of Figure 8.1, we have BN = {a, b}.

We define a function FN : X — #(N) which assigns to each term variable a set of names to be
thought of as ‘those names that can be assumed free in the expression to which the variable is
instantiated’.

First, define a set FN C N of names ‘free in the conclusion source or the premises’ by

FN = {91’---’9arn(2)}u U {fn(l)—BN@j) dy e X. (gj,l,y)ePrem}

we let BN(y) = {g{{

j€l1,art(op)] (8.2.2)
1eLabgy(N)
Next we define the function FN : X — & (N) by
FN(x) =FNUBN(x) . (8.2.3)

We extend this function FN to raw terms with explicit substitutions: let
FN @ Tgysub,set, (X) = Z(N)
be the unique function satisfying (8.2.3) and

FN| o Ci); 5 <aj> t-)
( p(( 1)16[1,arn(op)] ( k ke[1,dep; (op)] j je[Lart(op)]

—{c; lie[Lamopl} U | (Fmr(tj)—{a{<

Jj€[L,art(op)]

ke [l,depj(op)]})

for every op € Opg,qup, all ¢; (for i € [1,arn(op)]), all a{( (for j € [1,arn(op)], k € [1,dep;(op)]),
and all x; € X (for j € [1,art(op)]).
Consider some examples:
e When R is the input rule structure, item (b) of Figure 8.1, then FN = {c} while BN(x) = {a},
and so FN(x) = {a, c}.

e When R is rule structure (h) of Figure 8.1, for bound output under parallel composition,
we have FN = {c}, and FN(x) = FN(x') = {c}, while FN(y") = {a,c}. It follows that
FN(par(x,y") = {a, c}.

e When R is rule structure (i) of Figure 8.1, for communication, we have FN = {c,d}, and
FN(x) =FN(x") =FN(y) = {c,d} while FN(y’) = {a, c,d}
As for the target of the conclusion, we have FN([d/a]y’) = {c,d} and so
FN(par(y, [d/aly’)) = {c,d}
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8.2.4 Well-formedness of terms

We now define a predicate on raw terms that will be used to ensure that the binding names in the
conclusion source and in the premises are not used to bind ‘different’ variables in the conclusion
target. We define a predicate WF on Tg, qp set, (X) inductively, as follows.

e For x € X, we always let WF(x).

e Fort =o c;); , <aj> t , we let WE(t) if for all j €
p(( 1)16[1,arn(op)] ( k ke[1,dep;(op)] ])je[l,art(op)]) ( ) J

[1,art(op)] we have WF(t;), and furthermore for all k € [1,dep;(op)], if a;; € BN then for all
x appearing in t; we have a;( € FN(x).

For instance, suppose that R is rule structure (i) of Figure 8.1, for communication, and consider the
raw term [d/a]y’ that appears in the conclusion target. By definition we have WF(y’). The name
metavariable a appears in binding position, and it is in BN, and so to conclude that WF([d/a]y’)
we observe that a € FN(y’).

On the other hand, the raw term [d/a]y does not satisfy WF; although WF(y) by definition,
the name metavariable a is in BN while a ¢ FN(y). Thus the following rule structure is bizarre: the
name variable a binds in y’ through the premise transition, but in the conclusion target, it is used
to bind in y.

cld ,c(a) ,
X—Yy x —

par(x,x’) SLIN par([d/aly,y’)

8.2.5 The /1-Gsos™ format

We are now in a position to introduce the final set of conditions on the rule structures that we
consider. Conditions /-GS0s™-6-12 on rule structures are presented, using the function FN and the
predicate WF, in Figure 8.3.

Definition 8.2.4. A rule structure is in -Gsos™ format if it satisfies Conditions U-Gsos*-1-12 of
Figures 8.2 and 8.3.

8.3 The conditions are necessary: Examples and counter-examples

It is straightforward to check that all the rule structures for the 7-calculus given in Figure 8.1 are
in the /-Gsos™ format. In this section we will consider some rule structures that are not in the
N-Gsos™ format, and explain why they should indeed be disallowed.

Conditions U-Gsos*-1-5 are very similar to Conditions GS0s™1-5, and as such they are neces-
sary for well-behavedness, specifically for congruence of bisimilarity, for the reasons discussed by
Bloom et al. [1995, App. A]. So we concentrate here on Conditions N-Gsos™-6-12.

As we now explain, all these conditions, bar 1-Gsos™-10, are necessary if wide open bisimilarity
is to be a congruence. Some of the conditions also help to ensure that Axioms /1,1 and V1,2 hold of
the induced system.

In what follows, we will make use of the following two 7m-calculus terms

t; = nil to = match(a, b, nil)

which are wide open bisimilar. Neither term has any behaviour, under any renaming; the only
difference is that t; has no free name variables while ¢, has a and b free.
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N-Gsos™-6. The binding variables in the conclusion source are not also free.

¥j € [L,art(op)], k € [1,dep;(op)]. a) #FN

N-Gsos™-7. TFor each term parameter in the conclusion source, the binding variables
are all distinct.

vj € [Lart(op)], k. k' € [1,dep;(op)]. a} =a), = k=K

N-Gsos*-8. Bound names in premise labels are fresh for the premise sources.

V(x,1,y) € Prem. bn(1)NFN(x) =0

N-Gsos*-9. Free names of the conclusion label appear in the conclusion source or
in the premises.
fn(1) € FN

-Gsos™10. Bound names of the conclusion label are fresh for the conclusion source.

bn(1)NFN =0

N-Gsos*-11. Renamings in the conclusion target only affect relevant names.

WF(tar)

M-Gsos™12. No names become unbound in the induced transition.

FN(tar) CFNuUbn(l)

Figure 8.3: Further conditions on a rule structure for name-passing.

Condition V-Gsos™6. This condition helps to ensure that bisimilarity is a congruence. Suppose
that we add an operator if-fresh to the m-calculus, with arities given by

arn(if-fresh) =1 art(if-fresh)=1 dep,(if-fresh) =1

Let the semantics of if-fresh be given by the following rule structure, with term variables X = {x,y}

and name variable N = {a}.
T
— (8.3.1)

if-fresh(a, (a)x) — v
Consider this extension of the m-calculus, under the nominal logic semantics proposed in Sec-
tion 8.1.2. If a # (b) x then the term if-fresh(a, (b) x) behaves exactly as x with regard to silent
actions; otherwise if-fresh(a, (b) x) cannot reduce.
The context if-fresh(a, (b) tau(—)) distinguishes t, from t,. For

if-fresh(a, (b) tau(t,)) = if-fresh(a, (b)tau(nil)) = if-fresh(a, (a)tau(nil))

(The first equality is the defn. of t;; the second equality is a-equivalence.) So if-fresh(a, (b) tau(t;))
can perform a silent action. On the other hand, if-fresh(a, (b) tau(t,)) cannot perform a silent action
because there is no term t with (b) tau(t,) = (a) tau(t).
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Condition U-Gsos™6 disallows the rule structure (8.3.1), because FN = {a} and a also appears
as a binder in the conclusion source.
The alternative rule structure

T
X—y

if-fresh(b, (a) x) — y
is in the N-Gsos™ format but gives rise to a different semantics. If we introduce this rule structure
instead of (8.3.1) then the term if-fresh(b, (a) x) can perform exactly the silent actions of x, whether

or not a = b. The implicit side condition, which enforces that a # b, is somewhat redundant, since
for any b € #, and any n-calculus term ¢, there is a name a € 4 and a term t’ such that

if-fresh(b, (b) t) = if-fresh(b, (a) t")

Condition V/-Gsos™7. This condition helps to ensure that bisimilarity is a congruence, for a sim-
ilar reason to that given for Condition /-Gsos™-6. Suppose that we add an operator if-fresh2 to the
mt-calculus, with arities given by

arn(if-fresh2) =0 art(if-fresh2) =1 dep,(if-fresh2) =2

Let the semantics of if-fresh2 be given by the following rule structure, which clearly violates Con-
dition U-Gsos*-7. The rule structure has term variables X = {x,y} and a name variable N = {a}.

T
X—75

if-fresh2({a a) x) = y

Informally, if b # (a) x then the term if-fresh2((b a) x) behaves exactly as x with regard to silent
actions; otherwise if-fresh({b a) x) cannot reduce.
The context if-fresh2((b a)tau(—)) distinguishes t; from t,. For

if-fresh2((b a) tau(t,)) = if-fresh2((b a)tau(nil)) = if-fresh2({a a) tau(nil))
and so the term if-fresh2((b a) tau(t,)) can perform a silent action, while the term if-fresh2((b a) tau(t,))

cannot.

Condition /-Gsos™-8. Condition 1-Gsos™-8 is necessary to ensure that bisimilarity is a congru-
ence, as the following example illustrates. Suppose we add an operator tau-if-bout to the m-calcu-
lus, with arities given by

arn(tau-if-bout) =1 art(tau-if-bout) =1 dep,(tau-if-bout) =0

Let the semantics of tau-if-bout be given by the following rule structure, which has term vari-
ables X = {x,y} and name variables N = {a, c}.

cl(a)
X—Yy

= (8.3.2)
tau-if-bout(a,x) — x

So if a process x can perform a bound output of the specific value a then tau-if-bout(a, x) can
perform a silent action.

Now, the context tau-if-bout(a, restrct({b)out(c,b,(—)))) can distinguish t; from t,. For
restrct((b) out(c, b, t;)) can perform a bound output (of a) on channel ¢, while restrct({b) out(c, b, t5))
cannot.

Condition /-Gsos™-8 disallows the rule structure of (8.3.2) because FN(x) = {a, c} while a also
appears as a binder in the premise label.
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Condition 1-Gsos'-9. In a moment we will explain why Condition /-GS0s™-9 is necessary to
ensure that wide open bisimilarity is a congruence; first we illustrate how Condition V-Gsos™-9
helps to enforce Axiom V1. Without this condition we could violate Axiom ;1 by adding an
operator noise to the r-calculus, with arities given by

arn(noise) =0 art(noise) =0

and with semantics given by the following rule structure, that violates Condition U-Gsos™9. The
rule structure has no term variables and has name variables N = {c,d}.

. cld .
noise — noise

The process noise will repeatedly output data on any distinct channel, violating Axiom /1.
Indeed, Conditions N-Gsos™-1-M-Gsos™12 enforce that any nullary operator (that takes no pa-
rameters) can only perform silent actions in the intended model.
We now introduce a more sophisticated example to illustrate that Condition A-Gsos™9 is nec-
essary if we are to guarantee that wide open bisimilarity is a congruence. Consider an operator
bout-to-out with arities

arn(bout-to-out) =0 art(bout-to-out) =1 dep,(bout-to-out) =0

and with semantics given by the following rule structure, which has term variables X = {x,y}, and

has name variables N = {a, c}.

cl(a)
X—y

e (8.3.3)
bout-to-out(x) — y
So: whenever x can perform a bound output then bout-to-out(x) can perform a free output with
the same channel and data.
The induced behaviour will once again violate Axiom /1,1, but here, moreover, wide open bisim-
ilarity will not be a congruence: the context bout-to-out(restrct({a) out(c,a,(—)))) will distinguish
between t; and t,. For the term

bout-to-out(restrct({a) out(c, a, t;))) = bout-to-out(restrct({a) out(c, a, nil)))
= bout-to-out(restrct({b) out(c, b, nil)))

can output b on channel ¢, while bout-to-out(restrct({a)out(c,a, t5))) cannot output b.
Condition N-Gsos™-9 disallows the rule structure of (8.3.3) because FN = {c} while fn(1) = {c, a}.

Condition /-Gsos*-10. In the presence of the other conditions, Condition V-Gsos™10 is redun-
dant — indeed, we will not use this condition in the proofs of Section 8.4. Moreover, a rule that
violates this condition can never be applied, according to the nominal logic semantics introduced
in Section 8.1.2. By way of example, consider an operator out-to-bout with arities

arn(out-to-bout) =0 art(out-to-bout) =1 dep,(out-to-bout) =0

Suppose the semantics of out-to-bout is given by the following rule, which violates Condition
M-Gsos™-10. Term variables are X = {x,y} and name variables are N = {c, d}.

cld
X—Yy

I(d
out-to-bout(x) G y

The implicit side conditions on this rule are that (i) ¢ # d, and (ii) d#x. So: for any m-calculus
term t, out-to-bout(t) can only progress if t can perform a free output of fresh data. But Axiom /,1
says that free output data must not be fresh, and so the term out-to-bout(t) can do nothing — the
same behaviour would be achieved if the rule structure was omitted.
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Condition V-Gsos*-11. The WF construction that is used in Condition /-Gsos™11 ensures that
bisimilarity will be a congruence. To see this, consider an operator strange with

arn(strange) =0 art(strange) =2 dep,(strange) =1 dep,(strange) =0

Consider a semantics described by the following rule structure, which violates Condition
U-Gsos*-11. The rule structure has term variables X = {x,x’} and name variable N = {a}.

strange((a) x, x') — restrct((a) par(x, x’))

So the scope of the binder a can extrude during a 7 transition, to include x’. The context
strange((b) (=), out(c, a, nil)) distiguishes between t; and t,. For

strange((b) t;,out(c, a, nil)) = strange({b) nil, out(c, a, nil))
= strange({a) nil, out(c, a, nil))

and so strange((b) t,out(c, a, nil)) can perform a silent action and follow this with a bound output
on channel c; the term strange((b) t,,out(c, a, nil)) cannot perform this sequence of actions.

Condition /-Gsos™12. Condition /-GS0s*-12 ensures both that Axiom 1,2 holds of the induced
transition system, and also that wide open bisimilarity will be a congruence. Consider the se-
mantics described by the following rule structure, which has a term variable X = {x} and a name
variable N = {a}.

. (8.3.4)
restrct({a)x) — x
Informally: restrictions can be silently forgotten. This behaviour violates Axiom W,2 because the
name a is fresh for the term restrct({(a) out(c, a, nil)), and this term can perform a silent action to
become the term out(c, a, nil), for which a is no longer fresh.
Moreover, wide open bisimilarity will not be a congruence for the induced semantics: the
context restrct({a) out(c,a,(—))) can distinguish t, from ¢t,. For we have

restrct({(a) out(c,a, t;)) = restrct({a)out(c,a,nil)) = restrct({b)out(c, b, nil))

so that restrct({(a)out(c,a, t;)) can perform a silent action and follow this with output of b on c.
But restrct({a) out(c, a, t5)) can perform no such sequence of transitions.

The rule structure in (8.3.4) violates Condition W-Gsos™12 because FN = bn(7) =0, while
FN(tar) =FN(x) = {a}.

8.4 Inducing abstract rules from rule structures

In the final section of this chapter, we explain how a set % of rule structures induces an abstract
rule
[[‘%:]] : Z:S,Nom(|_| x Bgl_D - BgTS,Nom|_| (8.4.1)

in the sense of Definition 6.2.11, for which the induced monad lifting corresponds to the intended
model of the nominal logic theory induced by £ introduced in Section 8.1.2. Here, we write |—| for
the forgetful functor NomSub — Nom. The endofunctor B, is the endofunctor on Nom for ground
bisimulation considered in equations 7.1.7; recall that we have By = &, L,.

Most of the work involved is in deriving a natural transformation of the form (8.4.1) for a
single rule structure. In Section 8.4.1 we explain how a single rule structure gives rise to a family
of functions in the shape of (8.4.1); we delay proving that these functions are equivariant and that
the family is natural until Section 8.4.3. Central to the derivation of this family is the notion of
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valuation, which amounts to the usual notion of valuation for the nominal logic formula &y for a
rule structure R. Section 8.4.2 is dedicated to exploring a special class of valuations, which are
useful in the proofs of Section 8.4.3.

We conclude this section in Section 8.4.4 by explaining how this derivation of abstract rules
extends to sets of rule structures, and by explaining why one can deduce that the intended model
is well-behaved.

In the first three subsections of this section we fix a rule structure R in the //-Gsos™ format. As
in Section 8.2, we let Prem be the set of premises of R, and let (src, 1, tar) be the conclusion of R.
Then we have an operator op € Opg and

c; ie[1, arn(%)]
x; j € [1,art(op)]
al, j € [1,art(op)], k € [1,dep;(op)]

such that

src=op | (c.); , <aj> X,
—p((_l)le[l’am(c’p)] ( [ ke[1.dep;(op)] _])je[l,art(op)])

8.4.1 Instantiating parts of the rule

We begin this subsection by introducing a notion of valuation; this is a valuation for the nominal
logic formula &y that was associated to the rule R in Section 8.1.2, with the extra requirement
that the nominal set in which the term variables are valued must be equipped with a nominal
substitution structure.

We then proceed to explain how such a valuation enables one to create instances of terms of
raw syntax, and explicit substitutions. One can also use the valuation to instantiate behaviours,
and the premises of R in particular. Thus we are able to recognise when a valuation matches with
an element of the domain, X nom(1X| X B4|X|), of the natural transformation of (8.4.1). We are
further able to use a valuation to instantiate the conclusion label and conclusion target to obtain
an element of the codomain, B, Ts yom|X|, Of the natural transformation of (8.4.1).

Valuations. A valuation ¥ of the pair (N,X) into a nominal substitution X € NomSub is given by
two functions of sets: a valuation of name metavariables, ¥, : N — .4, and a valuation of term
variables, ¥; : X — X. (That is, ¥ is a function from the set X to the set underlying X.)

Instantiating terms. A valuation ¥ into some X can be used to instantiate terms of raw syntax,
with explicit substitutions, into abstract syntax. This is done via the composite function

TS—i—sub,SetN (X) (8.4.2)
4
T tsubset, (Us " X)
4

Ué\ls TS+su b,NomSub (X)
4

Ugl s TS,NomSub (X )
4
Ué\l TS,Nom(UgSX)

mapping a raw term with explicit substitutions, and with name metavariables from N and term
variables from X, into an abstract term with the explicit substitutions carried out, and with variables
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from X. (Here, we are using the forgetful functors U : NomSub — Set, Uy : Nom — Set,
and Ugs : NomSub — Nom; the last functor is elsewhere denoted |—|.)

The first function in the composite (8.4.2) instantiates the term variables according to ¥;, us-
ing the functorial action of Tg¢p ser,- The second function instantiates the name metavariables,
and quotients by a-equivalence: in Section 7.4 we explained that a function ¥, : N — A4 in-
duces a monad morphism (Sety, T ger, ) — (NomSub, T nomsub), @and it is the natural transforma-
tion Tg ger, Us® — Ug'® Ts nom Which is key to this second function.

The third function in the composite (8.4.2) evaluates the explicit substitutions using the mech-
anism built into the nominal substitution X. Formally, this step can be performed by considering
the unique natural transformation sub : Tstsub,Nomsub — Ts Nomsub Making the following diagram
commute.

PN T. %6 4sub.Nomsub(Sub*) .
S+sub,NomSub I S+sub,NomSub — > LiS+sub,NomSub . S,NomSub

J{z
Es+sub,Nomsub Z:S,NomSub TS,NomSub + AN X [JV :| TS,NomSub

J{( ts,Nomsub » SUDTs Nomsub)

sub’
TS+su b,NomSub TS,NomSub
MNS+sub,NomSub /
S,NomSub

id NomSub

(On the right of the diagram, we are using the natural transformation for substitution,
sub: A x [A](—) — (—), between endofunctors on NomSub.)

The fourth and final function in the composite (8.4.2) arises since, as explained in Sec-
tion 7.4, the monad Tgnomsup iS @ lifting of the monad Tgyon, along the forgetful func-
tor UN® : NomSub — Nom.

We denote the composite function of (8.4.2) by the symbol .

Instantiating behaviour. Consider a nominal set X and a name valuation function ¥, : N — 4.
Every label-element pair (I € Laby(N),x € X) is associated with a behaviour in L,|X| that we de-
note ¥ (1)(x), and which is given as follows.

If I = c?(d), Ifl =cld,

V(D)) = injpinp (Fa(c), (#1(d)) (x)). V(D(x) = injoue (Fa(c), #1(d), x).
Ifl =cl!(d), Ifl=r,

V(D)) = injpoue (o), (¥a(d)) (x)). Y(D(x) = injeay (X).

Instantiating the premises. For each j € [1,art(op)] we use a valuation ¥ into X to instantiate
those premises with source X, by defining an element of B,|X| that we notate ¥(Prem;). We
make this definition by collecting instantiations of all the relevant premises, using the behaviour
instantiation technique of the last paragraph:

¥(prem) = { VOO | (5, Ly) < Prem|

This set is finite, and so certainly support bounded. The intention is that ¥ (Prem;) is the smallest
behaviour that satisfies the premises corresponding to element x;, under the valuation ¥'.
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Instantiating the conclusion source and the premises. Consider a nominal substitution X, and
let s be an element of Xg nom (1X | X Bg|X|). We say that a valuation ¥ into X is an instantiation into s
if ¥, is injective, and

Ya(bn(1)) Nsupp(s) =0

and if there are §; € B,|X| for each j € [1, art(o_p)] such that

ke[l,depj(g)]

s = 2 ("j/n(gi))ie[l,arn(g)]’ (<"j/n(§;<)> (%(Ej): [3]))

jelLart(op)]

and such that ¥(Prem;) € f3;, for all j € [1,art(%)].

Instantiating the conclusion label and target. Each valuation ¥ induces an archetypal be-
haviour, denoted ¥(1, tar), in L,Ts nom|X|, by

¥ (1, tar) = ¥(1)(¥ (tar))

Proposition 8.4.3. Consider a nominal substitution X, and let s be an element of Xig nom (X | X Bg|X]).
If ¥ is an instantiation into s, and C supports s in X nom(IX| X B4|X|), then C also supports ¥ (1, tar)
in Ly Ts nom X |-

This basic property, which relies on Condition U-Gsos*-9 and 12, is proved in Appendix 8.A.

Sets of induced behaviours. For each set X and each s € Xg yom(IX| X Bg|X|) we consider the
set [R]x(s) € LyTs nom!X | Of those archetypal results that arise from instantiating the conclusion
label and target using instantiations into s. Precisely, we let

There is an instantiation ¥
[RIx(s)={ b € LgTs nom!X]| of rule R into s . (8.4.4)
such that b = ¥ (1, tar)

It follows immediately from Prop. 8.4.3 that the set [R]x(s) S LyTsnom!X| is support bounded
(by supp(s)) — so we know that [R] x(s) is in By Ts nom|X |-

8.4.2 Valuations that provide fresh binders

In the theory of abstract syntax, there is usually an expectation that binders can be chosen so as to
be sufficiently fresh, and indeed making such choices for binders tends to make reasoning easier.
In this short subsection we explain the extent to which every valuation can be replaced by one that
does provide sufficiently fresh binders.

Throughout this discussion we fix a nominal substitution X.

Definition 8.4.5. Let ¥ be a valuation into X. Let C be finite set of names. When ¥, : N — A" is
injective and ¥,(BNU bn(1)) N C = 0 then we say that ¥ provides fresh binders for C.

For any element s € Xg nom (X | X B4|X|), if ¥ provides fresh binders for supp(s) then we say
that ¥ provides fresh binders for s.

For any valuation ¥ that provides fresh binders for an element s € g yom (X | X Bg|X|), we have
the following useful property.
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Proposition 8.4.6. Let ¥ be a valuation that provides fresh binders for an element s € Tig yom(|X| X Bg|X|)
of component type op. Then there exist
c;EN forie[1,arn(op)]
x; €X, B; € B4|X] for je [1,art(%)]
such that
s=0 )i , "j/aj> x:, B
_P ( l)lE[l,arn(@)] (< n(_k) ke[l,depj(g)] ( j ﬁ])) eLart(op)]

Proof notes. This follows from the definition of name abstraction, and Condition U-Gsos™7. O

Lemma 8.4.7. Consider some s € Xignom(|X| X B4|X|), and C & A, For any instantiation ¥
into s, there is another instantiation ¥’ into s that provides fresh binders for C and which is such
that ¥(1,tar) = ¥’/(1, tar).

Appendix 8.B is dedicated to a proof of this lemma. Conditions N-Gsos™6-8 and N-Gsos™11-12
are involved here.

Worked example. We illustrate the developments of this subsection. We will suppose that the
rule structure R is the rule (i) of Figure 8.1, for communication, and we will consider the ele-
ment s € Z:S,Nom(lTS,NomSub(Dl X Bg|TS,NomSub0|) given by

(out(c,d, out(c, a, nil)), {injou:(c, d, out(c,a,nil))}),
s = par| . . ,
(lnP(C, (a) (out(c, a,nil))), {'njbinp(fl, (a) (out(c, qa, nll)))})

(Here a, c and d are fixed name constants from .4.) This element would arise during the process
of parameterised recursion for defining the nt-calculus semantics.
There is an instantiation ¥ into s with

Y, (a)=a ¥.(x) = out(c,d,out(c, a, nil))
Y,(c)=c ¥,(x") = inp(c, (a) (out(c, a, nil)))
Y,(d)=d ¥(y) = out(c, a, nil)

¥(y') = out(c, a,nil)
For this instantiation, the archetypal behaviour is
Y(1,tar) = inj,,(par(out(c,a,nil),out(c,d, nil)))

When working with this instantiation, it may be important to assume that the binders are not
given values inside some finite set C of names. For example, this instantiation is a little strange
because a is a binder in the rule while a is free in s. Lemma 8.4.7 states that it is appropriate
to make assumptions about the freshness of binders. For the present example, one can pick a
name b € & which is fresh for s and then consider the valuation, ¥’, given as follows.

V/(a)="b ¥/ (x) = out(c, d, out(c, a,nil))
Vi(c)=c ¥/ (x") = inp(c, (a) (out(c, a, nil)))
"Vn/(d) =d "Vt/(y) = out(c, a,nil)

¥/ (y") = out(c, b, nil)
Notice that ¥ is also an instantiation into s. A simple calculation reveals that
¥'(1,tar) = inju, (par(out(c, a, nil), out(c,d, nil)))

so that ¥ and ¥’ give rise to the same archetypal result.
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8.4.3 Inducing an abstract rule

We introduced in equation 8.4.4 a family of functions

{[RTx : Zonom(X| X BelX1) = By Tonom X |y cyomsu

We now show that each function [R]y is equivariant, and subsequently that the family { [R]x}y
is natural.

Proposition 8.4.8. Each function [R]y is equivariant.

Proof. Consider some o € Sym(4) and s € Xg nom(IX | X B4|X|). We must show that

{b ) 3¥. ¥ is an instantiation into o es and b = ¥(1, tar)}
= {o obh | I¥. ¥ is an instantiation into s and b = “I/(l,tar)} . (8.4.9

To see that RHS C LHS in equation 8.4.9, we write (oc¥) for the valuation into X given by
(oo, (0 ex —)o¥;), and observe that

(i) ¥ is an instantiation into s if and only if (o¥) is an instantiation into ¢ e s, and

(i) ce¥(1,tar)=(o¥)(1,tar).
To derive that LHS C RHS in equation 8.4.9, replace ¥ with o' in (i) and (ii) above. O
Theorem 8.4.10. The family {[R]x }xenomsub IS Ratural.

Proof. Proof of this theorem bears a strong resemblance to the proof of Theorem 6.3.4 for the
Positive GSOS format. We must show that for any homomorphism f : X — Y in NomSub we have
that

By Ts Nomlf | ([RIx(s)) = [RIy(Zs Nom(If | X BglfD(s)) - (8.4.11a)

That is, we must show that

and b =¥(1,tar)

={,,

To see that LHS € RHS we consider an instantiation ¥ into s and find an instantiation ¥’
into s nom(1f| X Bylf1)(s) such that LT xom!f |(¥(1, tar)) = (1, tar).

We write (f¥) for the valuation (¥, f o ¥,) into Y, and we now explain that ¥’ = f¥ is an
appropriate valuation. It follows immediately from the definition of ¥(1, tar) that

LgTS,Nomlfl(’y(latar)) = (f "I/)(l,tar)

It remains for us to show that this choice of ¥’ is an instantiation into s.
Since ¥ is an instantiation into s, we have, for each j € [1,art(op)], a B; € B4|X| such that

Iv¥. ¥ is an instantiation into s }

{LgTS,Nomlf |(b)

J¥. ¥ is an instantiation into g Nom(|f | X Bglf )(s)
and b =v¥(1,tar)

} (8.4.11b)

s=op | (Pa(c;Die[1,am( )],( YACH) (”Vt(!),ﬁ')) (8.4.12a)
- Danir | >k€“’depf@” ) et anopy

and such that for all j € [1, art(@)],

¥(Prem;) C B; . (8.4.12b)
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It follows from equation 8.4.12a, and from the action of the functor Xg yom(|—| X Bg|—|), that

( (nf/n(gi))ie[l,arn(g)] 5
ZsNom(If I X Bglf D(s) =

[©]
o)

| ((«y@i))keu’dep@] (fF (K(x)), B |f|(/5j)))

jelLart(op)]

(((f %)(Ei))ie[l,arn(o_p)]:

| (<(f"yn)@?%)>ke[l,depm ((F (), B |f|(ﬁj)))

jelLart(op)]

From (8.4.12b), together with the action of the functor By|—|, we have

(f ¥)(Prem;) C B,|f(f3;)

forall j € [1, art(@)]. We also know that ¥,(bn(1))+#s, since ¥ is an instantiation into s. It follows
from Prop. 7.1.2(4) that ¥,,(bn(1))# s nom (I f | X Bglf )(s); that is,

(f 72)(bn(1))# Zg Nom([f | X Bglf )(s)

Thus (f¥’) is an instantiation into s.

We now turn to prove that RHS C LHS in equation 8.4.11b. We consider an instan-
tiation ¥ into Xgnom(lf| X Bglf[)(s) and exhibit an instantiation ¥ " into s which is such
that ¥(1,tar) = LyTs nom|f |(¥/(1,tar)). Lemma 8.4.7 allows us to assume that ¥ provides
fresh binders for s (and here we mean s, not X nom (|| X Bglf [)(s)).

We will find an instantiation ¥’ into s such that ¥ = f¥’. (Here, as above, we write (f ¥")
for the valuation (¥, f o ¥/) into Y.) As observed previously, given such a ¥, it follows from the
definitions that (f ¥/)(1,tar) = Ly Ts nomlf 1(V ’(1,tar)), and so equation 8.4.11b will also follow.

In general, there is no canonical instantiation ¥’ into s with # = f’; we make the choice as
follows.

Since ¥ is an instantiation into Y nom(|f |XBg|f)(s), we have ﬁ]f € B,|Y|, foreach j € [1, art(@)],

such that

Z:S,Nom(lfl X Bglfl)(s) = 2 ("‘/n(gi))ie[l,arn(g)]’ (<7/n(§{<)> _p)] (”Vt(zj): ﬁ;))

ke[1,dep;(o j€[1,art(op)]

and such that ¥ (Prem;) € [3’; for all j € [1,art(op)].

Moreover, since ¥ provides fresh binders for s, we have, by Prop. 8.4.6, that there are, for
each i € [1,arn(op)], names c¢; € C, and for each j € [1,art(op)], elements x; € X and f3; € By|X|
such that o o

s = 0p (Ci)ie[l,arn(op)]: (<%1(§"}i)> (Xj,ﬁj))
- e ke[1,dep;(op)] jel1,art(op)]

Foreachie[1, arn(o_p)] it is immediate that ¢; = ¥ (c,). Also, for each j € [1, art(o_p)] we have,
by Prop. 7.1.3(1),
fx)=%(x;) and BlfI(B)=8; . (8.4.13)

For each j € [1,art(op)] and 1 € Laby(N), we define the sets X;; S X, X;; S X as follows.

Xj1= {X eX ‘ (x;,L,x)€ Prem}

Xjp={xex | y)(x)ep;}
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Note that for each j € [1, art(%)] and 1 € Labg(N) we have
XD fX1) (€Y) . (8.4.14)

This follows from (8.4.13): suppose, for instance, that (gj,l, xX) € Prem, in which case we must
have ¥ (1)(%(x)) € [3]{. There must be b € f3; such that ¥(1)(%(x)) = Lg|f|(b). We focus on the
case where 1 = c?a; then we have x € X, and a € 4 such that

b= injbinp ("j/n(c)’ (a) X)

Since ¥ provides fresh binders for s, we know that ¥,(a)# b; hence we can assume that a = ¥, (a),
and so ¥(x) € f(Xj1)-
The next step is to define sets Y/, CY and X}, C X, as follows.
J, j, Js
Yj/,l = "Vt(xj,l)

XJ/',]_ = (f |Xj’1)_1(Yj/,1)

Thus Y]’ , is the image of the function f| x,, 1 Xj1—Y on the set X J/',1 C X; . For each appropriate j
and 1 we choose a section m; ; : YJ’1 — X]’.’l of the quotientf|X]<Jl :X]’.’l - Y]’l So f|X,’-,1 omj, = idyjl’l.

We are now in a position to define a valuation ¥’ into X. We let ¥ =¥}, : N — 4. To define ¥
we use the bijection introduced in Prop. 8.2.1.

e For j € [1,art(op)], we let “I/t’(gj) = X;.

e For each premise (x,1,y) € Prem and each j € [1,art(op)] such that x = x;, we proceed as
follows. Note that #(y) € %(X; 1), and so we know that ¥(y) lies in the domain of m; ;. We
let

“Vt/(Y) = mj,l("f/t(Y))

By construction, we have

S = % (nyr:(gi))ie[l,arn(g)]a (<’1/n/(§;<)> ] ("f/t/@]): ﬁ;))

ke[l,depj(g) jel[1,art(op)]

and ¥’(Prem;) C /5; for all j € [1,art(op)]. So, since ¥’ provides fresh binders for s, we know
that ¥’ is an instantiation into s.

We have ¥ = f¥’ for the following reason. For x appearing in the source of the conclu-
sion, ¥(x) = f (¥/(x)) follows from (8.4.13). For y appearing as the target of a premise (gj, 1,y),

we have f(¥/(y)) = f(m; 1 (%(¥))) = %(y)-
Thus [R] is natural. O

8.4.4 Revisiting the intended model

We conclude this section by relating this development back to the intended model of the nominal
logic theory associated to a collection of rules, as considered in 8.1.2. The development of this
section so far has explained the derivation of an abstract rule [R] from a solitary rule structure, R,
and so our first task is to explain how a set of rule structures gives rise to an abstract rule.

We conclude by briefly relating the induced monad lifting with the intended model, concluding
that the intended model of a set of rules in the U-Gsos™ format will be well-behaved, in the precise
sense proposed in Section 8.2.1.
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Instantiating a collection of rules. A class # of rule structures in the -Gsos™ format gives rise
to a natural transformation

[[9?:]] : Z:S,Nom(|_| X Bgl_D - BgTS,N0m|_|
given by, for each X € NomSub and every s € X nom (1X| X Bg|X]),
[2]x(s) = [RIx(s)
ReZ

The only cause for concern in this definition is that the set

|J [RIx() S Ly Ts nom X

Rez
ought to be support bounded. Indeed, it follows from Prop. 8.4.3 that each set [R] x(s) is supported
by supp(s).

The intended model is well-behaved. Let % be a class of rule structures in the 1-Gsos™ format.
Using the techniques of Section 6.2.3, the induced natural transformation

[2] : Zs Nom(|—| X Bgl—|) = By Ts nom|—|

lifts the monad T yom 0N Nom to a monad Tis nom)[e] O the category of |—|-structured B,-coal-
gebras. By adapting the discussion of Section 6.3.5 to this context, we arrive at the following
result.

Theorem 8.4.15. For a class % of rules in the U-Gsos™ format, the initial T (s nom)[27-algebra is the
intended model of the nominal logic theory arising from the class &. Ol

The carrier of this initial T(s yom)[#7]-algebra is the nominal substitution Ts Nomsun® Of S-terms,
and we have a Bg-coalgebra structure

| TS,NomSubQ | — Bg | TS,NomSub(Dl

which corresponds to the transition relation of the intended model.
Moreover, the nature of the model theory that we have used, together with Corollary 6.2.3,
gives rise to the following result.

Theorem 8.4.16. The intended model of the nominal logic theory arising from a class & of rule
structures in the U-Gsos™ format has the following properties:

1. Axioms V,1 and W,2 (of Figure 7.2) are satisfied.

2. Wide open bisimilarity is a congruence. O
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8.A Appendix to Chapter 8: Proof of Prop. 8.4.3

We now proceed to prove Proposition 8.4.3.

Proposition 8.4.3. Consider a nominal substitution X, and let s be an element of X nom (X | X Bg|X ).
If ¥ is an instantiation into s, and C supports s in Tg nom(|X | X Bg|X|), then C also supports ¥(1,tar)
in Ly Ts NomlX |

Proof. We will show that for every raw term t € Tg gp ser, X We have
supp(¥ (t)) Csupp(s) U ¥#,(FN(t)) . (8.A.1)

We establish this property by induction on the structure of t. We begin with the base case,
when t = x, for some x € X. In this case, (8.A.1) holds since ¥ is an instantiation into s, and
by the properties of supports for sums, products, support-bounded powersets, and abstractions.
For instance, suppose that x appears as the target of a premise; indeed suppose that this premise is
(gj, c?(a),x). Since ¥ is an instantiation into s, we know that

s=0p | (Fale)ictram(op)s ((%@;;)) lx,), ﬁj))

ke[l,depj(g)] je€[1,art(op)]

and also that
iNjbinp(Ya(c), (¥a(2)) #(x)) €B;  forall j € [1,art(op)].

By using properties of supports for products, we know that the set supp(s) supports

(@) g oy B

Properties of supports for products and abstractions allow us to deduce that the set
supp(s) — {¥n(2}) | k € [1,dep;(op)]} (8.A.2)

supports f3; in Bg|X|. Since f3; is a support bounded subset of L,|X]|, this means that the set of (8.A.2)
also supports every element of f3;, including, in particular, the element inj binp(¥a(C), (¥,(2)) (x)).
Using the properties of supports for sums, and for products and abstractions again, we conclude
that the set

supp(s) — {¥n(2}) | k € [1,dep;(op)]} — {¥n()}

supports ¥ (x). By definition, the set FN(x) contains g;( for every k € [1,depj(2)], and it also
contains a. Thus the base case for (8.A.1) is established.

For the inductive step, we consider an operator op € Opg,q,,, together with: name vari-
ables c; € N, for each i € [1,arn(op)]; name variables a{; € N, for each j € [1,art(op)]

and k € [1,dep;(op)]; and terms t; € Tg,qyp ser, (X) for each j € [1,art(op)]. We suppose that

_ j
t= op ((Ci)ie[l,arn(op)]; (<ak>k€[1,depj(op)] tj)

Our induction hypotheses are that property (8.A.1) holds of t;, for each j € [1,art(op)]; we must
now show that (8.A.1) holds of t.
The induction hypotheses ensure that for each j € [1, art(op)] we have

J'E[Lart(op)])

supp(V (tj)) C supp(s) U ¥, (FN(t;))
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So, from the nature of supports of abstractions, we have

supp({¥a(a))) 7V (83)) € (suppG)UK(ENCE)) = {Fa(a)) | k < [1,dep(op)] |

ke[1,dep;(op)

So certainly
By properties of supports of products and abstractions,

supp(¥ () € {7a(c)) | i€ [1,am(op)]}
0 U{suppC(5080) iy oy ¥ (6100 | Caeopl |

Moreover, from the definition of FN we have

FN(t;) — {a{(

k€ [1,dep; (op)] } C FN(t)

and by definition of FN(t) we have {“l/n(ci) | i € [1,arn(op)] } C ¥,(FN(t)). Putting this all together,
we conclude that supp(?¥ (t)) C supp(s) U ¥,(FN(t)), as required. Thus (8.A.1) is established.
The statement of the proposition follows from (8.A.1), via Condition U-Gsos*-9 and Condition
N-Gsos™-12; for the case when 1 = c?(a) we proceed as follows. We know that
V(L,tar) = injpnp(Ya(c), (Ya(2)) ¥ (tar))
so, by basic properties of supports of products and abstractions, we have

supp(¥(1,tar)) = {%()}u (supp(¥ (tar)) - {#(2)} )
Using property (8.A.1) we can deduce that
supp(¥(1,tar)) € {#4,()} U ((supp(s) U %4 (Fl(tar))) — {#(a)} )
and so certainly
supp(¥(1,tar)) S {(c)} Usupp(s)U (H4(FN(tar)) - {#(a)} )
Using Condition //-Gsos™9, we have

supp(¥(1, tar)) S supp(s)U (%4 (FN(tar)) - {#(a)} )

since fn(1) = {c}, and using properties of supports of products, abstractions and support-bounded
powersets, coupled with the fact that ¥ is an instantiation into s.
Finally, we appeal to Condition U-Gs0s*-12 to conclude that

supp(¥(1,tar)) < supp(s)

since BN(1) = {a} and, again, since ¥ is an instantiation into s. Other kinds of conclusion label are
treated similarly; thus Proposition 8.4.3 is proved. O]
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8.B Appendix to Chapter 8: Proof of Lemma 8.4.7

We now establish Lemma 8.4.7.

Lemma 8.4.7. Consider some s € Yignom(|X| X B4|X[), and C &¢ A, For any instantiation ¥
into s, there is another instantiation ¥’ into s that provides fresh binders for C and which is such
that ¥(1,tar) = ¥'(1, tar).

Proof. Let ¥ be an instantiation into s. So we have, for each j € [1,art(op)], some f; € B,|X| such
that o

$= 2 ("j/n(gi))ie[l,arn(g)]’ (<"j/r1(§}7<)> ] (%(zj): ﬁ]))

ke[l,depj(g) j€[1,art(op)]

and such that ¥(Prem;) € ; for all j € [1,art(op)].
For convenience, we define A = {a € (N—BN) | v, (2)#s } We pick an injection

E:N» (JV— (supp(s)uim(”f/n)uc))

This is possible as the sets supp(s), im(¥;), C are all finite. We define ¥ : N — A4 by

Yy(c)= {g(c) %fc BNUA (8.B.1a)
n ¥.(c) ifce(N—(BNUA)).
We define ¥ : X — X by
V(%) = [Vp(a) = ¥, (a)]acnnix) ® %(x) - (8.B.1b)

(It follows from the definition of ¥, that the order of the swaps, [¥,(a) < ¥ (a)lacpn(x)
doesn’t matter.) We now explain that this instantiation, ¥, is an instantiation into s. It is clear
that ¥ : N — 4 is injective, and indeed satisfies (8.B.1a).

We explain why ¥(bn(1)) Nnsupp(s) = 0. Since ¥ is an instantiation into s, we have
that ¥,,(bn(1)) Nsupp(s) = 0. So, by (8.B.1a), we know that, for any a € bn(1), we have ¥/(a) = £(a).
It follows, by considering the codomain of &, that ¥ (bn(1)) Nsupp(s) = 0.

To conclude that ¥ is an instantiation into s, we must find ([3; € By|X|)jer1art(op)) SUch that

(), ﬁj)) (8.B.2a)

jeart(op)

s=0op (%{(Ei))ie[l,arn(g)]: (<ayn/(§{<)>kedep.(op)
LoP

and such that for all j € [1, art(o_p)],
¥’ (Prem;) C /3; . (8.B.2b)

To this end, we let §; = [”Vn(g{() — /ynl(éi)]ke[l,depj(g)].ﬁj' By Conditions U-Gsos*-6 and N-Gsos™-8,
we know that, for each i € [1,arn(op)], c; & BN; moreover, it is clear that for each i € [1,arn(op)]
it is not the case that ¥ (c,)#s. Thus, by considering the definition of ¥/, we can conclude that,
for each i € [1,arn(op)], ¥, (c;) =¥ (c;).

To conclude tha;:quation 8.B.2a holds, it remains for us to show that for each j € [1,art(op)],
(Hx, B) = (%)

(H(2)) et opn L ED D (8.B.3)

ke[l,depj(g)]
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We will show that for each k’ € [0, dep;(op)] we have
J
SACA) NI CHEDN:
— 1Y e /() , N A
- (%(gk))ke[k,ﬂ,dep@]< (D), oy DD = @D lkenin « (). B)

For the case k’ = 0, this result is trivial; for the inductive step k' = k” + 1, then we arrive at this
equation by the following sequence.

<%cg{<>>ke[l’depj(op)] (H(x,), B)

= (%2D) o e op SACh) (8.B.42)
[Ya(a]) — ¥(@) ket © (%)), B)

= (D), sy s (50E) (D),
Malad) — %@ lucrur (%)), )

= <”’/n(§£)>ke[k/ﬂ,depj(op)] (#(@)) (8.B.40)

RACHESACH) DR CACA)
[Ha(2) = V(@) kernin © (%) B)

RKRCC) N () N (8.B.4d)
[Ya(2)) < ¥ kerni) ® ((x,), B)

Using: (8.B.4a): ind. hyp.; (8.B.4b): since k' = k” + 1; (8.B.4c): since ”t/’(a ) is fresh for the pair
[“Vn(g{;) — nynl(g}i)]ke[l,k”] ° (“I/t(gj),/a’j); (8.B.4d): defn. of permutation action on abstractions, using Condition
N-gsos™*-7.
Thus (8.B.3) is established, and we can conclude equation 8.B.2a.

To show (8.B.2b), we must show that for each j € [1,art(op)], and each (gj, 1,y) € Prem we
have ¥/(1)(y) € [3’;.

Consider some (x,1,y) € Prem. Since ¥ is an instantiation into s, we know that ¥(1)(y) € ;.
We will show that ¥/(1)(y) € [3’;.

We will focus on the case of input premises; let 1 = c?(a). In this situation we know
that injyin, (70(c), (¥a(2)) %(y)) € B;. Thus, by definition,

[Va(al) — (@) ket depyop)) ® Mibing (Pa(€), (F0()) %(x)) € B
That is, using Condition /-GS0Os™-8,
P / ] / ] /
injbing (72000, (Y(@)) (a(@D) < Y@l lkertaepopn ® %)) ) €6,

By definition of ¥/, we know that ¥/(a) is fresh for s; so we know that ¥/(a) is fresh for
<“l/’(a_1;;)> (¥%/(x,), B). Since ¥ is injective, we know from Condition /-Gsos™8 that ¥/(a)
n kedep]-(op) J J n n

is distinct from each binder v (g{;). Thus we know that ¥ (a) is fresh for [J’Jf , and in particular ¥, (a)
is fresh for

(Fa@) () — #(@) ke depytopn ® %))
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Hence, by definition of abstraction, we have

[Yh(2) < ¥, ()]
injpinp | #1(c), (¥1(2)) o [h(2) < ¥, (@) kern,dep opn1 | | €5
* %(y)

That is,
injpin (71(c), (¥1(2)) % (v)) € B;

as required. Thus (8.B.2b) is established, and we can conclude that ¥’ is an instantiation into s.
To prove that ¥(1,tar) = ¥/(1,tar), we proceed as follows. We will show that for
each t € Tgqp set, (X) we have properties 8.B.5a and b:

¥/(BNUA)Nsupp(¥ (t) =0 (8.B.5a)

and
For any set C C¢ N:
if WE(t) and (BNUA)NFN(t)CC
and for all x appearing in t and alla € C (8.B.5b)
we have either a € FN(x) or ¥,(a)# 7% (x)
then [#;(2) < ¥/(2)]acc ® ¥ (£) = ¥ (t)

The order of the swaps in property 8.B.5b is irrelevant since ¥, and ¥, are both injective and since
whenever ¥,(a) # ¥.(a) we have a € (BNUA), and hence ¥,(a) € im(¥.) and ¥, (a) & im(¥;,).

We prove properties 8.B.5a and b by induction on the structure of terms t € Ts, gp s, (X). For
convenience, we prove the two statements together.

For the base case t = x, property 8.B.5a follows by definition of ¥/: we know that
im(B) N (im(¥,) Usupp(s)) = 0, and also that supp(#(x)) S (im(¥;,) Usupp(s)).

We tackle the base case of property 8.B.5b as follows. Suppose that we have C ¢ N such that
(BNUA)NFN(x) € C and that for each a € C we have either that a € FN(x) or ¥,(a) # ¥/(x).
Let C' = (C — FN(x)); so for each a € C’ we have ¥;,(a)# ¥/ (x). It follows from Conditions /I-Gs0s™-6
and U-Gsos™-8 that BNNFN(x) = BN(x); note further that, by definition of A, we have ANFN(x) = 0;
so BN(x) € C. Hence C = C' UBN(x) U (CNFN). Thus we must prove that

[Y1(a) "f/rf(a)]c'uBN(x)u(CmFN) o ¥i(x)= AVt/(X)

Property 8.B.1b ensures that [¥;,(a) < ¥,(a)]acpnx) ® %(t) = ¥/(t). As we have remarked,
the order of the swaps doesn’t matter, so it remains for us to explain why the remaining
swaps, [,(a) < ¥, (a)]accucnrn), fix ¥ (t). That is, we must show that

[11(a) = ¥, (@)]accrucrrm ® ¥ (x) = ¥/ (x)

For each a € (CNFN), Conditions U-Gsos*-6 and N-Gsos™-8 ensure that a ¢ BN; furthermore,
since ¥ is an instantiation into s, we cannot have that ¥ (a)#s. Hence, by definition of ¥, we
must have ¥,(a) = ¥/ (a), and so [¥#,(a) < ¥/ (a)] ® ¥/(x) = ¥/(x):

For each a € C/, either a is in (BN U A) or not. We will show that in both cases we
have [#,(a) — ¥;(a)] » % (x) = ¥ (x):

e Ifa € (C'N(BNUA)), then since a € C’ we know that ¥, (a)# ¥ (x). Moreover, since a € (BNUA),
then by definition of ¥/ we have that ¥ (a) = (a), and so ¥ (a) & (im(¥,) Usupp(s), and
hence ¥ (a)# ¥/ (x). Thus for a € (C'N(BNUA)) we have [¥,(a) < ¥/ (a)] ® ¥/(x) = ¥/(x).
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o If a € (C'— (BNUA)), then we know that ¥,(a) = ¥/(a), from which it follows that
[Yh(2) = ¥, ()] @ ¥/ (x) = ¥/ (x).
So we have [¥,(a) <= ¥, (a)]accrucrry) ® ¥ (%) = ¥/ (x). We conclude that

[Y1(2) = Y (@)]acc ® %(x) = ¥ ()

We turn now to the inductive steps for properties 8.B.5a and b. We consider an opera-
tor op € Opg ¢, together with name variables c; € N, for i € [1,arn(op)]; name variables a{{ eN,
for j € [1,art(op)] and k € [1,dep;(op)]; and terms t; € Tsqyp ser, (X) for j € [1,art(op)]. We let

— J
t=op ((Ci)ie[l,arn(op)], (<ak>ke[1,depj(op)] tj)

and we will show that properties 8.B.5a and b hold of t.
First we explain the inductive step for property 8.B.5a. We know that

JG[l,art(Op)])

supp(¥(t)) < im(“l/n)UU{supp(“l/ (tj)) |j€ [1,art(op)]} .
So

¥/(BNU A) Nsupp(¥ (t)) C (”f/n’(BNUA) N im(”i/n)) v U (“I/H’(BNUA) A supp(¥ (tj)))
j€[1,art(op)]
By definition of ¥ we have ¥ /(BNUA) nim(¥,) = 0. By the induction hypothesis, for each
j € [1,art(op)] we have ¥/(BNUA) Nsupp(¥ (tj)) = (. Hence
¥ (BNUA) Nsupp(¥ (t)) =0

as required.

To conclude, we explain the inductive step for property 8.B.5b. We assume WF(t) and that for
any C S¢ N such that (BNUA) NFN(t) € C we have, for all x appearing in t and each a € C, either
a € FN(x) or ¥,(a)# ¥ (x). We must show that

[Y4(2) = ¥ (@)]acc® ¥ (£) = V' (t)
We will justify the following sequence of equations.

[¥1(2) = ¥ (2)]acc ® ¥ (t)
(/Vn(ci))ie[l,arn(op)] ’ \

[ n( ) n( )]aeC ®Oop (<,1/n(a;<)> & tj ) ( )
ke[1,dep;(op)] je[l,art(op)]}

[ ("yn/(ci))ie[l,arn(op)] ? \
— op . i (8.B.6b)
| (0 = K@ e (50D), s )
( (/yﬂl(cl‘))ie[l,arn(op)] ?
=op <4Vn/(a}7()>k€[1,depj(op)] (8B6C)
[a(2) — ¥,(2)] 7 (%))

\ aeCU((BNUA)ﬂ{a{; ‘ ke[1,dep;(op)] })

j€[1,art(op)]
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/
(nyn(ci)) i€[1,arn(op)]’

V(e > V' (t; )
(< n(3) ke[1,dep;(op)] ( ]) jelLart(op)]

Equation 8.B.6a expands the definition of ¥ (t). To arrive at Equation 8.B.6b, we firstly expand
the action of a product of group actions. Then we observe that, for any i € [1,arn(op)], we
have [¥,(a) < ¥/ (a)]acc (Ya(c;)) = ¥(c;). This is clearly true if c; € C. If ¢; & C, then be-
cause (BNUA)NFN(t) €C, and c; € FN(t), we know that ¢; ¢ (BN U A). Therefore, by definition
of ¥, we have ¥ (c;) = ¥, (c;).

To show equation 8.B.6¢, we show that for each j € [1,art(op)], k’ € [0, dep;(op) — 11,

=op (8.B.6d)

[a(a) = Fy(@ace ® (Ma(aD), ¥ (1)
- <ay“/(a{<)>k€[l,k’] Da(@) = Y@ scou@mnn(e, 1 keriny * ¥ (85) - EB7)

We show this property (8.B.7) by induction on k” € [0,dep;(op)]. The base step, k" = 0, is trivial.

. : T j ol
As for the inductive step: if ., ¢ (BNUA) then ”Vn(ak, +1) = ”f/n(ak, “

the induction hypothesis. Otherwise, if a{(, 41 €(BNUA), then property 8.B.5a ensures that we
have /(BN U A) Nsupp(¥ (tj)) = (. So certainly "Vr{(a{(,ﬂ)#“f/ (tj), and hence

”Vr:(aiurl)# <7/n(ai+1)>ke[l,k’] 4 (tj)

Finally, equation 8.B.6d follows from the induction hypothesis. To see this, for each j € [1, art(op)],
we let

) and the step follows from

C;=CuU ((BNUA)H{&{(

k € dep;(op) })
It is clear that (BNUA)NFN(t;) € C;. Moreover, for every a € C; we have that
for each x appearing in t; we have either a € FN(x) or ”f/n(a)#”f/t’(x).

We will prove this statement by considering the subsets of C; in which a may lie. If a is in C then
this follows by assumption. If there is k € [1, dep;(op)] with a = a}(, and a € BN, then, since WE(t),

we know that a € FN(x). On the other hand, if k € [1,dep;(op)] with a = a{{, and a € A, then
we know ¥;(a) #s. By definition of ¥, we know that ¥ (BN(x)) Nnim(¥,) = 0, and thus we can
conclude that ¥, (a)# ¥/ (x).

Thus properties 8.B.5a and b are established.

We conclude by using properties 8.B.5a and b to show that ¥(1,tar) = ¥’(1,tar). Condition
N-Gsos™-12 asserts that FN(tar) € FNU bn(1). It follows from Conditions -Gsos™-6 and U-Gsos™-8
that BN N FN = 0; hence

BNNFN(tar) € bn(1)

Moreover, for any x € X and any a € bn(1l) we can show that ¥ (a) # ¥/(x). Con-
sider some x € X and a € bn(l). By assumption, ¥,(a) # s. For any x € X we have that
supp(#/(x)) S supp(s) U ¥, (BN(x)) — this is a basic case of Prop. 8.4.3. The definition of ¥ is such
that #//(BN) is disjoint from im(%;,), and hence we must have ¥;(a)# ¥/ (x).

We are now in a position to use property 8.B.5b. Condition /-Gsos™-11 ensures that WF(tar).
So we have that

[72(a) <= ¥, (@)]acbn(r) ® ¥ (tar) = ¥/ (tar) . (8.B.8)

Now, for a € (bn(1)—BN) we have ¥;,(a) = ¥, (a). On the other hand, we know from property 8.B.5a
that for a € BNN bn(1) we have ¥/(a)# ¥ (tar). Hence

(#0(@)) acbny ¥ (tar) = (#(@), ) [Pa(@) = H(@)]acbny ® ¥ (tar)
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So, combining with (8.B.8) we have
(@) achnny ¥ (tar) = (#(@), 0, ?" (tar)

It follows that #(1,tar) = ¥’/(1,tar). For instance, in the case 1 = c(b) we proceed as follows.
We have, by Condition 1-Gsos™9, that c € FN and so, by Conditions V-Gsos™6 and 1-Gsos™-8, we
have ¥;,(c) = ¥/(c). Hence

V(L tar) = injgin, (%4(c), (Y(b)) ¥ (tar))
= injuinp (#/(0), (#(0)) ¥ (tax)
= ¥'(1,tar)
Other modes of communication are treated in a very similar manner.
To conclude, we explain why ¥ provides fresh binders for C. Notice that for all a € (BN U bn(1))
we have that ¥(a) = £(a): when a € BN, this follows from the definition of ¥/; on the other hand,

when a € (bn(l) — BN), we know that ¥,(a)#s, since ¥ is an instantiation into s, and so a € A. By
looking at the codomain of the chosen &, we have ¥/(a) & C. Thus Lemma 8.4.7 is proved. O



Chapter 9

Concluding Discussion

We conclude by recalling the main contributions of this thesis, and then highlighting some new
questions and research directions that are suggested by this work.

9.1 Contributions

We recall the main contributions of this thesis, following the outline of Section 1.2.

Indexed labelled transition systems and coalgebras. In Chapter 3, we recalled and developed
models of name-passing that are based on coalgebras over presheaf categories. We provided an
explicit characterisation of these models in terms of indexed labelled transition systems. Thus the
coalgebraic approach of Fiore and Turi [2001] is related with transition system approach of Cattani
and Sewell [2004].

Sheaf conditions on states spaces. We have investigated the relevance of a sheaf condition
on the carriers of coalgebras. In Section 4.2 we introduced and developed a category of sheaves
over I, commonly called the Schanuel topos. We showed that the behaviour endofunctors on Set! of
Section 3.2 restrict to the Schanuel topos. In Section 4.4 we introduced indexed labelled transition
systems over presheaves on B.

We showed, in Section 5.1, that the Schanuel topos is equivalent to a category of named-sets
with symmetries, as proposed by Ferrari, Montanari, and Pistore [2002]. Thus the coalgebraic and
labelled transition system models of name-passing are related with the work on History Dependent
Automata. The named-sets can be seen as efficient presentations of sheaves.

In Chapter 7 we exploited the equivalence between the Schanuel topos and the category of
nominal sets of Gabbay and Pitts [2001] to develop a model of name-passing behaviour in that
setting. We introduced a nominal logic theory of transition systems for name-passing, translating
the axioms on labelled transition systems from Chapter 3 to the language of nominal logic.

Name-for-name substitution. In Section 4.3 we introduced a coverage on the category F in
order to restrict the adjunction between Set' and Setf to an adjunction between related sheaf
subcategories. It was seen that the sheaf condition for this coverage on F has a notably simple
description.

To work with name-for-name subsitutions in the context of nominal sets, we introduced in
Section 7.3 a theory of nominal substitutions, proving an equivalence between the category of
models of this theory and the category of sheaves on F.
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Structured coalgebras and wide open bisimulation. In Section 2.4 we developed a theory of
structured coalgebras. This was used in Section 3.4, and in similar developments in later chapters,
to give a model theoretic account of wide open bisimulation and to develop a more refined model
theory.

A rule format for name-passing calculi. In Chapter 8 we presented a concrete rule format for
name-passing calculi. The format was extracted from the abstract developments of Section 6.2,
using the structured-coalgebra model of behaviour over nominal sets and the model of syntax over
nominal substitutions.

Final coalgebraic bisimulations. The coalgebraic aspects of this thesis have been developed
without reference to final coalgebras. In Section 2.5 we provided basic results for relating notions
of bisimulation. In Section 5.2 we developed a theory of final bisimulations, providing an algo-
rithm for computing them. In Section 6.2.1 we established results about congruence of bisimilarity
in complete generality, without recourse to final coalgebras or bialgebras, thus redeveloping the
presentation of Turi and Plotkin [1997].

9.2 Other rule formats for name-passing calculi

The concrete rule format developed in Chapter 8 is not the only format proposed for name-passing
calculi. A distinguishing feature of the rule format presented here, though, is the model-theoretic
perspective from which it is developed.

We now very briefly discuss approaches to rule formats for name-passing proposed by Bernstein
[1998], by Weber and Bloom [1996], and by Ziegler, Miller, and Palamidessi [2006].

Bernstein [1998]: Promoted tyft/tyxt. Bernstein has presented a generalisation of the tyft/tyxt
format of Groote and Vaandrager [1992] that allows higher-order systems to be described by al-
lowing arbitrary terms to appear in the transition labels. Her format is sufficiently general as to
allow a semantics of the n-calculus. There, syntax is not considered up-to a-equivalence, and rules
are used not only for describing the behaviour, but also for deriving the free and bound names of
terms. The format shows that a variant of wide open bisimilarity is a congruence for the 7-cal-
culus. Because the assignment of free and bound names is part of the transition relation, the
notion of bisimilarity that arises will distinguish near-identical processes when they have different
free names. For instance, her notion of bisimilarity distiguishes the process [a = b] 0 from the nil
process 0 [see Bernstein, 1998, Prop. 5.2].

Weber and Bloom [1996]: Meta-w. Weber and Bloom have presented a framework for adding
operators to the w-calculus. The semantics of these operators are specified in terms of rules in a
GSOS-like format. There is a built-in restriction operator, which distributes over certain operators.
Syntax is considered up-to a-equivalence with respect to the binding of the restriction operator.
Other operators involving binding, though, are considered in the style of higher-order abstract
syntax: for instance, the input operator constructs a process out of a channel, together with a
function from channels to processes. In this respect, the framework is similar in style to an earlier
congruence format for syntax with binding proposed by Bloom and Vaandrager [1994].

A notion of bisimulation is introduced, and it is proved that the corresponding bisimilarity is a
congruence. It seems that, for the m-calculus, this notion of bisimulation is the open bisimulation
of Sangiorgi [1996], because of the way that name variables and constants are treated differently.
In their article, however, they make no connections of these kinds.

Full details of this framework, and proofs, can be found in Weber’s PhD thesis [1995,
Secs. 8-13].
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Ziegler, Miller, and Palamidessi [2006]: tyft/tyxt in FOA®V. Recently, Ziegler et al. have con-
sidered the tyft/tyxt format of Groote and Vaandrager [1992] within the logical framework FOA2Y
of Miller and Tiu [2005]. The work is carried out almost entirely in this proof-theoretic domain. By
working with higher-order abstract syntax, and with the quantifier V for quantifying ‘new’ names,
they arrive at a rule format that is suitable for the w-calculus. They avoid having to impose con-
ditions such as those in Figures 8.2 and 8.3 by treating term parameters as metavariables, and
working with a variable-capture convention.

A notion of bisimilarity is introduced, which is shown to correspond to the open bisimilarity of
Sangiorgi [1996]. It is shown that, for systems defined using rules in their format, this bisimilarity
is a congruence.

9.3 Research directions

We now discuss some miscellaneous issues that arose in the development of this thesis. We men-
tion refinements and revisions of the model for the name-passing case: different approaches to
the behavioural model theory (Section 9.3.1); different powersets for different notions of non-
determinism (Section 9.3.2); different logical frameworks (Section 9.3.3); and models that are
complete for Positive GSOS (Section 9.3.4). It is hoped that the developments of this thesis can
serve as a foundation for the mathematical study of yet more elaborate process calculi and pro-
gramming languages: here we outline possible approaches to open bisimulation (Section 9.3.5)
and guarded recursion (Section 9.3.6).

9.3.1 Different operational models for name-passing

There is a quirk that is common to both the labelled transition system and the coalgebraic models
developed in Chapter 3. For the variation in name contexts, one form of Kripke semantics is
used, namely functor categories; for the behavioural aspects of the model, another form of Kripke
semantics is used, either coalgebras or transition relations. It is convenient to distinguish these two
aspects of the models in this way, but, as other authors have shown, it is not necessary.

The models of name-passing proposed by Honsell, Lenisa, Montanari, and Pistore [1998] and
by Baldamus [2000] solely involve coalgebras over Set. The coalgebra structure assigns to each
state not only a description of its possible evolution, but also the set of names ‘free’ in that state.
These authors report a problem of junk’ in the models, which indicates that the models are far
from canonical. Thus these model theories are arguably less successful than those studied here at
providing an abstract account of name-passing behaviour.

The semantics of the nt-calculus given by Bernstein [1998, Sec. 5], mentioned above, is given
soley in terms of inductively defined transition relations. We have already mentioned that the
natural notion of bisimilarity for this semantics is obscure.

A model of Cattani, Stark, and Winskel [1997] is based entirely on functor categories. A cate-
gory of presheaf categories is a category of domains, and the model of name-passing is based on
functors from I to this category. There remains an inequality here, in that the domains of behaviour
come first, and the variation of name contexts comes second.

We turn now to consider models in the style of Chapter 7. In Section 7.5 we studied models
of name-passing in terms of transition systems in the category of nominal sets. The models of
Buscemi and Montanari [2002] and of Montanari and Pistore [2005] also work with categories
of group actions, but without the finite support restriction, and so, for instance, the treatment of
bound output is more involved.
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9.3.2 Different powerset functors

Throughout this thesis we have focussed on a notion of non-determinism based on the pointwise
powerset functor 2 on Set': for P € Set!, and C € I, we have that (#(P))(C)=2(P(C)). In
Theorem 4.2.6(6) we established that this operator restricts to the category Sh(I) of sheaves, and
in Section 7.1.5 we lifted this operator to the category Nom of nominal sets to obtain the endo-
functor &, that we called the support-bounded powerset.

A topos-theoretic approach. The categories Set!, Sh(I) and Nom are all toposes. From a topos-
theoretic perspective, the natural endofunctor for non-determinism is the covariant powerobject
functor [see e.g. Johnstone, 2002, Sec. A2.3]. This construction has been described concretely on
Nom as the finite-support powerset &, by Gabbay and Pitts [2001, Example 3.5(iv)]. On Set!, the
covariant powerobject functor is an especially elaborate construction. In all cases the powerobject
operator differs from the construction inspired by the pointwise considerations.

Theories of lattice. In any topos, the powerobject construction provides free models of the
second-order theory CJSLL of partially ordered objects in which every internal subobject has a
join. Models of the theory CJSL in Set are complete join semilattices. (By a simple argument, a
lattice with all joins also has all meets [Crawley and Dilworth, 1973, p. 9]; here, though, we are
not concerned with meets.)

The theory CJSL is not the only way to capture the notion of complete join semilattice, though.
There is an alternative presentation that has a more algebraic flavour. We let ORD-JSLL be the
infinitary algebraic theory whose signature contains, for each ordinal a, an a-ary join operator \/,,.
There is a class of equations in QORD-JSL ensuring that the join operators are idempotent and
expressing appropriate laws of commutativity, associativity, and distributivity. This theory can be
interpreted in any category with small products.

In the category of sets, the two theories, CJSL and ORD-JSL, have exactly the same models.
This is not true in Nom or in Set!, however; from a logical standpoint, this is because the proof
of equivalence of the theories involves the axiom of choice [see e.g. Crawley and Dilworth, 1973,
2.1].

The pointwise powerset functor on Set' provides free models of the theory ORD-JSL. For every
object C € I, the corresponding point 1 — I induces a functor (—) e C : Set! — Set, sending a
presheaf P € Set! to the set P(C). This functor has a left adjoint, and so preserves all limits, and in
particular preserves models of QRD-JSL; thus we see that the free models of ORD-JSL in Set! are
the pointwise powersets. A similar argument can be made for the sheaf category Sh(I). Indeed, in
the category Nom of nominal sets, the carrier of the free model of ORD-JSL on a nominal set X is
the support-bounded powerset £, X, as introduced in Section 7.1.5.

A different behaviour endofunctor. From a pragmatic point of view, we have seen in Chap-
ters 3, 4 and 7 that the pointwise powerset endofunctor is sufficient for modelling non-determinism
in systems such as the m-calculus. The topos-theoretic ideas above suggest alternative behaviour
endofunctors, such as the endofunctor (#L,) on Nom, using the finite-support powerset. Indeed,
to give a (P L,)-coalgebra is to give a nominal set X together with an equivariant subset of X x L ,X.
This is rather similar to the kinds of transition system used by Gabbay [2003, Sec. 3.2] in his treat-
ment of the m-calculus.

Relating the two notions of non-determinism. We briefly consider the relationship between
the endofunctor B, = %L, on Nom which has been used so far, and the alternative endofunc-
tor (ZL,) on Nom that is suggested by topos-theoretic ideas. It is clear that &, is a subfunctor
of #, and so the category of (%L,)-coalgebras embeds into the category of (#L,)-coalgebras.
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In fact, the embedding (g, L,)-Coalg — (PL,)-Coalg has a retraction, mapping a (#Lg)-coalge-
bra h: X — Z(L,(X)) to the restricted B,-coalgebra with carrier

J{scx |Vxes. h(x) Sy LS }

It follows from Theorem 2.5.7 that, for (%,L,)-coalgebras, (2, L,)-bisimulation is the same thing
as (P Lg)-bisimulation.

Behaviour in categories of substitutions. Once one begins to consider different notions of pow-
erset, it becomes possible to consider behaviour endofunctors for name-passing over categories
such as Setf and NomSub, as we now explain.

The definition of the endofunctor L, on Nom, given in equation 7.1.7a, can be considered as
the definition of an endofunctor on NomSub, by following the developments of Section 7.3.2. We
thus have an endofunctor L, on NomSub for deterministic ground systems.

The problem that remains is that of finding an appropriate powerset endofunctor on NomSub.
A first idea that might spring to mind is to lift the endofunctor £, on Nom along the forgetful func-
tor NomSub — Nom. A natural way to do this is to consider the pointwise powerset endofunctor
on the presheaf category Set", and translate this construction into the category NomSub.

The model arising from the resulting endofunctor £, on NomSub is not right, though. For
any X € NomSub, and any coalgebra h : X — 2L, X, we have the formulas

[ €h(x) = [b/a]l €h([b/a]x) (9.3.1a)
[ eh([b/a]x) => 3’ eh(x).[b/a]l' =1 . (9.3.1b)

Formula (9.3.1a) is a common property of name-passing calculi. (It is not ubiquitous, though, for
the mismatch operator of the 7-calculus will violate it.) Formula (9.3.1b), though, is obscure and
unwanted.

Similar problems arise if one lifts the endofunctor % on Nom along NomSub — Nom, and also
if one considers the free finite-join-semilattice monad on NomSub.

The developments of this subsection suggest a different powerset endofunctor on NomSub: this
category is a topos, and so we can work with its powerobject endofunctor . This endofunctor
does not arise from lifting either of the endofunctors, & or %, considered on Nom. It is left
for the reader to calculate an explicit description of &, but we note here that a coalgebra for the
resulting endofunctor (2 L,) on NomSub can be given by a nominal substitution X together with a
subobject — of X x L X. Such a subobject necessarily satisfies the property

If x — [ then [b/a]x — [b/a]l

(but, in general, not its converse). Thus we arrive at a model for wide open bisimulation in the
m-calculus (without mismatch).

The more general results of this thesis (and Theorem 6.2.1 in particular) can be proved at
the level of final lifting spans. From this perspective, it may be profitable to move away from
modelling behaviour in categories of coalgebras, and to work instead with suitable categories of
transition systems, and suitable functional bisimulations between them.

9.3.3 Different logical frameworks for syntax with variable binding

The formats of Weber and Bloom [1996] and of Ziegler et al. [2006] work with higher-order
abstract syntax, and this approach seems to lead to simpler conditions. With this in mind, it may
be profitable to use frameworks other than nominal logic as a logical basis for the notions of rule.
To adopt the FOA2Y framework of Miller and Tiu [2005] within the general approach presented
here, it would be necessary to develop a model theory, perhaps following the proposals of Miculan
and Yemane [2005] and of Schopp [2006].
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9.3.4 Partial orders and completeness for Positive GSOS

In the developments of Section 6.3 and Chapter 8 we were concerned with finding explicit, logical
characterisations of the abstract rules that arose from the model theory. An interesting question
is: how complete is this characterisation — are all the abstract rules definable in terms of concrete
rules?

The answer is: no. There are abstract rules that do not arise from rule structures. The primary
reason for this is that we have not allowed negative premises. Negative premises increase the
expressivity of the GSOS rule format. As Turi and Plotkin [1997, Thm. 1.1] explain, a complete
characterisation of the abstract rules in the form studied in Chapter 6 must allow for rules with
negative premises.

There are two possible resolutions for this mismatch between the concrete and abstract do-
mains. The first resolution is to achieve completeness by allowing a more generous class of con-
crete rules. This amounts to considering negative premises for rules for name-passing. We leave
the precise definitions and calculations to future work (if indeed the problems that arise in this
direction are sufficiently interesting to warrant much study).

The second possible resolution is to keep the same concrete rule format, and constrain the
model so as to achieve a completeness result. One can ask: what is a category-theoretic model for
Positive GSOS? We now outline some issues related to this question, for the simple case without
binding or name-passing.

A model of Positive GSOS. The model that we propose here involves working with the cat-
egory Poset of partial orders and monotone functions between them, instead of with the cate-
gory Set of sets. The category Poset is complete, and so we can model syntax (without binding)
there, following Section 6.1. For behaviour, an appropriate endofunctor on Poset is the endo-
functor 2(Lab x (—)); here 2 is the endofunctor mapping a poset to the poset of its down-closed
subsets.

The appropriate abstract notion of rule is that of natural transformations of the form of Defini-
tion 6.2.11, i.e. natural transformations

(=) x 2(Lab x (=))) — 2(Lab x T(-))

between endofunctors on Poset. The positivity of rules amounts to the requirement that these
natural transformations be componentwise monotone.

As in Section 6.3.4, the collection of abstract rules forms a complete lattice: working with a
collection of concrete rules amounts to taking joins of the corresponding abstract rules. The single
concrete rules correspond to the completely prime elements of the lattice.

Precongruence of similarity. A distinguishing property of a system defined by GSOS rules with
no negative premises is that the similarity preorder is a precongruence: that is, the greatest simula-
tion is respected by the operators of the syntax. For example, for any unary operator op, if there is a
simulation relating processes x and y, then there will also be a simulation relating processes op(x)
and op(y). This property can be established at the abstract level, as follows.

In this order-enriched setting, simulations can be defined in terms of spans of coalgebras by
considering lax morphisms of coalgebras, following Fiore [1996, Sec. 7]. The precongruence of
similarity can be understood by adapting Theorem 6.2.1 and Corollary 6.2.3 to the order-enriched
setting.

A model of Positive GSOS for name-passing. There is still work to be done if this tighter model
of Positive GSOS is to be adapted to the name-passing setting. For instance, it is not clear how to
extend the support-bounded powerset functor &, on Nom to give an endofunctor on a suitable
category of ‘nominal posets’.
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9.3.5 Semantics of proper open bisimulation

It could be argued that wide open bisimilarity (Definition 3.1.13) is too fine, in that it dis-
tinguishes processes that could perhaps could never be told apart. For instance, the pro-
cess P =vd.cd.[c=d]cd .0 is not wide open bisimilar with P, =vd.cd.0. This is essentially
because the subprocesses [c =d]cd.0 and O are not wide open bisimilar. Some would assert
that this is unreasonable, because names ‘generated’ by the v operator, such as the name d in
process P;, should never be identified with other names.

Open bisimulation. Sangiorgi [1996] has introduced a refined notion of bisimulation that re-
solves this issue. To define this notion, we recall the concept of distinction as a finite symmetric
irreflexive binary relation on the set 4" of names. We say that a substitution function f : A — A re-
spects a distinction # if whenever c#c’ then we have f(c) # f(d); in this circumstance we write (f #)
for the image of the relation # under f. We write fn(#) for the set of names appearing in the dis-
tinction #. For any binary relation R, we write R~ for its symmetric closure.

Definition 9.3.2 (c.f Sangiorgi [1996, Defn. 6.2 and Sec. 7]). Let {R;}, be a distinction-indexed
binary relation on nt-calculus terms. (So for each distinction #, a binary relation R is given.)
This family {R}, is an open simulation if for all distinctions # and all substitutions f that

respect #, then whenever pR;q and [f]p Lﬁ\ p’ with bn(¢) nfn(p,q, #) = 0, we have

1. if £ = ¢(z) then there exists ¢’ such that [f]q Lﬂ q’ and p’Ry q’, where

# =) Uz} x in([f1p,[flg))~ , and

2. if £ is not a bound output label then there exists q” such that [f]q iﬁ\ q' and p’Ry4 q’.

A distinction indexed family of binary relations {R,}, on m-calculus terms is an open bisimulation
if both {R4}, and {R}}, are open simulations.

A model of Ghani, Yemane and Victor. Ghani et al. [2004] suggest a modification of the coal-
gebraic analysis of Fiore and Turi [2001] to capture this notion of open bisimulation. They suggest
that, in place of the category F of finite sets of names and functions between them, a category F,
is used, defined as follows: objects are finite sets of names and distinction relations over them;
morphisms are functions that preserve these distinctions. (They denote this category by D.)

However, the model presented there uses the pointwise finite powerset functor on Set™, and
thus the problems highlighted in (9.3.1), at the end of Section 9.3.2, will arise. In their model, the
transitions must be preserved and reflected by substitutions. The obscure substitution-reflection
property does not hold for the n-calculus, and so, as it stands, this model cannot be used to model
name-passing.

A possible remedy. The development at the end of Section 9.3.2 suggests a simple remedy for
the problems with the model of Ghani et al. [2004]. Instead of using a pointwise powerset functor
on Setf# the topos-theoretic powerobject functor could be used. The details have to be checked,
however. The resulting model will not be able to model mismatching, but many argue that open
bisimilarity is not relevant for the calculus with mismatch anyway [e.g. Sangiorgi, 1996, Sec. 8].

Structured coalgebras for open bisimulation. We now sketch a model for open bisimulation
that is suggested from the developments in this thesis. The definition of open bisimulation for
the r-calculus can be straightforwardly reformulated at the model-theoretic level for F-IL,ISs, as
introduced in Section 3.4.
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There is a forgetful functor F, — F, inducing an inclusion of Set® into Set™#. One can thus define
a distinction indexed relation between presheaves over F as a relation in Set'# between the induced
presheaves over Fy. It is then straightforward to translate the remainder of Definition 9.3.2 to this
abstract setting. Thus open bisimulation can be defined for F-IL.T'Ss.

For a coalgebraic model, the important step is to introduce a new category I.: objects are
finite sets of names and distinction relations on them, and morphisms (C, #.) — (D, #p) are injec-
tions 1 : C — D that preserve and reflect the distinction structure, in the sense that

Ve,c/ € C.c#eoc’ < 1(c) #c1(c))

On the category Set'# there are two choices for the name generation operator, 5. Both are defined
in a manner analgous to (3.2.4), although care must be taken over the distinction relation. The first
operator, which we also denote &, describes the generation of new names that are not marked as
distinct from the other names. The second operator, which we denote 5%, describes the generation
of new names that are marked (in the distinction relation) as distinct from all the other names in
the current context.

We can now define a behaviour endofunctor By, on Set'* using a definition analogous to equa-
tions 3.2.15 and 3.2.16. The operator & is used for the bound input component, and the opera-
tor 6% is used for the bound output component.

The inclusion functor I, — F, induces a forgetful functor UII;; : Setf# — Set!*. Now, U}I,z-struc-
tured Bg4-coalgebras are models for open bisimulation, just as Ug-structured B,-coalgebras are
models for wide open bisimulation.

The forgetful functors F, — F, I, — I suggest how to convert a Uj-structured B,-coalgebra

into a Uy #-structured Bgy-coalgebra, and it is then straightforward to correspond Uy #—structured
Bgy- blslmulatlons with open bisimulations on the corresponding F-IL,I'Ss.

Open bisimulation and nominal sets. In Chapter 7 of this thesis, we have seen that the theory
of nominal sets provides a elegant framework within which a model of name-passing behaviour
can be presented. It remains to be seen how well-suited the framework of nominal sets is to more
sophisticated notions of behaviour.

As regards the models of open bisimulation introduced briefly in this subsection, a ‘nominal’
presentation might be found as follows. The set of all distinction relations can be considered as a
nominal set with an equivariant lattice structure. One can then study notions of ‘nominal presheaf’
over this lattice, by considering the notion of presheaf as internal to the category of nominal sets
[as described by, e.g. Johnstone, 2002, Sec. B2.3], in order to arrive at a category related to Set'#.

We leave the full investigation of these ideas for possible future research.

9.3.6 Semantics of guarded recursion
An operational semantics for recursive definitions is often given by a rule of the following form
[see e.g. Milner, 1989, Sec. 2.9].

P{fix(X = P)/X} - P/ (9.3.32)

fix(X = P) - P’

This rule is certainly not in the GSOS format: there are variables in the syntax, and the premise
contains a substitution. Reasoning about recursive definitions in this way can difficult. For these
reasons, the following simpler rule has been suggested.

p -4 pr
(9.3.3b)

fix(X = P) — P/{fix(X = P)/X}
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Badouel and Darondeau [1991] provide conditions under which Rule (9.3.3a) is equivalent to
Rule (9.3.3b). These conditions include the requirement that the recursion is guarded: informally,
occurrences of X in P are all preceded by action prefixes.

Rule (9.3.3b) is roughly in the shape of a GSOS rule. It is not in the GSOS format because
variables are involved, and transitions are over open terms, and there is a substitution in the
conclusion target. All these issues have been addressed in the development of this thesis, except
that term-for-name substitution has not been considered.

We now outline how the developments of this thesis can be adapted to explain rules of the
form (9.3.3b).

It is not difficult to invent a ‘nominal algebraic theory’ for term-for-name substitutions. The sub-
stitution algebras of Fiore, Plotkin, and Turi [1999, Defn. 3.1] provide inspiration. Writing SubstAlg
for the resulting category of models, we have a forgetful functor U : SubstAlg — Nom. Fixing the
set Lab of labels, we let B be the endofunctor & (Lab x (—)) on Nom. The theory of U-structured
B-coalgebras provides an appropriate model of behaviour for understanding Rule (9.3.3b). To
model syntax, one must show that the nominal algebraic signatures of Definition 7.4.1 can be
modelled in SubstAlg, giving rise to a monad T on SubstAlg. (This development is carried out by
Fiore et al. [1999].) The Rule (9.3.3b) can then be seen as recursion data for lifting the monad T
on SubstAlg to the category of U-structured B-coalgebras.

Rule formats for recursion have been proposed before, by various authors: for instance the
format of Middelburg [2001] allows recursion. From the category-theoretic perspective, there
have been developments by Turi [1997, Sec. 8], Plotkin [2001] and Klin [2004], although these
three reports side-step the issue of variable binding.

Future research. By working with increasingly sophisticated notions of behaviour and of sub-
stitution, we are able to study more elaborate process calculi and programming languages. For
instance, the kinds of model considered above for the semantics of recursion provide a first step
towards models for the higher-order systems, involving the communication of processes, as per-
mitted in calculi such as CHOCS [Thomsen, 1995] and HO~x [Sangiorgi, 1992]. Indeed, part of
the presentation of CHOCS considered by Amadio and Dam [1995] seems to already fit into the
framework alluded to above. One might also investigate the kinds of model theory required for
calculi involving the communication of encrypted values and keys, as occurs in the spi-calculus of
Abadi and Gordon [1999].
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