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Abstract

Program transformations have various applications, such as in compiler optimizations.
These transformations are often effect-dependent: replacing one program with another
relies on some restriction on the side-effects of subprograms. For example, we cannot
eliminate a dead computation that raises an exception, or a duplicated computation that
prints to the screen. Effect-dependent program transformations can be described formally
using effect systems, which annotate types with information about the side-effects of
expressions.

In this thesis, we extend previous work on effect systems and correctness of effect-
dependent transformations in two related directions.

First, we consider evaluation order. Effect systems for call-by-value languages are well-
known, but are not sound for other evaluation orders. We describe sound and precise effect
systems for various evaluation orders, including call-by-name. We also describe an effect
system for Levy’s call-by-push-value, and show that this subsumes those for call-by-value
and call-by-name. This naturally leads us to consider effect-dependent transformations
that replace one evaluation order with another. We show how to use the call-by-push-value
effect system to prove the correctness of transformations that replace call-by-value with
call-by-name, using an argument based on logical relations. Finally, we extend call-by-
push-value to additionally capture call-by-need. We use our extension to show a classic
example of a relationship between evaluation orders: if the side-effects are restricted to (at
most) nontermination, then call-by-name is equivalent to call-by-need.

The second direction we consider is non-invertible transformations. A program trans-
formation is non-invertible if only one direction is correct. Such transformations arise,
for example, when considering undefined behaviour, nondeterminism, or concurrency.
We present a general framework for verifying noninvertible effect-dependent transfor-
mations, based on our effect system for call-by-push-value. The framework includes a
non-symmetric notion of correctness for effect-dependent transformations, and a deno-
tational semantics based on order-enriched category theory that can be used to prove
correctness.
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Chapter 1

Introduction

At a high level, the question considered in this thesis is:
When is it correct to replace one program phrase with another?

Suppose we are writing an optimizing compiler. The optimizations are applied locally, replacing
expressions e; (which form part of the program) with other expressions e,. Setting aside the
question of whether replacing e; with e, actually improves the program (we do not consider
this), we want to know whether it is valid to do so. The output of the compiler should not
do anything the original program could not, so it is valid to replace e; with e, when every
observable behaviour of e, is an observable behaviour of e;. We develop techniques for formal
reasoning about programs that can be used to prove the validity of program transformations.
Of course, formal reasoning about programs is not a new area. To motivate the specific
problems we consider, we give three examples of common program transformations:

Old expression Replacement
Dead code elimination let x = e in ¢’ e
(where x not free in €’)
Inlining (Ax.e) € e[xe]
Common subexpression let x; =einletx, = ein let x = e in
elimination e’ (x1,x2) e (x,x)

These examples highlight three important aspects of program transformations:

+ They are often effect-dependent. The first example is valid if e has no side-effects, but
not e.g. if e changes some state that e’ then reads from, or if e raises an exception. (For
these examples, let represents eager evaluation, so first e is evaluated, and then e’ is.)
The first example is therefore effect-dependent, which means applying it requires static
knowledge of the side-effects of the expressions involved. The wide array of side-effects
available in practical languages means that a majority of the transformations we would
like to perform are effect-dependent. We therefore focus on verifying effect-dependent
transformations throughout this thesis, continuing a long line of work started by Tolmach
[95] and Benton et al. [12].

« They often depend on evaluation order. Consider the second example. This is clearly valid
in call-by-name languages (it is just f-reduction), even with arbitrary side-effects. It is not
in general valid in call-by-value languages. We cannot consider program transformations
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without thinking about evaluation order. Even worse, the side-effects of expressions
depend on evaluation order, so we cannot validate any effect-dependent transformations
without considering evaluation order. Previous work on effect-dependent transformations
has mostly considered only a single evaluation order (usually call-by-value). We focus
on capturing a range of evaluation orders. This aspect also suggests another useful class
of program transformations: those that replace one evaluation order with another, such
as call-by-value with call-by-name.

« They are often noninvertible. One way to justify the validity of the third example (or in
general, any program transformation) is to show that both sides have the same semantics.
This is the method normally used, but it is unsuitable for many examples. Consider the
third example, and suppose that the only side-effect of e is to make nondeterministic
choices internally. We could allow the compiler to make nondeterministic choices
statically, by replacing the expression (e; or e;) with e; or with e,. If this is the case,
then we can replace the expression on the left of the example, which makes the choices
in e twice, with the one on the right, even though it does not have the same semantics.
Program transformations are in general noninvertible: only one direction is valid.

This thesis constructs a general framework for proving the validity of program transformations
with all three of these aspects.

1.1 Approach

We have stated our aim, now we explain the approach that we take. Throughout, we express
program transformations inside some intermediate language that we construct for this pur-
pose. Given an expression that we want to transform, the first step is to translate it into our
intermediate language of choice. We then reason about the translation of the expression. The
intermediate languages we use in this thesis (GCBPV in Section 2.7, ECBPV in Section 5.1) are
based on Levy’s [56] call-by-push-value calculus (CBPV). (We use e for expressions in source
languages, and M for terms in intermediate languages, so each expression e can be translated
into a term M.)

Using intermediate languages in this way has several advantages. They can be designed
specifically for validating program transformations, ignoring considerations that apply to
source languages (we do not need to write programs directly in intermediate languages, be-
cause intermediate-language programs are constructed by the translations). In particular, the
intermediate language can be close to the denotational semantics. (For CBPYV, several side-
effects have simpler models than e.g. for monadic intermediate languages [78]. This is one of
the reasons why CBPV is useful for verifying program transformations.)

However, the main advantage of intermediate languages is that we can design them so that
evaluation order is irrelevant (for a given intermediate-language program, every evaluation
order gives the same behaviour). The evaluation order of the source language is encoded in
the intermediate language programs (in the syntax) by the translation. We use intermediate
languages that capture several evaluation orders. CBPV and the variants we use capture
both call-by-value and call-by-name, so for every source-language expression e we have two
intermediate-language terms: a call-by-value translation (e)¥ and a call-by-name translation
(e)™. (We also have other translations in Chapters 2 and 5.) Encoding evaluation orders inside
programs in this way allows us to consider transformations that replace one evaluation order
with another inside a single expression, since they really can just transform the syntax of
the program. There is no change in the semantics of the intermediate language itself. For
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call-by-value and call-by-name, we relate the behaviours of (e)" and (e)", which are terms in
the same language.

We use effect systems [63] to enable effect-dependent transformations, following previous
work. Effect systems refine type systems so that they statically (over-)estimate the side-
effects of expressions. (We do not attempt to define! side-effect precisely, but we use a broad
interpretation, which includes at least nontermination, nondeterministic and probabilistic
choice, and exceptions.) Effect systems are the traditional way of working with effect-dependent
transformations. They are a lightweight technique (requiring only minor modifications to
type systems), and are expressive (we can use them to restrict the order and the number of
times that side-effects are used, not just whether particular side-effects are used). They are
also amenable to mechanization (for example, type inference algorithms can be extended to
effect inference algorithms). We design several effect systems to account for the fact that the
side-effects of expressions depend on evaluation order.

We formally define validity of program transformations in terms of contextual preorders <.ix.
It is correct to replace M with N when M <. N, which means that every observable behaviour
of N is an observable behaviour of M. For example, if the only side-effect is nondeterministic
choice, this might mean that every possible result of a program containing N is a possible result
of the same program but containing M instead: the transformation does not make the set of
possible results of a program larger. If we want to validate a transformation that replaces e with
¢’ inside a call-by-value source language, we show that (e])" <. (e’)". Contextual preorders
might not be symmetric in examples; this allows us to consider noninvertible transformations.

Comparing evaluation orders requires more work than just asking whether the contextual
preorder relates them. Everything we do is typed, and it only makes sense to ask if M < N if
M and N have the same type, but in general this is not the case if M and N are two different
translations of the same expression. Call-by-name functions take (thunked) computations as
arguments, call-by-value functions take values as arguments (the distinction is important in
CBPV), so if e is a function, it does not make sense to replace the call-by-value translation
(e)¥ with the call-by-name translation (e))". To fix this, we need to add some extra glue to the
transformations. To pass a call-by-name argument to a call-by-value function it needs to be
evaluated first; to pass a call-by-value argument to a call-by-name function we need to convert
it into a trivial computation. To compare call-by-value and call-by-name, we therefore construct
maps between the two evaluation orders, and compose these with the two translations (this is
similar to the technique used by Reynolds [89] to relate direct and continuation semantics).
Other comparisons between evaluation orders require similar considerations.

We define contextual preorders in terms of inequational theories, which are specified by
axioms characterizing the constructs in the intermediate language. These axioms include f-
and n-laws, and also laws capturing the behaviour of the side-effects, for example, associativity
of nondeterministic choice, or that two reads from the same location can be merged. Different
axioms are used for different side-effects. We prefer inequational theories to e.g. operational
semantics for two reasons: theories allow us to apply inequations under lambdas (which is
important because we mainly consider open terms), and they allow uniformly specifying
various side-effects (e.g. the usual way of specifying operational semantics for global state is to
carry around an extra state parameter; this is not required for inequational theories).

To prove instances of contextual preorders, and hence to prove the validity of program
transformations, we employ two different techniques. The first is to use logical relations on

IThe best we can do is cheat by saying that a side-effect is roughly anything that we can capture in the
languages we use. (This includes the usual examples.) A proper definition could be along the lines of Sabry [91]: a
side-effect is anything that breaks equivalences between evaluation orders. (Though unlike Sabry we do not treat
divergence and errors as special cases.)
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the syntax (type-indexed families of binary relations on terms). These lie somewhere between
inequational theories and contextual preorders. We construct them so that they relate more
pairs of terms than the inequational theory (in most cases, the program transformations we
consider are not instances of the inequational theory), and also so that they only relate M to N
when M <. N (which means we can actually use them to validate program transformations).
We use logical relations to relate call-by-value and call-by-name executions of expressions in
Chapter 3. However, they turn out to be quite cumbersome to use. We therefore prefer the
second technique, which is to use denotational semantics.

We define a categorical semantics of GCBPV in Chapter 4, and use it to verify noninvertible
program transformations. The semantics allows for models in various categories, which allows
us to model as wide a range of side-effects as possible. The categories we use are order-enriched,
which enables us to reason about noninvertible transformations: to show M <. N holds, we
show [M] E [ N], where C is part of the data of the model.

When we relate call-by-name and call-by-need evaluation in Chapter 5 we are forced to
go back to logical relations on the syntax because we do not have a general call-by-need
denotational semantics. We actually need to use a more powerful notion of logical relation
than previously (Kripke logical relations of varying arity [39]), because of the extra difficulties
that call-by-need introduces.

Our framework for validating program transformations therefore has several components.
We have various source-language effect systems, one for each evaluation order we wish to
consider. We also have intermediate languages that capture all of these evaluation orders
via translations from source languages ((—|)", (—)", etc.). We define a notion of inequational
theory for each intermediate language, and use these to define contextual preorders. Finally,
we also include machinery (logical relations and denotational semantics) for proving instances
of contextual preorders. Together, these components enable us to validate of all of the kinds
mentioned above.

1.2 Contributions

This thesis develops a framework for proving the correctness of effect-dependent program
transformations:

« We develop tools for formulating effect-dependent transformations for various evaluation
orders, including two forms of call-by-name (Chapter 2). This includes source-language
effect systems for each of the evaluation orders we consider, and an intermediate language
(GCBPV) we use for reasoning throughout most of this thesis.

» We establish a novel reasoning principle for relating call-by-value and call-by-name
(Chapter 3), which enables us to prove the validity of program transformations that
replace call-by-value with call-by-name, and vice versa. We technique we use to do this
is new, and we expect it to work more generally (to relate other evaluation orders).

« We develop machinery for proving the validity of noninvertible program transformations
(Chapter 4), including an order-enriched denotational semantics for GCBPV. We apply
this to examples including undefined behaviour, nondeterminism, and shared global
state.

« We extend GCBPV to additionally capture call-by-need evaluation (Chapter 5). This
extension enables us to give a new proof technique for relating evaluation orders. We
exemplify the technique by proving the classic result that call-by-name and call-by-need
are equivalent if the only side-effect is nontermination.



Chapter 2

Effect systems and evaluation orders

We formalize effect-dependent program transformations using effect systems. The goal of an
effect system is to statically associate computations with effects ¢, which abstractly represent
the side-effects the computation has. Hence by requiring computations to be associated with a
chosen effect ¢, we can view effect systems as a way to restrict the side-effects of computations.

As noted in the introduction, different expressions may have different side-effects depending
on the evaluation order used. The effect system used must therefore reflect the evaluation
order. Using a call-by-value effect system to analyse a call-by-name language could lead to
imprecise results (leading us to miss valid effect-dependent transformations), or worse, might
be unsound (leading us to incorrectly believe certain transformations are valid).

To reason about transformations that change the evaluation order it is useful to have a single
intermediate language that allows programs to express their evaluation order, rather than one
language for each evaluation order. Two such languages are Moggi’s monadic metalanguage [78]
and Levy’s call-by-push-value [56]. We can use these to reason about source languages with
a single evaluation order by translating from source to intermediate. Since valid changes in
evaluation order are also effect-dependent, we therefore also wish to define effect systems for
intermediate languages.

This chapter serves two purposes. First, it provides a general introduction to effect systems.
In particular we explain effect algebras (Section 2.1), which provide the abstract notion of effect
we track, the well-known call-by-value effect system (Section 2.3), and the less well-known
effect system for the monadic metalanguage (Section 2.5). Second, it also makes two key
contributions:

« We describe effect systems for two different forms of call-by-name (Sections 2.4 and 2.6).
These allow us to do effect-dependent reasoning in call-by-name languages. We contrast
the two forms of call-by-name in Section 2.6.

« We describe an effect system for call-by-push-value (Section 2.7), and show that transla-
tions from source languages into call-by-push-value respect the effect systems. We use
this call-by-push-value effect system as the basis for work in later chapters of this thesis.

Source and intermediate languages Before continuing, we clarify what we mean by source
and intermediate languages. If a language is intended primarily to be used for reasoning (e.g.
proving correctness of program transformations), then we call it an intermediate language.
In this chapter, the intermediate languages are the monadic metalanguage (Section 2.5) and
call-by-push-value (Section 2.7). We focus on making them easy to reason about (for example,
by ensuring that their effect systems are syntax-directed, and by making sequencing of side-
effecting computations explicit). Source languages are intended to more closely resemble

11
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programming languages (in particular, sequencing of computations is implicit as it is in ML),
and formal reasoning about source languages is intended to be done by translating source
programs into an intermediate language, and then reasoning in the intermediate language.
In this thesis, we concentrate mainly on the intermediate languages, and hence we keep the
source languages as small as possible (we only include booleans, unit type and function types).

2.1 Effect algebras

An effect ¢ abstractly represents some collection of side-effects. Effect systems statically assign
effects to program fragments; when the effect ¢ is assigned, this means the possible runtime
side-effects of the program fragment are restricted to ¢. To do this, we require the effects to
have some extra structure, called an effect algebra'. There are various forms of effect algebra.
Commonly effects are assumed to form semilattices, but other structures, such as effectors [94]
or effect quantales [31] are also used. Here we follow Katsumata [45] and use preordered monoids.

Definition 2.1.1 (Preordered monoid) A preordered monoid (&, <, -, 1) consists of a monoid
(&, +,1) and a preorder < on &, such that the binary operation - is monotone in each argument
separately. <

Preordered monoids have several advantages: they are simple, and they generalize the other
forms of effect algebra we have just mentioned (Katsumata postulates that effects always form
a preordered monoid). They can also be easily extended with additional data (such as iteration
operators for recursion).

The effects ¢ are elements of the set &. The subeffecting relation < provides a notion of
approximation of effects: ¢ < ¢ means ¢ is more restrictive than ¢. The multiplication -
represents sequencing of effects: ¢-¢’ is the effect of running a computation with effect ¢
followed by a computation with effect ¢’. Finally, the unit 1 is used for computations with no
side-effects. Each effect system is parameterized by the effect algebra, so we can instantiate an
effect system with different effect algebras for different use cases.

The simplest effect algebra is the trivial preordered monoid, in which & is a singleton
{x}. When instantiated with the trivial preordered monoid, effect systems do not track effect
information, and are the same as ordinary type systems. More interesting examples are Gifford-
style effect algebras, which are used for example by Lucassen and Gifford [63].

Example 2.1.2 Gifford-style effect algebras have the form (PZX, C, U, 0), where ¥ is some set
of operations (e.g. X = {raise, get, put}), and P is the powerset. In this case, effects ¢ C %
give the set of operations that a computation may use during its execution. For example, a
computation with effect {raise, get} may raise an exception or get the value of the state, but
does not change the value of the state. The subeffecting relation C allows additional operations
(that are not used) to be included in the effect (this is useful to balance the two branches of
if-expressions). We can use a Gifford-style effect system to express effect-dependent program
transformations. For example, consider

letx = e in letx = e in
lety =ein
(x,y) (x,x)

IFor the avoidance of doubt, these have nothing to do with effect algebras in quantum theory [22].
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If the effect of e is {raise, get}, then it is correct to replace the expression on the left with the
one on the right. However, if e uses put, this might not be the case. <

This example gives a may analysis: it allows overapproximation of effects. In general, if a
preordered monoid (&, <, -, 1) describes a may analysis, then the preordered monoid (&, >, -, 1)
(which is the same but with the opposite order) describes the corresponding must analysis that
allows under- instead of over-approximation.

Example 2.1.3 Consider a language with an operation flip that nondeterministically chooses
either true or false. We can use the preordered monoid (N4, <, -, 1), where N, is the set of
positive integers, - is the usual integer multiplication, and the unit is the integer 1, to statically
(over-)estimate the number of potential results of computations. The effect of flip would be the
integer 2. <

Example 2.1.4 Consider a language with global state, including operations get and put that
read from and write to the state. In general, to evaluate an expression we might have to supply
an initial state, but if put must be used before get, then we do not. We can determine whether
this is the case statically using a preordered monoid with underlying preorder {pf < 1 < gf}.
The effect pf means must set the value of the state, and does not get the value before setting it;
the unit 1 means does not get before setting the value, but may do neither; and gf means may
get the value first. The multiplication is defined by:

pf-e = pf l-e = ¢ gf-e = gf

The effect of applying get is gf, and the effect of applying put is pf. Programs that have the
effect pf or the effect 1 do not require an initial state. For example, if ¢’ has effect pf, then it is
correct to replace (e; e’) with e’. Even if e changes the state, it will be overwritten by e’, and
hence will not change the behaviour of e’. <

In some cases, it is useful to assume effect algebras with more structure than just a preordered
monoid. For example, for languages that include fixed points, we might assume an operator
(—)* that assigns to each effect ¢ € & an effect ¢* € & of a recursive computation. Mycroft et al.
[80] discuss several cases in which we want additional structure. In this thesis, to keep the
discussion general, we mostly assume only a preordered monoid. We will occasionally require
& to have bounded binary joins:

Definition 2.1.5 A partially ordered monoid is a preordered monoid (&, <, -, 1) in which < is
antisymmetric. An element ¢ € & is an upper bound of ¢1,e, € Eif ey < ¢ and e, < €. It is
the join of & and ¢, if additionally ¢’ < ¢” for all upper bounds ¢”. A partially ordered monoid
has bounded binary joins if for each pair of elements ¢;, ¢, € &, existence of an upper bound
implies the existence of a join & V &,. <

In this definition, we restrict to partial orders so that joins are unique. All of the above examples
are partially ordered monoids with bounded binary joins. Joins are also useful e.g. for effect
inference, but we do not discuss inference in this thesis.

2.2 Simply-typed lambda calculus

The source language we consider is based on the simply-typed lambda calculus. In later sections
of this chapter we consider various evaluation orders, and give effect systems that correspond to
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I'+e:cargp
if(x:7)€eTl _ _
F'rx:7 ['kope:arg '+ () : unit
I't+ e : bool IF'tey:1 IF'rtes:t
I + true : bool I' + false : bool I'tif e; theneyelsees : 7
Ix:tre: 7 Tre:7—>17 T'rFey:T
F'rAx:te:7—17 IF'Fejey: 7

Figure 2.1: Source language type system

them. Here we give the syntax and type system of the source language without yet considering
how to track effects.
The syntax of source-language types 7 and expressions e is as follows:

unit | bool | 7 — 7’

|\]
Il

o
Il

x| ope| () |true | false | if e; then e, else es | Ax:7.e | e1 e,

Most of the syntax is standard. The particular choice of types is unimportant; we choose the
unit type, booleans and function types because we use them in examples.

We assume some set 2 of operations, ranged over by op. The purpose of these is to provide
side-effects. We could for example have operations get and put for interacting with global state,
or raise for raising exceptions. Each operation takes exactly one argument; hence the syntax
of expressions includes op e, which means apply the operation op to the argument e. We can
include nullary operations by using unit for the argument. If we had included products in the
syntax we could also have operations with more than one argument (we cannot get multiple
arguments by currying because of the restriction to ground types below). We do not give any
examples involving operations of more than one argument, so do not need to consider product
types here.

The operations op are generic effects [85]. Including operations in this way, rather than
for example just assuming an arbitrary collection of constants c, is useful when we consider
equivalences between evaluation orders (see Chapter 3).

To specify the type system, we assume an assignment of types for the operations op.
The ground types are unit and bool (i.e. types that do not include functions). We restrict the
operations to ground types (again this is useful for equivalences between evaluation orders).
We collect the data required to specify the type system into a notion of signature. Signatures
also include an effect algebra. This effect algebra is not used in this section, but is used in each
of our effect systems.

Definition 2.2.1 (Signature) A (source-language) signature consists of the following data:
« A preordered monoid (&, <, -, 1) of effects.

« A set X of operations.

« For each operation op € X, ground types car,, and ar,p, respectively called the coarity
and arity of op, and an effect eff,, € &. <
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[kye:cargy &e
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Figure 2.2: Call-by-value effect system

The coarity of an operation is the type of its argument; the arity is the type of its result.? For
example, for global state storing a value of type bool, we would have an operation get with
coarity carget ‘= unit and arity arge; ‘= bool, and an operation put with coarity bool and arity
unit. For binary nondeterministic choice we would have an operation flip with coarity unit
and arity bool, which nondeterministically chooses between true and false. (We can use this
to make one form of nondeterministic choice between two expressions ey, e; of an arbitrary
type by writing if flip () then e; else e;.)

Each operation op is also associated with the effect eff,, of using it. One option would be
to use a Gifford-style effect algebra (Section 2.1), so that eff,, := {op} for each op € %, and the
preordered monoid is (P2, C, U, 0). However, we allow other effect algebras to be used.

We assume a fixed signature to specify the type system. A typing context I is an ordered
list of (variable, type) pairs such that no variable appears more than once. We write ¢ for the
empty typing context. The typing judgment I' - e : 7 is defined inductively by the rules in
Figure 2.1. Rules that add variables to typing contexts implicitly assume that those variables
are fresh. (This is the case for all of the typing rules in this thesis.)

2.3 Call-by-value

We augment the source language type system so that it tracks the effects of expressions. The
first effect system we present is well-known: it is for the traditional example of a call-by-value
source language. The call-by-value effect system consists of a typing judgment of the form
I'+y e : 7 & ¢, which assigns to each expression e an effect ¢ in addition to the type .

2The reader may be concerned that these are the wrong way around, since the arity should specify the type
of the argument and the coarity the type of the result. However, generic effects with argument type 7 and result
type 7’ are in bijection with algebraic operations [85], which are r”’-indexed families of maps from (7" — ”’) to
(r — ") satisfying certain conditions. When taking the algebraic operations view, the arity and coarity are the
correct way around. Our usage of the terms arity and coarity matches e.g. Katsumata [44].
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v ’ A%
e v e if true then e, else e3 v ¢, v
— . v (Ax:7.e)v ~» e[x>0]
ope ~> ope if false then e, else e3 v e3
v , v ’ v /
e~ €] e ~ €] ey W e

. V.o s v ’ v ’
if e; then e; else e3 > if €] then e elsees eje; ~> efex (Ax:7.e) ey v (Ax:7.e) e,

Figure 2.3: Call-by-value reduction relation

To add effects, we replace the syntax of types and expressions with the following:

unit | bool | 7 7/

T, T

e := x|ope| () |true | false | if e; then e; else e5 | Ax:7.e | €1 ez
The only difference with the previous syntax is that each function type is annotated with a
latent effect ¢. The latent effect is the effect of applying the function.

We again assume a fixed source-language signature (Definition 2.2.1) to specify the type
system. Since arities and coarities are required to be ground types, it does not matter that
the syntax of types has changed (the ground types are still unit and bool). Typing contexts I'
are ordered lists of (variable, type) pairs without repetitions, as before. The typing judgment
I'+y e : 7 & ¢ is defined inductively by the rules in Figure 2.2. For operations, we multiply the
effect of the argument by the effect of the operation itself (the argument is evaluated before
the operation is performed). Function application evaluates the function, then the argument,
and then the body of the function; hence the effect in the conclusion of the typing rule for
application is €;-&;-¢3. A different evaluation order would require a different effect here. The
final rule is subeffecting, which allows effects to be overapproximated. The overapproximation
is necessary for programs that use if: we do not attempt to determine which branch will be
taken, so we require both branches to have the same effect.

We give a call-by-value operational semantics for the source language. It consists of a
small-step reduction relation ~v>. The definition is straightforward: it is the smallest relation
closed under the rules in Figure 2.3. To specify f-reduction of functions, we use the following
syntax of values v, which form a subset of expressions:

v = ()| true| false | Ax:7.e

Values are pure: if I'Fy v : 7& e for any effect ¢, then I'+, 0 : 7& 1. (The proof'is a trivial induction
on the typing derivation.) We also use capture-avoiding substitution e[x+> v]. There are no
rules for reducing op v. To give a complete operational semantics to an instantiation of the
source language, one would augment the rules in the figure to characterize the behaviour of the
operations, but we do not consider this here. (Though we do consider this for call-by-push-value;
see Definition 2.7.4.)

Call-by-value reductions preserve the effect (and type) assigned by the call-by-value effect
system. (Recall that ¢ is the empty typing context.)

Theorem 2.3.1 (Subject reduction for call-by-value) If o -, e : 7 & ¢ and e ~> ¢ then
oty e T & e <
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Figure 2.4: Call-by-name effect system

2.4 Moggi-style call-by-name

The effect system given in the previous section is not suitable for call-by-name evaluation.
This is because it assigns the effect 1 to each variable, but in call-by-name, variables may have
side-effects. Subject reduction does not hold in general if we use call-by-name reduction instead
of call-by-value.

In this section, we give an effect system for call-by-name. We refer to this as Moggi-style
call-by-name here because the effect system is partly based on Moggi’s monadic semantics
for call-by-name [78]. It is distinguished from Levy-style call-by-name (Section 2.6) in that
side-effects can occur at any type, rather than just at base types.’

Unlike the call-by-value effect system, a call-by-name effect system should not assign the
effect 1 to every variable. To assign the correct effects to variables, we change the notion of
typing context to also include effects. For Moggi-style call-by-name, a typing context is an
ordered list of triples of the form x : 7&e, where ¢ is the effect associated with the variable x.
The syntax is changed so that function types are annotated with the effect ¢ of the argument as
well as the latent effect ¢’ of the function, and we also annotate lambdas with the effect of the
argument:

’

unit | bool | 7 “,B

2
|~"
Il

Y
Il

c|x| () |true | false | if e; then e, else e3 | Ax:7&e. e | e1 e;

A practical effect system would probably add effect polymorphism to this, so that each function
can be applied to arguments of various effects. The syntax of expressions e is the same as for
call-by-value.

The call-by-name effect system is parameterized by the same notion of signature (Defini-
tion 2.2.1) as the other source-language type systems. The typing judgment I' bpoggi € : 7 & € is
defined by the rules in Figure 2.4. Compared to the call-by-value effect system, only the rules

*Benton et al. [7] refer to Levy-style call-by-name as Algol-like.
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Figure 2.5: Call-by-name reduction relation

for variables, lambda abstraction and application change. The rule for application requires the
effect ¢, of the argument to be the same as the annotation on the function type. The conclusion
of this rule does not mention the effect ¢;, since the expression e, is only evaluated if the
function uses its argument. If it does, the latent effect 5 will reflect this. The typing rule for
operations has not changed: operations still evaluate their arguments eagerly.

We also define a call-by-name operational semantics, consisting of a small-step reduction

. moggi . e . e -
relation ~» . Again the definition is straightforward; it is given in Figure 2.5. Call-by-name
reductions preserve effects.

Theorem 2.4.1 (Subject reduction for Moggi-style call-by-name) If ¢ Fy,q4gi € : 7 & £ and
moggi
e ~> e thenokpegi €’ i 7 & e <

2.5 Graded monadic metalanguage

So far, this chapter has given two source-language effect systems: one for call-by-value and one
for Moggi-style call-by-name. We now consider an intermediate language that captures both
of these evaluation orders, by making (side-effecting) computations into a first-class notion.

The intermediate language we describe is the graded monadic metalanguage (GMM), which
is essentially the monadic metalanguage [78]: it consists of a pure fragment together with a
type constructor that forms types of effectful computations. The primary difference is that the
type constructor is graded by the effect algebra. GMM is similar to languages described by
Katsumata [45] and by Gaboardi et al. [29].

The syntax of GMM types A, B and terms M, N is as follows:

AB :==b M,N = c|x
| unit | O
| A; X Ay | (My, My) | fst M | snd M
| empty | caseq M of {}
| A1 + A | inly, M | inry, M | case M of {inl x;. Ny, inr x;. Ny}
|A— B | Ax:A. M| MN
| (6)A | opM | (M) |let (x) = M in N | coerce.< M

We include a richer syntax of types than we do for source languages. The non-highlighted part
of the syntax is just the simply-typed lambda calculus, with base types b, unit type, products,
empty type, sum types, and function types. GMM does not have general recursion built in (but
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it can be added). The terms include constants ¢, and the eliminator case4 M of {} of the empty
type. The constants ¢ are intended to introduce elements of base types; for example, we could
have a base type nat of natural numbers and constants zero : nat and suc : nat — nat for zero
and successor. They are not intended to provide side-effects (this is what the operations op
are for). Modulo constants, there are no closed terms of type empty. (This does not mean the
empty type is useless: there may still be closed terms of type (¢)empty.) We sometimes omit
the type ascriptions (e.g. writing inl M instead of inly, M). We also write _ for an arbitrary
fresh variable.

The highlighted part of the syntax concerns effectful computations. The type (£)A contains
computations that return results of type A, and have side-effects restricted to ¢ € &. For
example, using a Gifford-style effect algebra (Example 2.1.2), computations M : ({raise, get})A
may use raise and get, but do not use the put operation. The type (¢)A is the same as the
monadic type TA of Moggi’s language, except for the restriction on side-effects. We refer to
the family of type constructors (—) as the graded monad. The intention is that all side-effects
are encapsulated in the graded monad, including e.g. divergence.

The term op M is the application of the operation op to the argument M. The term (M)
is a computation that immediately returns M, causing no side-effects (this is also commonly
written return M). Computations are sequenced using let (x) = M in N, which runs M, binds x
to the result (if any) and then runs N. (This is the same as M >= Ax.N in Haskell.) The variable
x is bound inside N but not M. We emphasize that the evaluation order of let (X) = M in N is
fixed: M is always evaluated eagerly. It is possible to express various evaluation orders in GMM
because computations are first-class. For example, it is possible to duplicate a computation by
passing it to a function. Computations with effect ¢ can be regarded as computations with a
less restrictive effect ¢’ using coerce,<.s. This has the same purpose as the subeffecting rule in
the above source-language effect systems. Subeffecting in GMM is explicit so that the effect
system is syntax-directed.

As usual, we instantiate GMM with different side-effects by choosing different operations.
For example, defining bool := unit + unit, we could have the following (recall that the coarity
is the type of the argument of the operation, and the arity is the type of the output).

Operation op  Coarity car,, Arity ar,, Effect eff,

raise unit empty {raise}
get unit bool {get}
put bool unit {put}

Again the arity and coarity of each operation are required to be ground types. In GMM, ground
types G are types that do not contain function types or the graded monad:

G = b | unit| G X G | empty | G; + G,
GMM is parameterized by the base types b, operations, effect algebra and constants c.

Definition 2.5.1 A GMM signature consists of the following data:
« A preordered monoid (&, <, -, 1) of effects.

+ A set B of base types.
+ A type-indexed family of pairwise disjoint sets K of constants of type A.

« A set X of operations.

For each operation op € X, ground types car,p, and ar,p, respectively called the coarity
and arity of op, and an effect eff,, € &. <
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Figure 2.6: GMM typing rules

We assume a fixed GMM signature for the rest of this section.

Typing contexts I' are ordered lists of pairs of variable names and types such that each
variable appears at most once. The typing judgment has the form I Fy,on M : A. By contrast
with the above effect systems, it is not annotated with an extra effect: in GMM, effects only
appear inside types. The typing rules are given in Figure 2.6. Each of the rules that add variables
to the typing context implicitly assume the variable is fresh. The rules are syntax-directed,
so given a context I' and term M, there is at most one type A such that I' ko M : A, and if
I’ Fmon M : A holds then it has exactly one derivation.

The non-highlighted part consists of the standard typing rules of the simply-typed lambda
calculus. The rules for the graded monad are highlighted. For operations, we assume a pure
term M of type car,p. In the source language effect systems, the arguments of operations are
computations, and the effect system reflects the fact that they are eagerly evaluated. Here, if
we wish to use a computation M as an argument to an operation, it must be evaluated first. If
M has type (¢)car,p, we can do this by writing

let (x) =M inopx

which has type (e-effop)arp.
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fst (M, My) = M; snd (M, My) = M,
case inly, M of case inry, M of
{inl x{. N = Ni[x;— M] {inl x{. N; = Ny[xy—> M]
, inr x,. Ny} , inr x,. No }
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M

coerce, <.~ (coerce,<,» M) = coerce,<.» M

coerce.<, M

Figure 2.7: Axioms of the GMM equational theory

Each of our other three highlighted rules corresponds to one part of the structure of the
effect algebra: we use 1 for returning a value, the binary operation - for sequencing two
computations, and the order < for coercions from a more restrictive effect to a less restrictive
effect.

2.5.1 Equational theory

GMM is designed to prove validity of program transformations. We therefore require a notion
of contextual equivalence, which specifies when it is correct to replace one program with another.
This is defined in terms of an equational theory (rather than an operational semantics). The
equational theory for GMM consists of a judgment of the form I ko M = N : A, which means
M and N both have type A in context I, and they have the same semantics. We sometimes
write this justas M = N.

The axioms of the equational theory are listed in Figure 2.7. Since we relate well-typed
terms, each of the axioms should be read as assuming that both sides have the same type in
the same typing context (but not that they are closed). For example, the axiom M = () holds
when I' Fyon M : unit. The necessary constraints can be derived by looking at the typing
rules (because they are syntax-directed). As usual, the non-highlighted part of the figure is
standard from the simply-typed lambda calculus (it consists of the usual - and - laws), and the
highlighted part describes the behaviour of computations. Each of the axioms of the highlighted
part corresponds to one of the requirements in the definition of preordered monoid.

The first group of axioms consists of f-laws. The highlighted f-law states that sequenc-
ing can be eliminated if the first computation immediately returns a value. The constraints
necessary to ensure that both sides of the axiom have the same type are I' Fyon M : A and
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[, x : AFmon N : (¢6)B. When these hold both sides have the same type because of the left unit
law of the preordered monoid: 1-¢ = ¢.

The second group consists of one n-law for each of the type formers of GMM (excluding
base types). The highlighted axiom states that sequencing of computations can be added
without changing behaviour by returning the value of the variable x. It corresponds to the
right unit law ¢-1 = ¢.

The third group contains the remaining axioms for computations. The first axiom states
that sequencing of computations is associative, and corresponds to associativity of -. The
second states that coercion commutes with sequencing of computations. The two terms have
the same type because - is monotone. (A similar equation can be stated for commutativity of
coerce with the eliminator for sum types. This equation follows from the other axioms in the
figure, so we do not need it as an additional axiom.) The final two axioms of the figure allow
us to remove coercions that do not change the effect, and to combine adjacent coercions. They
correspond to reflexivity and transitivity of the preorder <.

In addition to the core axioms, we also close the equational theory under congruence. To
define this, we use a notion of term context. A GMM term context C|[] consists of a term with a
single hole (which we write as O):

Cll = o|(C[l,Mz) | (M, C[]) | fstC[] | snd C[] | casea C[] of {}
| inly, C[] | inra, C[] | case C[] of {inl x;. Ny, inr x;. Ny}
| case M of {inl x;. C[], inr x. N>} | case M of {inl x;. Ny, inr x,. C[]}
| Ax:A.C[] | C[IN | MC[]
|opCI[] | {CI]) | let (x) = C[] in N | let (x) = M in C[] | coerce.<. C|]

We write C[M] for the term formed by replacing O with M. The term context may capture
some of the free variables of M: for example, if C[] is let (x) = M in (O) then C[(x,y)] is
let (x) = M in ((x, y)); in the latter term, only y is free.

This notion of term context is used in the definition of the GMM equational theory.

Definition 2.5.2 We define I Fj,on M = N : A inductively by:

e Preorder: f I'tppon M : Athen T rpypon M = M : A, and if T bypop My = My : A and
Thrpon Mo =Mz : A then T Fmon M1 = M3 : A.

« Congruence: if T Fyyon M = N : A and both I” Fpyon C[M] : Band I Fyon C[N] : B then
I’ Fon C[M] = C[N] : B.

o Axioms: f I'tpyon M : Aand I’ +yon N : A, and M = N is an instance of an axiom in
Figure 2.7, then ' tyon M = N : Aand I Fppon N = M : A. <

For a fixed typing context I and type A, the equational theory is an equivalence relation on terms
of type A in context I'. It is also closed under substitution: if xq : Ay,...,x; : Aybmon N = N’ : B,
and I kyon M; = M] : A; for each i, then

1—‘"mon]\][xl |—>M1,...,Xn|—>Mn] = N,[xl HM{,...,an—)M,/I] : B

Two terms that are syntactically equal up to the placement of coercions are also usually related
by the equational theory. Given a term M, define | M | to be the same as M but with all uses of
coerce deleted (for example, | Ax:A. coerce;<, (x) | = Ax:A. (x)).

Lemma 2.5.3 Suppose that the effect algebra is a partially ordered monoid with bounded
binary joins. Given two terms My, M, such that I' kyon My : Aand Tkpon My A, if [ My ] = | Mz ]
thenI' Fpyon My = M, : A. <
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Figure 2.8: Translation of call-by-value types (top left), contexts (top right), and typing deriva-
tions (bottom) into GMM.

A proof of a similar fact for our call-by-push-value effect system (Lemma 2.7.5) is given in
Appendix B.1, where we also conjecture a counterexample for an effect algebra that does not
have bounded binary joins. The proof for GMM is similar to the proof for call-by-push-value.

2.5.2 Translations into GMM

GMM captures both call-by-value and Moggi-style call-by-name via two translations (one for
each evaluation order) from source-language expressions e into GMM terms. They are based
on similar translations given by Moggi [77, 78], Wadler [98] and Benton et al. [7]. Translations
like these allow us to use intermediate languages to reason about source languages. Having
multiple evaluation-order-directed translations enables reasoning about changes in evaluation
order in the source language using the intermediate language.

In this section, we assume a source-language signature and GMM signature that are com-
patible. Recall that the source-language ground types are unit and bool. We translate these
into GMM ground types:

(unit) := unit (bool) := unit + unit
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(The two translations we give below agree on ground types with this definition.) We require
that both signatures have the same effect algebra, and that for each operation op in the source-
language signature: op is also included in the GMM signature; both signatures agree on
the effect of op; and if 7 and 7’ are respectively the coarity and arity assigned to op by the
source-language signature, then (7)) and (7’| are the coarity and arity assigned to op by the
GMM signature. We allow the GMM signature to contain additional operations, and place no
restrictions on base types or constants.

The first translation maps call-by-value source-language types 7 to GMM types (7))o,
and call-by-value contexts I' to GMM contexts (T} ... It maps derivations of T Fy e : T & € to

mon-*

GMM terms ([ +y e : T & €)}.,,- Since the call-by-value effect system is not syntax-directed,

mon*

derivations are not unique (there is a choice of where to use the subeffecting rule), and different
derivations are translated into syntactically different GMM terms. The term ([ +y e : 7 & €))7},
is a computation with effect ¢: in context (')} ., it has type (¢)(7)},,,- The definition of the
call-by-value translation is given in Figure 2.8, where we omit the sub- and superscripts. The
important part is the translation of functions. Source-language function types are translated
into GMM function types where the result is a computation (so may have side-effects), but the
argument is not. Function applications first evaluate the function itself, then the argument,
and then the function body (this matches the operational semantics in Figure 2.3).

Call-by-name types 7 and contexts I are translated into GMM types (7)mee and contexts
(T)mog?" respectively. The translation of derivations of T Fmoggi € © T & € has similar typing

to the call-by-value translation: (T Fpeggi € : 7 & gpﬁgigi is a GMM term of type <g>(|r|)$3§gi

in context (I')mese . The definition of the call-by-name translation is in Figure 2.9. Many of
the cases are the same as for call-by-value. The key differences are for typing contexts and
functions. The translation of typing contexts uses the graded monad because variables have
side-effects. Similarly, arguments of functions have effects, and therefore are encapsulated in
the graded monad. The translation of a function application does not evaluate the argument
immediately; instead, the computation is passed to the function, and is evaluated each time the
function uses its argument (matching Figure 2.5).
The call-by-value and Moggi-style call-by-name translations have the desired typing:

Lemma 2.5.4
1. If M is the call-by-value translation of a derivation of ' -y e : 7 & ¢, then

(TDfnon Fmon M : ()7 mon

2. If M is the call-by-name translation of a derivation of I' kg € : 7 & €, then
(TDimost’ Famon M = (€} (7)most’ «

Although it is important that we translate derivations rather than just well-typed expres-
sions, for suitable effect algebras it does not matter which derivation is chosen up to the
equational theory:

Lemma 2.5.5 Suppose that the effect algebra (&, <, -, 1) is a partially ordered monoid with
bounded binary joins.
1. If M and M’ are call-by-value translations of derivations of I' -y e : 7 & ¢, then M = M.

2. If M and M’ are call-by-name translations of derivations of T'Fpoggi € : T& €, then M = M’.
<«

This follows immediately from Lemma 2.5.3. Hence when considering GMM terms up to =,
we can refer to the translation of a well-typed expression. We do this in the following theorem.
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(unit) = unit
(bool)) := unit + unit (o) =0
el (T, x : t&e) = (T), x : {e)()
(r — ') = {e)(z) — (N ()
(T Fmoggi € : carep & &) =M
(T Froggi X : T & €)) = x (T Fmoggi Op € : argp & e-effyp)) = let (x) = M in opx
(]F Fmoggi () : unit & 1D =<0
(T Fmoggi true : bool & 1)) := (inlynit()) (T Fmoggi false : bool & 1)) := (inrypit())

(T Fmoggi €1 : bool & ¢) = M, (T Fmoggi €2 : T & €')) = My (T Fmoggi €3 : T& €')) = Ms

(T Fmoggi if e then ey else e3 : 7 & e-¢") = let (x) = M; in case x of {inl _. My, inr _. M3}

(T,x: 1&e bmoggi e : 7 & ') =M

(T Fmoggi Ax:Tt&e.e: T 2L s 1) = (Ax:(e)(z). M)

£, ’
(]I"'moggiﬁ:l'i)l' &€1D=M1 (]rl—moggiezzl'&é‘g[):Mz
(T Fmoggi €1 €2 : T & €1-€3) = let (f) = My in f M,

(T Fmoggi € : T & ) =M

(T Fmoggi € : T & €') = coerce,<, M

Figure 2.9: Translation of Moggi-style call-by-name types (top left), contexts (top right), and
typing derivations (bottom) into GMM.

Theorem 2.5.6 (Soundness) Suppose that the effect algebra (&, <, -, 1) is a partially ordered
monoid with bounded binary joins.

v
1. forye: & eand e ws ¢, then (e)y ., = (€)ion-
moggi i i
2. fobmoggie: T& eand e > ¢, then (e)mon = (€ )mon - <

Both of the translations described in this section are compositional: the translation of a
typing derivation depends only on the translations of its subderivations (rather than the actual
structure of the derivations). This property is crucial for reasoning, because we look at parts of
programs rather than complete programs. Compositionality implies it is valid to do so.

2.6 Levy-style call-by-name

As we mentioned above, Moggi-style call-by-name is not the only form of call-by-name. We
also discuss Levy-style call-by-name.
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First we explain why there are two forms of call-by-name. Suppose we are in a language
(such as PCF) that has divergence as the only side-effect, and that Q; is a closed diverging
term of type 7. Each program M of type bool will either diverge or return a boolean. In a
domain-theoretic denotational semantics, the denotation of M is an element of 2,, where
2 = {true, false} is discrete, and the operation (—) , freely adds a least element. What should
the denotation of a closed term of type bool — bool be? It could be an element of either of the
following (where = means function space):

(bool; = bool,), bool, = bool;

The left distinguishes between Qpool—bool (Which has interpretation L) and Ax. Qpee1. On
the right, there is no separate least element L for diverging terms of function type, so
[[Qb001—>b001]] = [[Ax Qbool]]-

In PCF there is no observable difference between Qpgol—bool and Ax. Qpool, because programs
can only use functions by applying them. Hence a denotational semantics does not need
to distinguish between these terms, and both interpretations of bool — bool are correct.
This breaks down if we add other ways to use functions: in Haskell, M *seq® N roughly
means evaluate M, discard the result, and then evaluate N; by passing these two terms as
M we can distinguish between them. In languages with seq, only the interpretation on
the left is valid. However, in languages without seq, the interpretation on the right more
closely reflects the observable behaviours of terms. In particular, 7-expansion preserves the
interpretation of functions. The interpretation on the right also has other useful properties: for
example, the evident function swap : (r; = ©» — ') — (1, = 71 — 7’) is an isomorphism
(1 > p > ) = (1, » 11 = ) (by which we mean [[swap (swape)] = [[e]]). Both of the
two interpretations of call-by-name have advantages.

The Moggi-style call-by-name translation we define in Figure 2.9 takes the option on the
left (think of (¢) as being (—),). It assumes that it might be possible to observe side-effects
at any type. Levy-style call-by-name corresponds to the option on the right. It is the form of
call-by-name primarily considered by Levy [56].* For Levy-style, we assume that side-effects
can only be observed at base types. This is the case for the source language we consider (and
so Levy-style is suitable) because we have not included any seqg-like constructs.

To describe a source-language effect system for Levy-style call-by-name, we attach the
effects ¢ to base types (rather than having an extra parameter in the typing judgment). The
syntax of types is therefore

7,7 = (e)unit | (¢)bool | 7 — 7’

The similarity with the graded monad (—) of GMM (Section 2.5) is not accidental. For example,
(¢)bool should be thought of as the type of computations of effect ¢ that return booleans.
Typing contexts I" are lists of pairs of the form x : 7. The syntax of expressions is similar to the
other source languages:

e := x|ope| () |true | false | if e; then e; else e3 | Ax:7.e | e1 e,
The effect system is again parameterized by a source-language signature (Definition 2.2.1).

The coarity and arity of each operation is either unit or bool; these are not annotated with
effects, and hence are not Levy-style call-by-name types (but (¢)7 is for 7 € {unit, bool}). The

*And this is why we call it Levy-style, though it has been considered previously. For example, it is used for
PCF and idealized Algol [90], and is discussed by Benton et al. [7].
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['kye: (e)cargy

—if(x:7) €T
Frpx:7T I'tyope: (e-effop)arg, I'ty () : (1)unit
I ke : (e)bool IFtper: T Fhpes:t
I+, true : (1)bool I +, false : (1)bool I+, if e; then e; else e3 : {e)r
Ix:tkpe: T Troep:7— 17 | S Trpe: {e)r
—ife<é
Ty Ax:Ae:7— 17 IFoejep: 7 Trpe: {e)r

Figure 2.10: Effect system for Levy-style call-by-name

typing judgment has the form I' -, e : 7. To define it, we use a function {¢) that adds the effect
¢ to types. The type {e)7 is given by:

() ({¢')unit) = (e-£'Yunit {e)({¢'Ybool) = (¢-£)bool (Nt = 1) =1 > ()T

The typing judgment is inductively defined by the rules of Figure 2.10. Most of the rules
are standard; in particular, the rules for A-abstraction and application are the same as for
the simply-typed A-calculus. Hence n-expansion preserves types: if I' -, e : 7 — 7’ then
['+thAx:7.ex : © — 7’. (This is the key property that we would expect if we can only
observe effects at base types. It is not true for the Moggi-style effect system.) In the rule
for if e; then e, else es, the operation {¢) is used because the expression e; (with effect ¢) is
evaluated before evaluating either e, or e;. The subeffecting rule is similar to those in our other
effect systems.

The Levy-style call-by-name operational semantics consists of a small-step reduction

relation ~». The rules defining this are exactly the same as for Moggi-style call-by-name
(Figure 2.5), except for the slightly different A-abstraction syntax. The Levy-style call-by-name
effect system also satisfies the following subject reduction theorem. (Recall that ¢ is the empty
typing context.)

Theorem 2.6.1 (Subject reduction for Levy-style call-by-name) If o+, e : 7and e ~ el
thenot, e : 1. <

A natural question to ask is whether we can add Levy-style call-by-name to the translations
into the graded monadic metalanguage described in Section 2.5.2. Filinski [24] defines a
generalized let construct that can be used to do this. However, as explained by Levy [56],
the result is difficult to reason about because the translation of if depends on the type .
This motivates call-by-push-value, which is designed to admit a more suitable translation of
Levy-style call-by-name.

2.7 Graded call-by-push-value

The language we use for the remainder of this thesis is Levy’s call-by-push-value (CBPV) [56].
CBPV has several advantages over other intermediate languages such as the monadic metalan-
guage. The main advantage for our purposes is that is allows us to express more evaluation
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orders. There is a compositional translation from Moggi’s monadic metalanguage (and there-
fore from call-by-value and Moggi-style call-by-name), and a compositional translation from
Levy-style call-by-name. As for the other languages in this chapter, we wish to use an effect
system to enable effect-dependent reasoning. We therefore present graded call-by-push-value
(GCBPV), which is similar to CBPV except that the type system tracks effect information. Before
doing this, we take a closer look at how CBPV allows programs to control their evaluation
order.

CBPV stratifies terms into values, which do not have side-effects, and computations, which
might.’ Evaluation order is irrelevant for values (because of the lack of side-effects), so we only
need to be careful about how computations are sequenced. There is exactly one CBPV primitive
that causes the evaluation of more than one computation. The computation M to x. N runs
the computation M, binds x to the result, and then runs the computation N. (It is similar to
let (x) = M in N in GMM.) The evaluation order is fixed: M is always evaluated eagerly. To
allow more control over evaluation order, CBPV allows computations to be thunked. The term
thunk M is a value that contains the thunk of the computation M. Thunks can be duplicated
(to allow a single computation to be evaluated more than once), and discarded (so that the
computation is not evaluated). If V is a thunk, it can be converted back into a computation
with force V.

2.7.1 Syntax

The syntax of graded call-by-push-value is as follows. It is similar to the syntax of ordinary
call-by-push-value, except that it tracks effect information.®

AB :==b V,W == ¢|x
| unit | O
| A; X Ay | (Vi, Vo) | fstV | snd V
| empty | cases V of {}
| A1+ A, | inlg, V | inry, V | case V of {inl x;. W}, inr x,. W,}
|uC | thunk M
C,D == unit M,N == A}
|C, xC, | A{1. M, 2. M} | I'M | 2°'M
|A—C | Ax:A. M| V'M
| (e)A | opV | (V)| Mtox.N | coerce.<. M
| force V

Types are stratified into value types A, B and computation types C, D; terms are stratified into
value terms V, W and computation terms M, N. Value types include base types b, the unit type,
product types, the empty type, and sum types. As for GMM, we include a collection of constants

There are several calculi that similarly capture various evaluation orders by stratifying their syntax into two
parts, such as polarized calculi [102]. These have various viewpoints on the distinction between the two parts,
and these affect the design of the language. We return to this issue when we add call-by-need in Chapter 5.

®Other than tracking effect information, the only difference with ordinary CBPV is that eliminators of product
and sum types are value terms rather than computation terms (which makes value terms slightly more general).
Levy [56] calls this CBPV with complex values. This influences how we think about the split between values
and computations: with complex values, value terms do not have side-effects when they are executed; without
complex values, values do not reduce at all.



2.7. Graded call-by-push-value 29

c. All GCBPV constants are value terms; we do not need constants on the computation level
(this is discussed further below). Values also include thunks. The value type UC contains
thunks of computations of type C. The value term thunk V suspends a computation M; the
computation term force V runs a suspended computation V. Computation types include a
unit type unit (introduced by the computation term A{}), and lazy binary products C, X C,.
Pairs of computation terms are written A{1. My, 2. M}, and the first and second projections
are 1°'M and 2°M. Laziness means i'M evaluates only the ith component of the pair; the other
component (and its side-effects) are ignored. Binary products of value types give us strict
pairing. Functions send values to computations, and are computations themselves. Application
is written V°M, where V is the argument and M is the function to apply.

The highlighted computation type (e)A is a returner type. It contains computations which
have side-effects restricted to the effect ¢, before potentially returning a value (which must be
an element of A). The side-effects could include e.g. divergence (and hence such a computation
might never return a value). The corresponding type in ordinary CBPV is usually written F A;
we add grading by the effect . Application of an operation op to the argument V' is written
op V. As for GMM, the argument is not a computation; to apply an operation to the result of
a computation M we can use (M to x.op x). Returners (i.e. elements of returner types) are
introduced by (V'), which is a computation that immediately returns V (with no side-effects).
The eliminator is M to x. N (which requires M to have returner type). As mentioned above,
this runs M, then binds x to the result and runs N. Notationally, to is right-associative (so
M; to x. M, to y. M5 means M; to x. (M, to y. Ms)), and variable bindings extend as far to the
right as possible (so Ax : A. M; to y. M, means Ax : A. (M; to y. M,)). Finally, we can coerce
computations of returner type from effect ¢ to a less restrictive effect ¢’ with coerce,<,.

The eliminators of the empty and sum types are value terms. We also have syntactic sugar
for eliminators of value terms on the computation level:

case. V of {} := force (caseyc V of {})
case V of {inl x;. My, inr x,. M} := force (case V of {inl x;.thunk M, inr x,. thunk M,})

In GCBPYV, all side-effects occur at returner types. This is similar to Levy-style call-by-name,
where side-effects occur at base types. Lambda abstraction therefore does not thunk effects,
so n-expansion is valid for function types. Similarly, products of computation types are lazy.
The computation 1°A{1. My, 2. M} has the same semantics as M; (it does not evaluate M),
and n-expansion is valid (if M is a product of computations, it has the same semantics as
M1.1°M, 2.2°M}).

Ground types G in GCBPV are value types that do not contain thunks.

G = b|unit| G XG; | empty | G; + G,

The notion of signature for graded call-by-push-value is almost identical to that of the graded
monadic metalanguage (Definition 2.5.1).

Definition 2.7.1 A GCBPYV signature consists of the following data:
« A preordered monoid (&, <, -, 1) of effects.

« A set B of base types.
+ A family of pairwise disjoint sets K4 of constants of type A, indexed by value types A.

« A set X of operations.

For each operation op € X, ground types car,p, and ar,p, respectively called the coarity
and arity of op, and an effect eff,, € &. <
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— ifc e Ky —if(x:A) el _
F'rc:A F'rFx:A Ik () : unit
eV Ay T'rVy: A, I'rV:A XA, I'rV:A; XA, 'V :empty
't (V,V5) : Ap X A IHfstV: A IF'tsndV: A, I'tcases Vof {}: A
I'rVvV:A 'rv:A,
FI—inlAZV:A1+A2 Fl—inrAIV:A1+A2

TV A+ A, I,x;:Ai+W;: B [,xy: Ay Wy : B

'+ case V of {inl x;. Wy, inr x,. W} : B

TEM:C
I'+thunkM :UC

remM:C

e M :C, LM :C, remM:C, xc, reM:C, xC,

'k A{} : unit F'e M{1.M,2.Mp}: C, XC, re1'M:C F'e2'M:C,
x:AeM:C r-v:A reM:A—-C
't Ax:AM:A—C reVM:C
[+ V :carg r-Vv:A F'eEM: (e)A ILx:AEN:C
C'ropV: (effy,)arg, T'E(V):(1)A 'k Mtox.N:{e)C
't M: {(e)A rrv:ucC
if e < ¢

1 _—m
Ik coerce,< M : (¢YA [t forceV :C

Figure 2.11: Graded call-by-push-value typing rules
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Typing contexts I' are ordered lists mapping variable names to value types A; as usual, we
assume no variable appears more than once. Variables do not have computation types (but they
may be thunks of computations). There are two typing judgments: I' - V : A means the value
term V has value type A in context I', and similarly I' M : C means the computation term
M has computation type C in context I'. To define them, we use a function {¢) that adds the
effect € to computation types, similar to the function on types used for Levy-style call-by-name.
The computation type {e)C is defined by recursion on the structure of C.

(¢)unit = unit ()€, X Cy) = (e)C, X (e)C,
(NA—=C)=A—(e)C () ((e)A) = (e-e)A

The base case of the recursion is returner types, where we collect the two effects ¢ and ¢
together by multiplying them. We do not look at the structure of A in this case. The definition
of the typing judgments is given inductively by the rules in Figure 2.11. As for our other type
systems, rules that extend typing contexts implicitly assume the extra variable is fresh. We use
{e) in the typing rule for to because it evaluates more than one computation.

We also have a substitution lemma for GCBPV. Since we need it later, we first define a
notion of well-typed substitution. Substitutions are given by the following grammar:

o= o |ox—V

where ¢ is the empty substitution. Variables are associated with value types (not computation
types) in typing contexts, and are therefore mapped to value terms by substitutions. We have a
typing judgment I' o : A for substitutions, meaning in the context I' the terms in ¢ have the
types given in the context A. This is defined as follows:

I'to: A r+v:A
T'Fo:o I't(o,x—V):(Ax:A)

We write V[o]| and M|[c] for the applications of the substitution ¢ to the value term V and to
the computation term M. These are defined by induction on the structure of the terms, and
are capture-avoiding. The key property of the substitution typing judgment is the substitution
lemma:

Lemma 2.7.2 (Substitution) Suppose thatT'+ o : A.
1. (Values) If A+ V : BthenT + V[o] : B.

2. (Computations) If Ar M : C thenT + M[o] : C.
Proof sketch. There is a weakening lemma on value terms, which states that if I, T+ W : A
thenT',x : A",T” + W : A. This is proved by induction on the typing derivation mutually with a
similar weakening lemma for computation terms. The weakening lemma for value terms can
then be extended to substitutions. Finally, the substitution lemma is proved by induction on
the typing derivation for V (or M), using weakening. O

GCBPV allows subeffecting on returner types using coerce. We could have instead included
a general form of subtyping, by including terms of the form coercec<.p M in the syntax, but
this turns out to be unnecessary. Subtyping C <: D for computation types and A <: B for value
types is defined inductively by the rules on the left of Figure 2.12. Both subtyping relations
are provably reflexive and transitive. Subtyping on terms is then syntactic sugar: value terms
coerces<.p V and computation terms coercec<.p M are given by induction on the derivation
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Subtyping rule Syntactic sugar
I'+ coerces.gV : B
coercep.., V =V
b<b )
—_— Coerceynit<:unit V = V
unit <: unit
Ay < By Ay < By COETCeA, xA,<:B,xB, V ‘=
Ay X Ay <: By X By (coercey, <:p, (fst V), coercen,<.p, (sndV))
COerceempty<iempty V = V
empty <: empty
COETICeA, 1Ay <:B+B, V ‘=
Ay < By Az < By case V of
A+ A, < By + B, {inl x;.inl, (coercey, <., x1)
, inr x;. inrp, (coercey,«:p, X2) }
c<D V = thunk ( (force V')
—_ coerceyc<yp V = thunk (coercec..p (force
UC<UD ==TE ===
C<D [k coercec<.p M : D
—_— CO€ercCeynit<unit M := M
unit <: unit - T
C, <D, ¢, <D, coercec o «.pxp, M =

C,xC,< D, xD,
B< A c<D
(A—C) < (B— D)
e<¢ A< B
(e)A <: (£')B

1. coercec <.p, (1'M), 2. coercec,<.p, (2°'M)}

Coerce(A_)g)<;(B_)Q)M =
Ax:B.coercec..p ((coercep.. x) “ M)

coerce ;A< (yp M = coerce.<. (M to x. (coercea.p x))

Figure 2.12: Subtyping in graded call-by-push-value
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of subtyping on the right of Figure 2.12. In general, the definition n-expands the terms (for
example, coercions between function types introduce lambdas) and propagates coercions down
to returner types. Recall that n-expansion preserves the semantics of GCBPV terms. Coercions
have the expected typing: if A <: BthenI' V : A implies I - coercea«.pV : B, and if C <: D
then '+ M : C implies I k coercec<.p M : D.

A useful property is that the functions {¢) on computation types form an action of the
preordered monoid of effects on the preorder of computation types (ordered by subtyping).

Definition 2.7.3 An action of a preordered monoid (&, <, -, 1) on a preordered set (X,C) is a
function * : & X X — X that is monotone in both arguments and satisfies

1xx = x ex (¢ xx) = (e:&)xx

foralle ¢ € &Eand x € X. <

2.7.2 (In)equational theories

As for GMM (Section 2.5) we give an equational theory for determining when it is correct
to replace one program with another. However, there are two key differences in this section.
The first is that we define a general notion of theory for GCBPYV, consisting of some core
axioms possibly augmented with additional axioms, rather than constraining ourselves to one
particular equational theory. The reason for this is that we add extra axioms to capture the
behaviour of side-effects included in the signature. The second difference is that we do not
constrain ourselves to symmetric theories (hence we prefer the term inequational theory rather
than equational theory). We give examples of non-symmetric theories in Chapter 4.

For GCBPV an inequational theory consists of two judgment forms, one for values and one
for computations:

FrFV<W:A 't MSN:C

These mean that the terms are well-typed, and every behaviour of V (or M) is a possible
behaviour of W (or N). (For this chapter, we can use the same intuition as for = in GMM. The
lack of symmetry only becomes important in Chapter 4.) As before, we omit the typing context
and type when they are obvious or unimportant.

Each inequational theory must satisfy a core set of symmetric axioms, which are listed
in Figure 2.13. We use the symbol = to indicate that they should be read symmetrically (we
define = to be the intersection of < and its opposite >). They are just the usual axioms for
call-by-push-value (with complex values), plus some additional axioms for coercions. Each
axiom is subject to suitable restrictions on free variables and typing (for example, M = A{} can
hold only if M has type unit).

The first group consists of f laws. The second consists of 7 laws; there is an n law for
every GCBPV type (excluding base types). In the third group, the first two equations state that
sequencing of computations commutes with formation of binary products and functions. A
consequence of these two axioms and the 1 laws is that it is not necessary to allow arbitrary
computation types on the right-hand side of to; returner types suffice. This is the case because:

Mtox. N = A{} if N : unit
Mtox.N = M{1.Mtox.1'N, 2.M to x.2°N} ifN:C, xC,
Mtox.N = Ay:A. Mtox.y'N iftN:A—>C

where y is not free in N. (These are instances of the equational theory defined below, but not
axioms.) The third axiom of the third group is associativity of to. The fourth is commutativity
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fst(Vi,V2) = V; snd (V1,V2) = V;
case inly, V of case inry, V of
{inl x;. W; = Wi[x;—V] {inl x;. W} = Wh[xy—>V]
, inr x,. W} , inr x,. W}
T'M1.M, 2. M} = M 2M1. My, 2. My} = M,
VAx:AM = M[x— V] Mytox.M = M[x—V]
force (thunk M) = M
V= () V = (fstV,snd V)
V = cases W of {} case W of
V = thunk (forceV) Vix—>W] = {inl y;. V[x+>inla,yi]
, inr y,. V[x—inrg, y2]}
M = A{} M = (1'M,2°M)
M = Ax:A.x'M M = Mtox.(x)

AM1.Mtox.Ny, 2. M to x. N>}
Ay:A.Mto x. N
(M; to x. My) to y. M

coerce;, .., <. .¢; (M to x. N)

M to x. A{l Nl, 2. Ng}
Mtox.Ay:A.N

M; to x. My to y. M3

(coerce;, <.s M) to x. coerce,,<.s N
M

coerce.<.” M

coerce.<.» M

coerce, <. (coerce,<,» M)

Figure 2.13: Core axioms of GCBPV inequational theories

of coerce with to. This axiom can only be applied if N has returner type; this is not an issue
because we can write all uses of to in terms of those that only use returner types. The equation

coerce(gyc<(eyc’ (M tox. N) = (coerce.< M) to x. coercec.cr N

follows. Finally, there are two equations corresponding to reflexivity and transitivity of the
order < on effects. The equations

coercece.cM = M coercec’ .. (coercec<.cr M) = coercece.cr M

follow from these.

Each inequational theory is also required to be closed under congruence. Congruence
involves two kinds of term context: we have C[] for value terms with a single hole, and C[] for
computation terms with a single hole. We write O for a hole where a value term is expected,
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and O for a hole where a computation term is expected.

Cl] = o[ (C[,V2) | (Vi,C[]) | fstC[] | snd C[] | casex C[] of {}
| inlg, C[] | inrg, C[] | case C[] of {inlx;. W}, inr x,. Wy}
| case V of {inl x;. C[], inr x,. W5} | case V of {inl x;. W;, inr x,. C[]}
| thunk C[]
Cll == ol A{1.My,2.ClI} | M1.CIL,2. Mo} | 1CI1 | 2°CI1 | Ax:A.C[] | CLI'M | V°CI]
|opC[] | (C[]) | C[] to x. N | M to x.C[] | coerce,<, C[] | force C[]

If C[] is a term context that expects a value term, we write C[V] for the term formed by
replacing O with the value term V, and similarly for the other kinds of term context. The term
context may capture some of the free variables of V.

Both judgments of an inequational theory are also required to be closed under substitution
(see also Lemma 2.7.2). To state closure under substitution, we extend the value judgment

TFVSW: A

of each inequational theory to substitutions componentwise: given a typing context I', as well
as another typing context and two substitutions

A=x1:A1...xp: Ap oc=x1— V..., x, =V, od=x1- V], ..., xn >V,
wewriteI'Fo <o :AifT+0c:AT+o :A, and for all i,
THV <V 2 A
We now collect together our requirements on inequational theories into a single definition:

Definition 2.7.4 (Inequational theory) An inequational theory consists of a GCBPV signa-
ture and two judgments
r-rv<w:A F'eM<N:C
such that:
+ Preorder:
— Values: if TFV : AthenTHFV S V:A andif T+HV; < Vo :AandTHV; < V3: A
thenI'FV; < V3: A
— Computations: if TEM : CthenTEM < M : C,and if T'E M; < M; : C and
't My < Ms:CthenT k M; < Ms:C.

+ Congruence: if ' - V < W : A then for term contexts with hole O

I'tC[V]:BAT'vC[W]:B = T'vC[V]<C[W]:B

It C[V]:DAT'EC[W]:D = T'tC[V]<C[W]:D
IfT £ M < N : C then for term contexts with hole O

I'tC[M] :BAT'+C[N]:B = TI'+C[M]<C|N]:B

I"'bEC[M]:DAT'EC[N]:D = TI'tC[M]<C[N]:D

o Substitution: If T + ¢ < ¢’ : A then

W:B = T+ V]o]

AV < W
ArEM<N:C = TrMlo]<N

[o'] :

o
[o']

0 =
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get () to x. (putx; (x))

put V; get ()

put Vi; putV;

get () to x. get () to y. ((x,y))
get (); ()

COETCe(get} <{get,put} (get ()
putV; COCTCe( < (get} V)

put V2
get () to x. ((x,x))
coercep<(get) {())

Figure 2.14: Signature axioms for global state

« Core axioms:

— Values: if T+HV : AandT+W : A, and V = W is an instance of an axiom in
Figure 2.13, thenTHFV <K W: Aand T+ W <V : A

— Computations: if TF M :Cand ' N : C, and M = N is an instance of an axiom in
Figure 2.13, thenTEM K N:CandTEN <M :C. <

For a fixed typing context I' and type A, each inequational theory is a preorder on terms of
type A in context I', and similarly for computations. We use the symbol = for the symmetric
part of the inequational theory (e.g. on values, '+ V = W : Ameans bothT'+V < W : A and
'tV < W:Ahold).

The smallest possible inequational theory (i.e. the one that relates the fewest terms), is given
by taking the core axioms, and closing them under reflexivity, transitivity and congruence.
(Closure under substitution holds automatically in this case.) Since all of the core axioms are
symmetric, the smallest inequational theory is also symmetric.

In general, to specify an inequational theory, we give a list of (possibly non-symmetric)
signature axioms (which characterize the side-effects in the signature) to be taken in addition to
the core axioms. The < judgments are then given by closing under congruence, reflexivity and
transitivity. We do not assume that inequational theories are given by a finite set of axioms (or
axiom schemas). Nor do we forbid infinitary rules in the definition. This allows us to consider
inequational theories for recursion (using an infinitary rational continuity rule [19]).

We give one example here, for global state (further examples are given in Chapter 4). For
this example, we use the Gifford-style effect algebra with two operations: get with coarity unit
and arity bool, and put with coarity unit and arity bool. Effects are subsets of {get, put}. We
write M; N as syntactic sugar for M to x. N, where x is fresh. The signature axioms for this
example are listed in Figure 2.14; they characterize the behaviour of get and put. The signature
axioms for global state imply more general equations. For example, the fourth axiom, which
allows us to merge two adjacent reads, implies the following general equation:

get(Jtox.get()toy. M = get() toz. M[x z,y+— z]

As an aside, we mention that these are not the same as the axioms given by Plotkin and
Power [88]. If we forget about the effect system (more formally, if we use the trivial effect
algebra), then our axioms are equivalent to Plotkin and Power’s. However, the proof that our
fifth axiom (which is just get (); (()) = (()) for the trivial effect algebra) follows from theirs is
a sequence of equalities involving put. We cannot use that proof with a Gifford-style effect
algebra because the effect for this axiom does not contain {put}. In general, when adding an
effect system it may be necessary to specify additional axioms.
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In the rest of this chapter we consider arbitrary inequational theories <. Given a value term
V we define | V] to be V but with all uses of coerce deleted, and similarly for computation
terms. We have:

Lemma 2.7.5 Suppose that the effect algebra (&, <, -, 1) is a partially ordered monoid with
bounded binary joins.

1. Given two value terms V;,V, such thatT'+V; : Aand T+ V5 : A, if | Vi | = | Vo] then
T+ V1 = ‘/.2 D A

2. Given two computation terms M, M, such that T M; : Cand T M, : C,if [ My | = | M3 ]
thenTEM; =M, :C <

We use this fact when considering the translations from source-language effect systems.
A proof is given in Appendix B.1. We conjecture that this lemma does not hold when the
assumption about the effect algebra is dropped. A conjectured counterexample is given along
with the proof.

When we consider equivalences between terms in graded call-by-push-value, we ask for
the terms to have the same observable behaviour. We therefore define a contextual preorder for
GCBPYV, by considering closed computations that return elements of ground types.

Definition 2.7.6 (Contextual preorder) Given an inequational theory, the contextual pre-
order consists of two judgment forms.
1. Between value terms: TV <¢x W : AifT+V : A, T+ W : A, and for all ground types G,
effects ¢, and term contexts C[] with hole O such that o C[V] : (¢)G and o C[W] : ()G
we have

ok C[V] < C[W] : ()G

2. Between computation terms: '+ M <¢x N : Cif T M : C,T £ N : C, and for all ground
types G, effects ¢, and term contexts C[] with hole O such that o - C[M] : (¢)G and
ok C[N] : ()G we have

ot C[M] < CIN] : ()G <

As for inequational theories, we often omit the typing context and type. The inequational
theory is stronger than contextual equivalence: if M < N then M <. N (and similarly for
value terms), because < is a congruence. For closed terms of (¢)G, where G is a ground type,
the converse also holds: if o - M <.x N : (¢)G then o M < N : (¢)G. This is not generally the
case for open terms or for other types. For example, with global state

x : ({gethunitk x < coercep<(ger; (()) : ({get})unit

does not hold, but the two computations have the same observable behaviour.

2.7.3 Translations into GCBPV

To reason about evaluation orders using graded call-by-push-value, we give compositional
translations from our source-language effect systems, similar to the translations into the graded
monadic metalanguage described in Section 2.5.2. In addition to call-by-value and Moggi-style
call-by-name we give a translation from Levy-style call-by-name into GCBPV.” We could not
do this satisfactorily for GMM. The call-by-value and Levy-style call-by-name translations we
give here are based on those of Levy [56], with some minor modifications to deal with effects.

"We can also translate most of GMM into GCBPV by decomposing the graded monad (¢)— as U ({¢)-).
(Function types cannot be translated.)



38 Chapter 2. Effect systems and evaluation orders

(unit) := unit
(bool) := unit + unit (T (].OE = <(]>F|) : (7)
[e5 ) = U((e) - (1) S

(T +ye:carep &e) =M
(Tryx:7&1) = (x) (T +yope:ary, &e-effop]) = M to x.opx

(Try () :unit & 1) = (())

(T Fy true : bool & 1)) = (inlypit()) (T ry false : bool & 1) := (inrypit())

(T Fy e1 : bool & ¢) = M, (Tryex:T&E) =M, (Tryes:T&E) =M

(T kyif e; then ey else e3 : T & e-¢’) = M; to x. case x of {inl _. My, inr _. M3}

(T,x:thye: T &e) =M

(Try Ax:T.€: 57 & 1) = (thunk (Ax:(z).M))

(]Fkvel:rir'&ng:Ml (]FI—Vele&é‘zD:Mg
(Cryerer: T &er-ex-63) = M to f. M to x. x " force [

(Trye:t&e) =M

(Trye:T&¢€) = coerce<e M

Figure 2.15: Translation of call-by-value types (top left), contexts (top right), and typing
derivations (bottom) into GCBPV.

The translations we give in this section assume a fixed source-language signature (Defini-
tion 2.2.1) that is used to instantiate the source-language effect systems, and a fixed GCBPV
signature (Definition 2.7.1). The two signatures are required to be compatible. We translate
source-language ground types 7 € {unit, bool} into GCBPV as follows:

(unit) := unit (bool) := unit + unit

For compatibility we assume that the two signatures have the same effect algebra, and that for
each source-language operation op: the GCBPV signature also includes op; the two signatures
assign the same effect eff,, to op; and if 7 and 7’ are respectively the coarity and arity of
op in the source-language signature, then (7)) and (7’) are the coarity and arity of op in the
GCBPV signature. The GCBPV signature is allowed to contain operations that are not in the
source-language signature, and we place no requirements on base types or constants.
Call-by-value types 7 are translated into GCBPV value types (7)Y, which represent values
of type 7 (with no side-effects), and call-by-value contexts I are translated into GCBPV contexts
(T)Y. Call-by-value derivations T + e : T & € are translated into GCBPV computations (T F e :
7 & ¢|)¥ that return elements of (7)), so (T')" k (e)¥ : (e)(r)', where we omit the context
and type in (e)". (Recall that we have to translate derivations rather than just well-typed
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(unit) = unit

(bool) := unit + unit (o) =0
&€’ (T, x : t&e) = (T), x : U ({e)(z))

(r — ) =UUe)(r]) = () ()

(T Fmoggi € : carep & &) =M

(T Froggi ¥ : T & &) := force x (T Fmoggi Op € = argp & e-effop) = M to x.opx

(]F Fmoggi () : unit & 1D =<0

(T Fmoggi true : bool & 1)) := (inlynit()) (T Fmoggi false : bool & 1)) := (inrypit())

(T Fmoggi €1 : bool & ¢) = M, (T Fmoggi €2 : T & €')) = My (T Fmoggi €3 : T& €')) = Ms

(T Fmoggi if e then ey else e : 7 & e-¢") = M; to x.case x of {inl _. M, inr _. M3}

(T,x: 1&e bmoggi e : 7 & ') =M

(T Fmoggi Ax:T&e.e: T LN T & 1)) = (thunk (Ax:U ({e)(z)). M))

£9,€ ,
(T bmoggi€1: 7 —> T &er) =My (T Fmoggi €2 : T & &2) = My
(T Fmoggi €1 €2 : T & €1-€3) = M; to f. (thunk M,) * (force f)

(T Fmoggi € : T & €) =M

(T Fmoggi € : T & €') = coerce,<, M

Figure 2.16: Translation of Moggi-style call-by-name types (top left), contexts (top right), and
typing derivations (bottom) into GCBPV.

expressions because the call-by-value effect system is not syntax directed.) The side-effects of
e are encapsulated in the returner type.

The definition of the call-by-value translation is in Figure 2.15, where we omit the superscript
on (|—)". For function types we use computations of returner type with effect ¢ (for the latent
effect of the function), and the side-effects of the function are thunked by wrapping it in U. This
means that call-by-value expressions of function type are translated into computation terms
that return thunks of GCBPV functions. For operations op, the expression e is first eagerly
evaluated, and then op is applied to the result. In the translation of if-expressions we use the
eliminator of GCBPV sum types on the computation level (recall that this is defined in terms
of the eliminator on the value level). In the translation of lambda abstraction and function
application we explicitly specify where side-effects are thunked, and where thunks are forced.

Most of the translation of Moggi-style call-by-name is similar to the call-by-value translation.
Types 7 are translated into GCBPV value types (7)™°88!, which represent values of type 7 with
no side-effects. Contexts I become GCBPV contexts (I')™°8€". Derivations of I kyoggi € : 7 & €
become computation terms (I Fpoggi € : 7 & &) 88" of type (&) (7)) ™88

The definition is in Figure 2.16. The primary difference is in the translation of function types,
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({¢)unit) = (¢)unit
((e)bool)) := (&) (unit + unit)
(r — ') =U(z) — ()

(o) =0

(T,x: 7)) = (T), x : U(z)

(T ko e: (e)caryp) =M

(T Fnx: 7)) == forcex (T Fnope: (e-effop)arg,) = M to x.op x

(T O : (Dumit) = ()

(T +y true : (1)bool) := (inlypnit()) (T +y false : (1)bool) := (inrypit())

(T +y €1 : (e)bool) = M; (Trne: 1) =M, (Trnes:t) =Ms
(T kpif e, then e; else e; : {e)7]) = M to x.case x of {inl _. M,, inr _. M3}

(T,x:tkpe: ') =M (Crne it —> 7)) =M, (Trney:t) =M,
(TrpAx:te: 7 — 7)) = Ax:U(7). M (Trnerey:7) = (thunkM,) ‘M,

(Crne:(eyr) =M
(T kye: Y1)

coerce .y (7)) <:(e') () M

Figure 2.17: Translation of Levy-style call-by-name types (top left), contexts (top right), and
typing derivations (bottom) into GCBPV.

where arguments are thunked computations rather than just values. Similarly, typing contexts
contain thunks. Variables x force the corresponding thunk; hence we reevaluate a computation
each time x is used. Operations eagerly evaluate their argument. For function application, the
argument is not evaluated immediately; instead a thunk is passed to the function.

Both the call-by-value and Moggi-style call-by-name translations into GCBPV are somewhat
similar to the corresponding translations into GMM. In this section, we add a translation for
Levy-style call-by-name. Unlike the previous two, Levy-style call-by-name types 7 are translated
into GCBPV computation types (z)". The elements of (7))" are therefore computations, and
might have side-effects. A derivation T'ye : 7 is translated into a computation term (T'+qe : 7)"
of type (z)". We do not introduce an additional returner type (in contrast to the previous
translations), because the side-effects occur at returner types that appear in (z)". Typing
contexts I' are translated into GCBPV typing contexts ()" as before.

The definition of the translation from Levy-style call-by-name into GCBPV is given in
Figure 2.17. Returner types are attached to unit and bool because these are the types at which
side-effects occur for Levy-style call-by-name. As for Moggi-style call-by-name, functions take
thunks of computations as arguments. Otherwise, they just use the GCBPV function types
directly. The translation of types satisfies ({e)7)" = {¢)(z])". Contexts are translated using
thunks. Most of the cases in the translation of typing derivations are similar to the Moggi-style
call-by-name translation. The case for function application is simpler because the side-effects
associated with computing the function are not thunked. Like the other two translations in
this section, the translation from Levy-style call-by-name into GCBPV is compositional.
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Each of the three translations in this section satisfies some useful properties. First, the
terms that arise from translating typing derivations into graded call-by-push-value have the
desired types.

Lemma 2.7.7

1. If M is the translation of a derivation of I -y e : 7 & ¢ in call-by-value then
(T)* £ M (e) ()"

2. If M is the translation of a derivation of I' kg € : 7 & ¢ in Moggi-style call-by-name
then

(]r[)moggi FM: <€>(]TDmoggi
3. If M is the translation of a derivation of T i, e : 7 in Levy-style call-by-name then

(T)* e M: ()" <

Next, we note that any two typing derivations with the same conclusion in our source-
language effect systems can differ only in where subeffecting is used. Hence by Lemma 2.7.5,
for typical effect algebras, translations of derivations with the same conclusion are the same
up to the GCBPV inequational theory.

Lemma 2.7.8 Suppose that the effect algebra (&, <, -, 1) is a partially ordered monoid with
bounded binary joins.

1. If M and M’ are call-by-value translations of derivations of I' -y e : 7 & e then M = M’.

2. If M and M’ are Moggi-style call-by-name translations of derivations of I' kpoggi € : 7 & £
then M = M’

3. If M and M’ are Levy-style call-by-name translations of derivations of ' I, e : 7 then
M=M. <«

In particular, when considering GCBPV terms up to the (symmetric part of) the inequational
theory, we can consider translations of well-typed expressions; the choice of derivation is
irrelevant. (For example, for each I, 7 and ¢, the call-by-value translation is a function from
expressions e such that ' -, e : 7 & ¢ to equivalence classes of computation terms up to =.) We
use this in the statement of soundness for the three translations. Recall that ¢ is the empty
typing context. In the statement of soundness we omit the typing context, type and effect when
writing translations of well-typed expressions.

Lemma 2.7.9 Suppose that the effect algebra (&, <, -, 1) is a partially ordered monoid with
bounded binary joins.

1. Ifotye:r&cand e~ e then (e’ = (€')".
moggi ’ moggi — (| ,/]\moggi
2. If o Froggi € : T& cand e w5 ¢’ then (e))™°88! = () ™88,

3. Iforye: Tand e w ¢ then (e)™ = (e')™. <
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2.8 Related work

Previous work on effect systems has focused on call-by-value languages. Historically these
used Gifford-style effect algebras [63], which are well-known. The more general form of effect
algebra we use here (preordered monoids) was first described by Katsumata [45]. Effect systems
can be extended, for example by adding operations to the effect algebras to support more
language constructs [80], or by adding support for regions [81]. The Moggi-style call-by-name
effect presented here was first described by McDermott and Mycroft [69], but is somewhat
similar to a system described by Abadi et al. [1]. The Levy-style effect system is new here.
GMM is similar to languages described by Katsumata [45] and Gaboardi et al. [29].

A version of the call-by-push-value effect system we present here was first described by
McDermott and Mycroft [70]. Kammar and Plotkin [42] describe a Gifford-style effect system
for call-by-push-value, called MAIL (multi-adjunctive intermediate language). Unlike GCBPYV,
in MAIL thunk types, returner types, and the typing judgment are all annotated with effects.
MAIL does not generalize to other effect algebras: if the effect algebra is allowed to be an
arbitrary preordered monoid then it is unsound, and some computations that are typable in
GCBPV are not typable in MAIL. It also overapproximates effects more than ours, even for
Gifford-style. Hence our effect system has several advantages, though in many cases Kammar
and Plotkin’s suffices.

Our translations into GMM and GCBPYV are partly based on translations given by Moggi
(78], Wadler [98] and Levy [56, 59]. We could have presented these translations differently.
For example, the translation of Moggi-style call-by-name into GMM can be presented by first
translating into call-by-value [35, 34]. We choose to translate directly from source languages
into GMM and GCBPYV for simplicity. We could also have considered languages other than
GMM or GCBPYV, such as Filinski’s [24].

2.9 Summary

One of the themes of this thesis is reasoning about programs using knowledge of local restric-
tions on side-effects. That is, by supposing that parts of programs are restricted to particular
side-effects, rather than every part of every program. A standard method for doing this is to
use effect systems. We take this approach here. This chapter provides the effect systems we
use to do effect-dependent reasoning,.

In later chapters, we reason about different evaluation orders for the source language, in the
presence of side-effects. The method we use relies on having an intermediate language together
with translations, one for each evaluation order of interest, from the source language. This
chapter supplies these. The intermediate language we use is graded call-by-push-value (Sec-
tion 2.7), and we have effect systems for call-by-value (Section 2.3), Moggi-style call-by-name
(Section 2.4) and Levy-style call-by-name (Section 2.6), each with a translation (Section 2.7.3)
into GCBPV. We are therefore in a position to consider equivalences between evaluation orders
in the next chapter.



Chapter 3

Call-by-value and call-by-name

One of the goals of this thesis is to relate evaluation orders. Specifically, suppose we have
some program M (for example in GCBPV) that uses a mix of several evaluation orders and we
construct a new program M’ by replacing one evaluation order with another for some subterm.
We want to reason formally about the relationship between M and M’. These relationships
generally depend on restrictions on side-effects. For example, for replacing call-by-value with
call-by-name:

« If there are no side-effects at all (in particular, all programs are strongly normalizing),
the choice of call-by-value or call-by-name does not affect the semantics of the program:
M and M’ terminate with the same result.

« If there are diverging terms (for instance, via recursion), then the behaviour may change:
a program might diverge under call-by-value and return a result under call-by-name.
However, we can say something about how the behaviour changes: if M terminates with
some result, then M’ terminates with the same result.

« If nondeterminism is the only side-effect, every possible result of M is a possible result
of M.
These properties are intuitively obvious, and can be proved for specific examples by reasoning
at the meta-level.

In this chapter, we show how to relate call-by-value (Section 2.3) and Levy-style call-by-
name (Section 2.6). We obtain a reasoning principle (Theorem 3.4.2) for relating these two
evaluation orders. This reasoning principle can be applied to various effects. As an example, we
show that, in GCBPV instantiated with global state, call-by-value and Levy-style call-by-name
have the same observable behaviour for subterms restricted to no side-effects. (Of course, is
not the case if we drop the restriction.)

Rather than reasoning at the meta-level, we use a common intermediate language (here
GCBPV) that captures both evaluation orders via translations from source-language effect
systems. We relate the observable behaviours of the call-by-value translation (e)" and the Levy-
style call-by-name translation (e)" of each source-language expression e (the two translations
are the subterms we refer to above). Intuitively, we want to show (e])’ <. (e)™ (recall that
<ctx is the contextual preorder defined in Definition 2.7.6). However, there are two subtleties
we need to deal with.

The first is that the two translations have different types, and hence we cannot relate them
directly using the contextual preorder. The way around this is inspired by work relating direct
and continuation interpretations of languages [89]: we identify maps between the call-by-value
and call-by-name interpretations’, and then compose these with the translations of expressions
to arrive at two terms that can be compared directly. We show that, under certain conditions
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on the side-effects, the maps between call-by-value and call-by-name form a Galois connection,
and this fact allows us to derive our reasoning principle.

The second subtlety arises when we consider effect systems, which we do so that we only
need to restrict subterms to particular side-effects, rather than the entire source language. We
have various effect systems, each for a different evaluation order, and these assign different
effects to each source language expression e. We deal with this by only considering effect
algebras in which, if e is typable without tracking effects (i.e. our first source-language type
system, defined in Section 2.2), then it is typable under both the call-by-value and call-by-name
effect systems. In this chapter, we consider only Gifford-style effect algebras, for which this
holds.

The technique we propose is intended to be general, in that it should work for other pairs
of evaluation orders, such as call-by-need and call-by-name (even though we only concentrate
on one pair here). We also work abstractly and identify properties of side-effects that enable us
to relate call-by-value and call-by-name, rather than just considering some fixed collection of
side-effects. An advantage of the technique of using Galois connections is that the properties
required are derived from the structure of the two maps between evaluation orders.

To derive our reasoning principle, we need a method of proving instances of the GCBPV
contextual preorder. We use logical relations to do this. We therefore discuss logical relations for
graded call-by-push-value in this chapter before considering call-by-value and call-by-name.

This chapter has two main contributions:

« We describe a notion of logical relation for graded call-by-push-value (Section 3.1), based
on previous work on logical relations for other languages. We also provide a method of
constructing such a logical relation, called the free lifting (Section 3.1.1).

« We derive a reasoning principle for relating call-by-value and Levy-style call-by-name
(Section 3.4). This is formulated in terms of a Galois connection between call-by-value
and call-by-name computations (Section 3.3).

In this chapter, we work exclusively with syntax. In particular, we do not use denotational
semantics. Chapter 4 shows (amongst other things) how to derive a similar reasoning principle
using denotational semantics, and argues that the denotational approach has several advantages
over the approach we use in this chapter. However, Chapter 4 requires significantly more
machinery than this one.

3.1 Logical relations for graded call-by-push-value

To prove instances of GCBPV contextual preorders, we use logical relations. We consider binary
logical relations on GCBPV terms in general, before considering evaluation orders in later
sections of this chapter.
Recall that an inequational theory for GCBPV consists of a signature (Definition 2.7.1) and
two judgments
rFrV<wW:A Fre M<N:C

satisfying certain properties (see Definition 2.7.4). Each inequational theory induces a contextual
preorder <. (Definition 2.7.6). As usual, we write

rrv=w:A FeEM=N:C

!Specifically, these map between computations of type (¢)(z'])" and computations of type ()", where 7¥
and 77 are source-language types annotated with the effect ¢.
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Rl unit] = Term,; X Term,
R[A1 x Az]] = {(V, V") | (fstV,fst V') € R[A1] A (sndV,snd V') € R[A:]}
R empty] = 0
R[A; + Az]l = {(inly, V,inly, V') | (V,V’) € R[A1]]} U {(inra, V,inrg, V') | (V,V’) € R[A2]}
R[UC] ={(V,V’) | (forceV,forceV’) € R[C]}

R[unit]] = Term

R[C, x C,|| = {(M, M) | 1'M, 1°'M’) € R[C, | A (2'M,2°M’) € R[C, [}
R[A — C] = {(M, M) | V(V, V') € R[A]. (VM, VM) € R[C]}

X Term

unit unit

Figure 3.1: Logical relations for graded call-by-push-value

for the symmetric part of the equational theory (ie. V= Wif V < W and W < V). For each
value type A we define Term , as the set of =-equivalence classes of closed terms of type A, and
similarly define Term . for computation types:

Term, = {[V]z | o+ V : A} MQ:: {[M]z | o M : C}

Throughout this chapter, we consider terms up to =. All of the definitions we use are invariant
under = (including for example the contextual preorder <.t). We omit the square brackets
when writing equivalence classes.

In GCBPYV, a logical relation consists of two families of types

A — R[A] € Term, x Term, C — R[C] < Term X Term,.

indexed by value types A and by computation types C. These are usually defined by induction
on the structure of the types. They are logical in the sense that they respect the equations
in Figure 3.1. These equations uniquely determine the logical relation on every type former,
except for base types and returner types. For ground types these are standard. Note that for
unit the set Term_;, contains only one equivalence class. Since the only way to use a thunk
is to force it, the definition on thunk types just requires the two forced computations to be
related. For products of computation types the definition is similar to products of value types:
we require that each of the projections are related. For function types, we require that related
arguments are sent to related results.

The only type formers that are omitted from the figure are base types and returner types.
For these, the logical relation must be chosen based on the constants and side-effects included
in the language. In particular, the definition of the logical relation on returner types depends
on the choice of operations op € X. In the definition of logical relations, we impose some
additional requirements on these:

Definition 3.1.1 (Logical relation) A logical relation consists of a relation R[[A] C Term , x
Term , for each value type A and a relation R[[C] Termg X Term_C for each computation type
C, such that:

+ The relations satisfy the equations in Figure 3.1.

+ Closure under operations: for each operation op € X, if (V,V’) € R[[carop]] then
(opV,opV’) € ‘R[[(effop)arop]].
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Closure under pure computations: if (V,V’) € R[A] then ({V), (V")) € R[(1)A].

Closure under to: if (M,M’) € R[[{(e)A],andx : Ar N : (¢)Band x : Ar N’ : (¢)B
satisfy

V(V.V") € RIA]. (N[x+ V], N'[x—V']) € R[(¢)B]

then
(M to x.N,M tox.N’) € R[[{e-¢')B]

Closure under coerce: if (M, M’) € R[{¢)A] and ¢ < ¢ then

(coerce. <. M, coerce.<. M') € R[[(¢)A]

« For each constant ¢ € K4 we have (c,c) € R[A]. <

In the definition, we require closure under to only when N and N’ have returner type. This
suffices to get closure under to for arbitrary computation types C, because, as we noted in
Section 2.7.2, having to only for returner types on the right-hand side suffices.

Lemma 3.1.2 Suppose that R[] is a logical relation. If (M, M") € R[(e)A],andx : AL N : C
and x : Ar N’ : C are well-typed computations such that

V(V, V') € R[A]. (N[x V], N'[x—V']) € R[C]

then
(M to x. N, M to x.N") € R[{e)C]

Proof. By induction on the structure of C. For unit this holds by the equation for R[[unit]]. For
C, X C,, it suffices to show that

(i'(Mtox.N), i'(M tox.N)) € R[{e)C/]
for each i € {1,2}. We have

i‘(Mtox.N)

i‘(A{1.Mtox.1°N, 2.M to x.2°'N})
Mtox.i'N

and similarly for M’ to x. N’. The result then follows from the inductive hypothesis, using the
fact that
V(V, V") € R[A]. ((i‘N)[x— V], (i'N')[x—V']) € R[C]

For B — C we show that
(W (M to x.N), WM tox.N")) € R[{e)C]
for each (W, W’) € R[B]. This is the case because

W*(M to x.N)

W (Ay:A. M to x.y'N)
Mto x. W'N

and similarly for M’ to x. N’, so we can apply the inductive hypothesis using
V(V, V') € RIA]. (WN)[x - V], (WN)[x>V']) € R[C]

Finally, for returner types we have closure under to by assumption. O
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RI@A] = {((V). (V) | (V. V') € R[A]}}

| (set () to b.if b then (W;) else (W,),
Rl tgetha] = {(get () to b.if b then (W) else <w2'>)

R ({put})A] = {(coercep<(put;(W),coercep<puty(W")) | (W,W’) € R[A]} U MustPut A

get () to b.if b then M, else M,
get () to b.if b then M else M,

(W, WY), (W, Wy) € R[[A]]}

R[[ {({get, put})A] = {( ) ‘ (My, M7), (Ma, M) € MustPutA}

where (MustPut A) C Term<{put}>A X Term<{put}>A is given by

MustPut A := {((put V; (W)), (put V; (W"))) | V € {true, false} A (W, W’) € R[A]}

Figure 3.2: Logical relation for global state

For many concrete examples, it is difficult to show that closure under to holds for all computation
types directly. We instead show that it holds for returner types.

Example 3.1.3 Asan example, consider global state. We have no base types and a Gifford-style
effect algebra with two operations: get with coarity unit and arity bool = unit + unit, and put
with coarity bool and arity unit. We gave a (symmetric) inequational theory for this example
in Figure 2.14. To define a logical relation, we only need to give R[[(¢)A] in terms of R[A] for
each ¢ C {get, put}. We do this in Figure 3.2. The idea behind the definition is to think about
how computations with each effect could behave. For example, a computation with effect {put}
can either just return a result (without setting the value of the state), or set the state once and
then return. Computations that use put more than once are equivalent to computations that use
put exactly once because put V;; put V, = put V; (lack of recursion implies that computations
are finite).

The proof that the requirements in the definition of logical relation are met in this case
uses the inequational theory. In particular, to show that the logical relations are closed under
operations, we need to show that (get (), get ()) € R[{({get})bool] and if V € {true, false}
then (put V, put V) € R ({put})unit]. These follow from the p-laws:

get() = get()tob.(b) = get() tob.if b then (true) else (false)
putV = putVtox.(x) = putVtox.{(()) = putV;{()

So the terms have the correct form to be related by the logical relation. The signature axioms
for global state come into play when showing that the logical relation is closed under pure
computations and under to. To show closure under to for ¢ = ¢’ = {get}, we use the axiom that
merges adjacent uses of get:

(get () to b.if b then (V) else (V) to x. get () to b'.if b’ then (W;) else (W)
get () to b. get () to b'.if b then if b’ then (W;[x+> V;]) else (W [x > V;])
else if b’ then (W, [x+— V;]) else (W, [x+— V3])
get () to b.if b then if b then (W [x+— V;]) else (Wy[x— V])
else if b then (W;[x+> V,]) else (W, [x > V3])
get () to b.if b then (W) [x—V]) else (W, [x—V;])
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We return to our global state example in Section 3.1.1. <

We extend logical relations to typing contexts I', for which we relate closed substitutions.
Recall from Section 2.7 that substitutions o satisfying ¢ + ¢ : I' map variables (x : A) € I to
closed terms of type A. Also recall that we extend the inequational theory to substitutions
componentwise. The set of equivalence classes of closed substitutions is

Subst; = {[o]= |oF 0 : T}

In this chapter we identify substitutions that are related by =, and omit the square brackets on
equivalence classes.

We extend logical relations R[[—] to typing contexts I' by defining a relation R[[T] <
Subst X Subst}. on closed substitutions componentwise:

Rlo] :={(e,0)} R[T,x: A ={((0, x=V), (¢/, x> V")) | (6,0") e R[T|A(V,V’) e R[A]l}

The key property that follows from the requirements in the definition of logical relation is
the fundamental lemma.

Lemma 3.1.4 (Fundamental) Suppose that R[[—] is a logical relation and (o, 0’) € R[[T].
1. (Values) If T+ V : Athen (V[o],V[d']) € R[A].
2. (Computations) If T ¢ M : C then (M[o], M[0’]) € R[C]-

Proof sketch. By induction on the derivations of '+ V : Aand I' M : C. Most of the cases are
standard, so we do not give them. For op V and (V) we use the assumptions that the logical
relation is closed under operations and pure computations. For M to x. N we use closure
under to for arbitrary computation types (Lemma 3.1.2): by the inductive hypothesis we have

(M[o],M[c’]) € R[(e)A], and
Y(V,V") € R[A]. (N[o,x — V], N[o/,x — V'])

Hence
((M[o] to x.N[o]), (M[c’] tox.N'[0"])) € R[{e)C]

For coerce.<.» M we use closure under coerce. For constants we use the assumption about
constants. O

A consequence of the fundamental lemma is that each relation is reflexive (using the empty
context for I and the empty substitution for ¢ and ¢’). Hence if M = M’ for closed, well-
typed terms M, M’ : C, then (M, M’) € R[C] (recall that we relate =-equivalence classes
of terms). In general the converse (M, M’) € R[C] = M = M’ does not hold. Nor does
MM = (M,M")eR[C].

In the fundamental lemma the logical relation is applied to open terms by quantifying
over pairs of related substitutions. We do this frequently, and so define abbreviations for
this notion. For values we write (V,V’) : R[] > R[A] if T+V : Aand T+ V' : A,
and (V[co],V'[0’]) € R[A] for all (c,0") € R[T]. Similarly, for computations we write
(M, M) : R[T] 5> RI[C]] if TEM : Cand T = M’ : C, and (M[o], M'[0’]) € R[C] for all
(0,0") € R[T].

Recall that the contextual preorder <. is defined by considering closed term-contexts of
type ()G, where G is a ground type. In this chapter, we use logical relations to prove instances
of <¢tx. We show that we can do this for logical relations that satisfy an additional assumption
at the types (¢)G. (This assumption is satisfied for our global state example.)
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Lemma 3.1.5 Suppose that R[] is a logical relation, and that for each ground type G, effect
¢, and pair of computations N, N’ we have:

(N.N) € R[(9G] = N<N

1 IE(V, V') : R[T] = R[A] thenT r V <cix V' : A.
2. If (M,M’) : R[T]] > R[C] thenT £ M <oy M’ : C.

Proof sketch. For (1) we show for all typing contexts I/, types B and term contexts C[] with hole
Othatif IV + C[V] : Band I" + C[V’] : Bthen (C[V],C[V’]) : R[I"]] - R|[B]), and similarly
for computation-typed term contexts C[]. These are by induction on the typing derivations,
and are similar to the proof of the fundamental lemma. For C[] = O we use the assumption
about (V, V).

Then given a ground type G, effect ¢ and term context C[] with hole O such that o + C[V] :
(e)G and ok C[V'] : (¢)G, we have (C[V],C[V’]) € R[(¢)G] (using the above with the empty
context for I"). By the assumption about ground types, it follows that C[V] < C[V’].

The proof of (2) is similar. O

3.1.1 Free lifting

Logical relations must be compatible with the side-effects and effect system that GCBPV is
instantiated with. The main difficulty in constructing a logical relation is lifting a relation
R[A]| for the value type A, to form relations R[[ (¢)A] on computations for each effect ¢. There
are several existing techniques for lifting relations to computations, such as T T-lifting [62, 43]
and codensity lifting [46]. Here we give a further lifting technique, called the free lifting.
This technique is folklore, and is described for category-theoretic monads by Kammar and
McDermott [41]. The free lifting has the important property that it is initial: it relates only the
computations that must be related in order to form a logical relation (see Lemma 3.1.7). This
does not mean it is the best possible lifting for all applications (a logical relation can relate too
few terms), but it is for some (e.g. Example 3.4.5). The example logical relation we give above
(for global state) is an instance of the free lifting.

The insight used to define the free lifting is that every closed computation of returner type,
when evaluated, will execute a sequence of operations (get, put, raise, etc.), before possibly
returning a result. This means that, up to =, every closed computation has one of three forms:
it is either a return (V'), a coercion coerce,<,» M where M is a closed computation of returner
type, or a sequencing op V to x. M of an operation op followed by a closed computation M.
The free lifting is constructed as the smallest relation that relates computations of all three
forms.

Given a relation Riee[[ o] € Term, X Term, for each base type b, we form a logical relation
Riree =], by defining Reee[ A]] on non-base types A by induction on the structure of A. We
use the equations in Figure 3.1 as the definition on the rest of the type formers except returner
types. It remains to provide, given a type A for which the logical relation is defined, a family of
relations

Rfree[[<€>A]] c Teﬂ(e}A X Téﬂ@)A

indexed by ¢ € &. We define this family inductively by the following rules:
« If (V,V’) € Rgee A] then ({V), (V")) € Rereel (1)A]-
o If (M, M’) € Reee (¢)A] and e < ¢’ then (coerce.<.» M, coerce.<.» M’) € Reeel[ (¢)A].
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« For each op € 3, if (M, M’) : Rfree[[x : arop]] = Riee] (€)A] and (V, V') € Rfree[[carop]]
then
((opV to x. M), (op V' to x. M")) € ﬂfree[[<effop-£)A]]

In this definition we use the logical relation on the arity and coarity of operations. The arity
and coarity are ground types (in particular do not contain returner types), so the definition is
well-founded.

Lemma 3.1.6 If (¢, c) € RpeeA] for each constant ¢ € Ky, then Reee[ -] is a logical relation.
Proof. See Appendix B.2. O

Hence the free lifting does give us a way of constructing logical relations. Logical relations
constructed in this way are initial in the following sense:

Lemma 3.1.7 Suppose that R[[—] is a logical relation and Ry..[b] = R[P] for all base types
b. Then Reee A € R[A] implies Reeel ()A] € R[(e)A].

Proof. See Appendix B.2. O

This lemma does not imply that Rg.ee[—] is included in R[[-] at every type, because of
the contravariance of the logical relation at function types. However, it does imply that
Rireel (6)G]| € R[[(¢)G] for ground types G. In particular, this means if any logical relation
satisfies the assumptions in Lemma 3.1.5 (which we use to prove contextual equivalence), then
a logical relation based on the free lifting does.

The definition of the free lifting slightly simplifies when we restrict to Gifford-style effect
algebras. In particular, in the above definition of the free lifting we define the entire e-indexed
family of relations R[[ (¢)A]| by an induction. For Gifford-style effect algebras, we can instead
define each relation R[ (e)A] separately by induction.

Suppose that the effect algebra is the preordered monoid

(PZ,C,U,0)

so that each effect ¢ is just a set of operations, and that for each operation op € ¥ we have
effop = {op}. Given Rire[ A]l, we define relations R} _ [ (¢)A] (our alternative definition). We
show that the alternative definition coincides with our general definition below.

For each effect ¢ C 3, the relation R} [(¢)A] S Term oa X Term, ., is defined inductively
by the following rules:

« If (V,V’) € Regee] A] then (coercep<, (V), coerceg<. (V') € R, [{e)A].

free
« For each op € ¢, if (M, M’) : Reeel|x : arop || = Rp [ (e)A] and (V, V") € Riree|carep||
then

((opV tox. M), (op V' to x. M")) € R [(e)A]

free

Lemma 3.1.8 For each value type A and effect ¢ C 3,

R%ree[[ <£>A]] = Rfree[[ <5>A]]
Proof. See Appendix B.2. ]

This alternative definition is closer to the one given by Kammar and McDermott [41].



3.2. Restricting side-effects in call-by-value and call-by-name 51

3.2 Restricting side-effects in call-by-value and
call-by-name

As we mentioned in the introduction to this chapter, there are two major difficulties in relating
the call-by-value and call-by-name translations of expressions when restricting side-effects.
The first is that the side-effects of expressions depend on the evaluation order. This is why
different evaluation orders have different effect systems (each of which can be instantiated with
the same effect algebra). In particular, we have one effect system for call-by-value (Section 2.3)
and another for Levy-style call-by-name. This means we cannot in general use the same
restriction on side-effects for both call-by-value and call-by-name.

For the rest of this chapter, we therefore restrict to Gifford-style effect algebras (Exam-
ple 2.1.2). Hence we take the preordered monoid to be (P, C, U, 0), where X is the set of
operations from the signature. The two key properties that Gifford-style effect algebras satisfy
are that the unit 0 is the least element and that the multiplication U is idempotent. Hence it
does not matter that call-by-name might discard or duplicate side-effects; the call-by-value and
call-by-name effect systems assign the same effects.

To impose restrictions on side-effects for both call-by-value and call-by-name we do the
following. Recall that the syntax of source-language types 7 does not have any effect annotations.
For call-by-value and Levy-style call-by-name, we use types that do have effect annotations.
Given any source-language type 7 and effect ¢, we write 7} and 7 respectively for the call-by-
value and call-by-name types constructed by annotating 7 with ¢ everywhere:

unit? := (¢)unit bool := (¢)bool (r > )=

unit} = unit bool? := bool (r->)=10>1

We annotate source-language typing contexts I' pointwise to get I'Y for call-by-value and I’
for call-by-name. (Since expressions contain types we similarly have expressions e] and e},
although we write both of these just as e to avoid cluttering the notation. It can always be
determined which we mean from context.) Define ops e C X to be the set of operations that
appear syntactically in the (unannotated) expression e. If we annotate types with an effect
€ 2 opse, then e is well-typed in both the call-by-value and call-by-name effect systems:

Lemma 3.2.1 IfI'+-e: 7and opse C ethenIY Fye: 7} &eand I Fye: 7. <«

Hence we can consider expressions restricted to ¢ in both evaluation orders simultaneously.
Even though we translate derivations of expressions in this lemma, it does not matter which
derivations we choose. This is because we identify GCBPV terms up to = throughout this
chapter, and can apply Lemma 2.7.8.

This way of restricting side-effects of source-language expressions, where we just annotate
everything with the same effect, is slightly ad hoc. There may be better ways of restricting
side-effects across evaluation orders. In particular, effect polymorphism may enable a more
principled way of restricting side-effects.

3.3 A Galois connection between call-by-value and
call-by-name

The second problem with relating the call-by-value and call-by-name translations of expressions
is that they have different types. Given an unannotated source-language type 7 and effect ¢
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we write (7))} for (z})" and (z)? for (z7)", i.e. the call-by-value and call-by-name translations
of 7 into GCBPV, where all of the effect annotations are ¢. Similarly for typing contexts. If
I'+e:7andopse C ¢ then we also write (e)} and (e))? for the call-by-value and Levy-style
call-by-name translations of e with ¢ for the effect annotations. These are typable in the two
effect systems by Lemma 3.2.1. Pictorially, we have:

hve:ry &e = ()]t (e) : <e)(z)}
T'rte:r
Llbne:rl —— (T)7E (e« ()7

The two computations on the right are the ones that we want to relate using the contextual
preorder. However, we cannot ask whether (e])} <. (e)F because one computation has a
call-by-value type and one has a call-by-name type. It does not make sense to replace (e])}
with (e)? inside a GCBPV program, because the result would not be well-typed.

A similar problem arises when comparing two different denotational semantics of the same
language. When comparing direct and continuation semantics of the lambda calculus, Reynolds
[89], solves this problem by defining maps between the two semantics, so that a denotation
in the direct semantics can be viewed as a denotation in the continuation semantics and vice
versa. We use a similar idea here.

Specifically, we define maps ® from call-by-value computations to call-by-name computa-
tions, and ¥ from call-by-name to call-by-value:

TEM:(e)z)} — TED . M: (z)7 TEN:(z)f > TEYN: ()]}

&

Then instead of replacing (le))¥ with (e)? directly, we use ® and ¥ to convert (e)? to a compu-
tation of the correct type (defined formally in Section 3.4). The result looks something like the
following composition of the translation of the expression e with two maps:
v n (]eD? n \'

(T)y — (T) — (27 — (e)():
This behaves like a call-by-name computation, but has the same type as a call-by-value compu-
tation. We could instead have chosen to convert (e])Y into a computation of the same type as
(e)®. This choice is arbitrary, because of the properties of Galois connections.

We do not want just any maps between call-by-value and call-by-name. We show that under
certain conditions (which is where the choice of side-effects becomes important) the maps we
define form Galois connections [73]. This is crucial for the correctness of our reasoning principle.
It also intuitively implies that it does not matter where we use ® and ¥ inside programs.

The maps &, and ¥, are defined by induction on the structure of 7 in Figure 3.3. We use
some extra variables in the definition, which are assumed to be fresh. To go from a call-by-value
computation to a call-by-name computation we first evaluate the call-by-value computation,
and then map the result to call-by-name using &, ., which has the following typing:

TrV:(z)! +— TEd.,V: ()"

On the base types bool and unit, the maps ® and ¥ do nothing. On function types, they convert
the argument to the other evaluation order, apply the function, and then convert back. (Due to
the contravariance of arguments the two maps are mutually defined.) These have the types
stated because the unit effect 0 is the least element of the effect algebra, and the multiplication
U is idempotent.
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O, .M = Mtox. CTDT,gx

A

q)lll‘lit,EV ‘= CO€rcep<, <V>
ﬁ)bool,gV = coerceg<, (V)
<i>T_>T/,gV = Ax:U(7);. ¥, (force x) to z. O/ .(zforce V)

LIjunit,gj\] =N
\Pbool,eN =N
¥, N = coercepe, (thunk Ax:(r)}. ¥ ((thunk (rex)) ‘N )

Figure 3.3: Syntactic maps ® from call-by-value to Levy-style call-by-name and ¥ from Levy-
style call-by-name to call-by-value

In the rest of this section, we show that for side-effects satisfying certain conditions, the
two maps form Galois connections. We do this with respect to some given logical relation
R[[—], with the aim that we can use the logical relation to show instances of the contextual
preorder (by applying Lemma 3.1.5). In addition to the usual requirements on logical relations
(Definition 3.1.1), we assume that the relations R A] and R[[C]| are transitive for each A and
C. This implies (using Lemma 3.1.4) that each relation is a preorder.” We emphasize that the
assumptions we have made about the logical relation so far are weak: it should be possible to
define a useful logical relation satisfying these assumptions for every collection of side-effects
(in particular, they hold for our global state example). We add further constraints below that
allow us to derive our reasoning principle.

Definition 3.3.1 (Galois connection) A Galois connection (®, ¥) from C to D is pair of maps
M:Cw— OM:D N:Dw— YN:C
such that for all closed M : Cand N : D,
(OM,N) e R[D] & (M, ¥N) e R[C] <

In this definition we restrict to closed terms. Although ®,, and ¥, are defined for open terms,
we do not need to consider open terms when showing that they form a Galois connection,
because R[] = R[C] is defined in terms of R[C]| on closed computations, and this is what
we need to prove instances of.

For (®,., ¥;.) to be a Galois connection the following must hold:

(Pre(PreM), M) € R[ ()] (N, Pre(PreN)) € R[(e)(7)7]

The right cannot hold in general when 7 is a function type " — 7”, because the term ¥, .(®,.N)
has no side-effects, even if N does. If we convert a computation N from call-by-value to call-by-
name and then back using these maps then the side-effects of N are thunked. The side-effects
do not occur until the function is applied. For 7 = unit — unit we get

Punit—unit.e (Punit—uniteN) = coercegp<, (thunk Ax:unit. N to z. x ‘ force z)

2Galois connections are normally defined for partial orders. We do not have antisymmetry, and hence need to
generalize to preorders, but this is unimportant.
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Based on this observation, we require a further constraint on the logical relation to ensure
that we get Galois connections. This is where it becomes important which side-effects we have:
it is only satisfied in certain cases (see Example 3.3.5). The constraint is that computations are

thunkable:

Definition 3.3.2 (Thunkable) A closed computation M : (¢)A is thunkable if
(M to x. (thunk coercep<, (x)), coercep<, (thunk M)) € R[[(e)U (e)A]]

An effect ¢ is thunkable if for every value type A, every closed computation M : (¢)A is
thunkable. <

This property was first defined in a symmetric setting (non-enriched Kleisli categories) by
Fihrmann [27]. Our setting is not in general symmetric (even though we only give a symmetric
example in this chapter), so we give a directed version (an alternative name might be lax
thunkable). We only need one direction to hold for the proofs.

For intuition, suppose we have a computation y : U(¢)Ar N : C. Then

M to x. N[y thunk coercep<, (x)] coercec<(,yc (N[y+> thunk M])

are two closed computations of type {¢)C. The left computation evaluates M exactly once
(like function arguments in call-by-value); the right potentially evaluates M several times (like
call-by-name). If M is thunkable, then the left is related to the right by R[{¢)C]. In other
words, it is correct to replace a computation that evaluates M once with one that evaluates M
zero or more times.

A key example is thunking the side-effects of call-by-value functions. Every computation
M : (e)(7" — 7”)} has two opportunities to have side-effects: when evaluating M to a function
(immediate), and after applying the function (latent). If M is thunkable, the immediate side-
effects can be turned into latent side-effects, because M is related to the following computation

by R[()(e — /)]
coercep<, (thunk Ax: (7')}. M to f. x‘force f)

where the M is now inside the lambda.

To solve the issue with Wynit—unit.e (Punit—unit.M) above it suffices for M to be thunkable.
In fact, if enough computations are thunkable then the maps defined above do in fact form
Galois connections:

Theorem 3.3.3 Suppose that the effect ¢ is thunkable. For every source-language type 7 the

pair (®.,, ¥;,) is a Galois connection from (¢)(z)Y to (z)r.

Proof. By induction on the structure on 7. This is trivial for unit and bool, because the maps
are just identities.

The interesting case is when 7 is a function type 7 — 7”. We first show that (M, ¥, N) €
R[(e)(z)Y] implies (D, .M, N) € R[(z)?]. It suffices to show for arbitrary (P, P’) € R[(')?]
that we have

(thunkP) ‘®; .M R (thunkP’)‘N

We reason as follows:

M to x. ¥ .P to z. z*force x

R ¥ N to x.¥, P toz. z'force x (assumption)
= Y. .Ptoz ¥, ((thunk @, .(coerceps. (z))) ‘N)

R ¥, ((thunk @, (¥ .P)) ‘N ) (¢ is thunkable)
R ¥, ((thunk P’) °N) (Galois connection on 7’)
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This and the fact that we have a Galois connection on 7”7 then imply
thunkP ‘&, M = & (Mtox. ¥y Ptoz z'forcex) R (thunkP’)‘N

as required.
Second, we show that (®,.M, N) € R[(z)?] implies (M, ¥ N) € R[[{e)(z])}]. We have
already mentioned that M is related to

coercey<, (thunk Ax: (7')}. M to f.x‘force f)

(using the fact that M is thunkable) so it suffices to show that this computation is related to
¥, .N by R[{¢)(z)}]. By looking at the definitions of ¥;, and this relation, and using the
fact that logical relations are closed under coerce, it is therefore enough to show that, for all
(V, V") € R[(7')7], the following computations are related by R[ (e)(z” )}

M to f.Vforce f ¥, . ((thunk (&, .V")) * N
We prove this by first reasoning as follows:

@, .(Mto f.Vforce f) = &..(M to f.coercep<, (V) to z.z'force f)

R O (Mto f. ¥, (D (coercep<, (V'))) to z. z'force f)
(Galois connection on 7’)

= (thunk (&, ,V")) ‘@, .M
R (thunk (&,,V')) ‘N (assumption)

and then using the fact that we have a Galois connection for 7”. ]

This theorem also has a partial converse: if the maps form Galois connections, then compu-
tations that return elements of base types are thunkable:

Lemma 3.3.4 If the pair (®Pynit—unit.es Punit—unite) 1S @ Galois connection then every closed
computation M : (¢)7, where 7 € {unit, bool}, is thunkable.

Proof. Define the closed computation M’ : {¢)(unit — 7)} by
M’ = M to x.(thunk A_:unit. coercep<, (x))

By a standard property of Galois connections, M’ is related by R[ (¢)(unit — 7)}] to the
computation Wypit—r.e (Punit—rM’). Hence:

M to x. (thunk coercey<, (x)) = M tot.(thunk (() ‘forcet))
R \Punit—me ((I)unit—w,fM,) tot. <thunk (() ‘force t))
= coercep<, (thunk M) O

This proof works for base types 7 because the two maps ®,, and ¥, are identities.
We end this section by returning to our main example.

Example 3.3.5 Recall our global state example. There are four possible effects: 0, {get}, {put}
and {get, put}. As expected, the effect 0 is thunkable. This is the case because if M : (0)A then
by the fundamental lemma (Lemma 3.1.4) there is some V : A such that M = (V). We therefore
have:

M to x. (thunk (x)) = (thunk (V)) = coercegp<gy (thunk M)
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and these terms are related by R[(0)A].
The effect {put} is not thunkable, because the computation put true is not. This is also
what we would expect: if put true were thunkable then we would have

put true to x. (thunk coercep<(pur) (X)) =ctx coercep<pur) (thunk (put true))

which implies (using the computation context O to ¢. put false; force t) that put false < put true.
Clearly we do not want this to be the case (and it is not). The effect {get, put} similarly is not
thunkable.

The most interesting case is {get}. This effect is not thunkable because the computation
get () is not (this can be verified trivially by looking at the definition of the logical relation). We
would not expect get to be thunkable because the state is not read-only: if get were thunkable
then we would have

get () to x. (thunk coercep< get) (X)) Zctx CO€rcep<(ger) (thunk (get ())) (3.1)
and using the context put false; O to t. (put true; force t) this implies
coerceput<(getput} (put true; (false)) = coerce(purj<(getputy (put true; (true))

which is not the case because the results of the two computations differ.®

To summarize: the only effect that is thunkable for this example is @, and hence 0 is the only
effect for which we can apply our reasoning principle (more interesing examples are discussed
in Section 4.4). In other words, we can only replace call-by-value with call-by-name in our
global state example for subterms that have no side-effects. (Though the rest of the program
might still have side-effects.) <

3.4 Reasoning principle for call-by-value and
call-by-name

We now use the Galois connections defined in the previous section to relate the call-by-value
and Levy-style call-by-name translations of expressions, and arrive at our reasoning principle.

Recall that we compose the call-by-name translation of each expression e with the maps ®
and ¥ defined above, to arrive at a GCBPV computation of the same type as the call-by-value
translation*:

()Y — ()" 225 (o) — ey ey

&

We first give a precise definition of this composition. The arrow on the right is just given by
applying ¥; .. The arrow on the left is a substitution &r from terms in call-by-name contexts
(T)" to terms in call-by-value contexts (I')Y. We define ®r, for the source-language typing
contextI' =x1 : 71,...x, : T, aS

ﬁJr},; = x; — thunk (é,l,gxl), ..., Xy, — thunk (@Tn,gxn)

SHowever, even if we removed put from the language, and used the same definition of the logical relation
(but omitting the {put} and {get, put} cases, the computation get () would still not be thunkable with respect to
the logical relation. This suggests that the definition of R[[get] above (and hence the free lifting) might not be
suitable in that case. We might be able to use a logical relation that relates more computations.

*Also recall that we identify GCBPV terms up to = throughout this chapter, and therefore, because the effect
algebra is Gifford-style, it does not matter which typing derivation for e we choose to translate. We use this fact
implicitly in this section.
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The composition above is then the term ‘I’T,g((]e[)g[cﬁr,g]). IfT+e: rand opse C ¢ then
(TDY £ ¥ ((e)2[Pre]) : {e)(7]Y, so this computation has the same typing as (e)?.

The reasoning principle we derive proves instances of the contextual preorder that have
the form

(e} <erx Wre((eD? [Pr.e])
This works by first showing the two terms are related by the logical relation:
((eDy, ¥re((eD2[@r.el)) = RIATDD = RI(eN()i]

and then applying Lemma 3.1.5, which allows us to promote this to an instance of the contextual
preorder. We prove that the two terms are related using the properties of Galois connections,
which allow us to push composition with ¥;, into the structure of terms.

Lemma 3.4.1 Suppose that (&, ¥,,) is a Galois connection from (&) (7’|} to (z’)? for every
source language type 7. If '+ e : 7 and ops e C ¢ then

(), ¥re(le)?[@r.el)) = RIODIT = RI(e) ()]

Proof. By induction on the derivation of ' - e : 7. In each case of the induction we consider an
arbitrary pair (0,0”) € R[[(] )Y] (recall that this is how — is defined). We define ¢” to be the
composition of ®r, with ¢’. In each case we are required to show ((e)Y[o], ¥..((e)*[c”])) €
R[(e)(z)Y]]. We only give three representative cases.

« If e is a variable x then, writing V for ¢ x and V' for ¢’ x, we have:
(]x[)l‘/[o'] = coercep<. (V) R \Pr,e(q)r,e'(coerceq)sg <V,>)) = \Pr,e((]x[)?[oﬂ])

« If e is a A-abstraction Ax:7". e and 7 = 7 — 7” then (expanding the definition of ¥ ) it

suffices to show that (Ax:(7’)}. (e)Y¥)[o] is related by R[[ (7)Y — (e)(z” )] to
(Ax: (7)Y Wor o ((€) [+ thunk (& .x)])) [0”]
Consider arbitrary (W, W’) € R[[(7')}]. We have:

W (Ax:(7); (e)) o] = (e)i[o.x > W]
R ¥ ((e)?[0”, x > thunk (&, . W’)])
= W“(qu )y \PT”s(qu?[x'_)thunk(é)r’,ex)]))[O'”]

« If e is a function application e; e;, where e; has type 7’ — 7, then:

(erex)i[o] = (e1)} to f. ez} to x. x “force f
R Yrore((er)2[0”]) to f. ¥, ((e2)2[0”]) to x. x “ force f
R e (Pre (Prore(ler)2[0”]) to f. ¥ o ((e2)2[0”]) to x. x * force f))
(Galois connection on 7)
= ¥ ((thunk ((e2)7[0”])) “@rmsre(Frre((er) 7 [07])))
R ¥r((thunk ((e2)7[0”])) “ (e1): [0”])

(Galois connection on 7/ — 1)

Tr,s((]el eZDIgl[G,,]) o
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We showed in the previous section (Theorem 3.3.3) that the maps between the two evaluation
orders form Galois connections if the effect ¢ is thunkable. Hence we arrive at our reasoning
principle, which we state formally as Theorem 3.4.2. Recall that each inequational theory
< (Definition 2.7.4) induces a contextual preorder <. (Definition 2.7.6). Given any such
inequational theory, to show that the call-by-value and call-by-name translations of source-
language expressions restricted to the effect ¢ are related by < it is enough to define a suitable
logical relation, and show that the effect ¢ is thunkable.

Theorem 3.4.2 (Call-by-value and call-by-name) Suppose we given some GCBPV inequa-
tional theory and a logical relation such that:

« Each relation R A] and each relation R[[C] is transitive.

« For each ground type G and effect ¢’ we have:
(N.N) eR[()G] = N<N

for all N, N’.

« The effect ¢ is thunkable.
IfTFe:randopse C ¢ then

(]el)‘g/ <ctx \Pr,s((]e[)? [(i)l"s])

Proof. By Theorem 3.3.3, the maps between call-by-value and call-by-name computations form
Galois connections. Hence we can apply Lemma 3.4.1, which tells us that

((e)E Wee((eD?[rel)) = RUTDID - RI¢eN(2)!]

Finally, Lemma 3.1.5 implies the corresponding instance of the contextual preorder, which is
the result we want. ]

The generality of this theorem comes from two sources. First, we consider arbitrary
inequational theories < in which the effect algebra is Gifford-style. (It may be possible to prove
a similar reasoning principle for other effect algebras on a case-by-case basis.) The only other
requirement is the existence of a suitable logical relation in which enough computations are
thunkable. Second, this theorem applies to terms that are open and have higher types, using the
maps between the two evaluation orders. We obtain a result about source-language programs
(closed expressions of base types) as a corollary. The corollary is closer to the standard results
that are proved for specific side-effects, because the maps are trivial.

Corollary 3.4.3 Suppose that the assumptions of Theorem 3.4.2 hold. If e is a closed source-

language expression of type 7 € {unit, bool} and ops e C ¢ then (e))} < (e))?. <

Like our result about Galois connections, the reasoning principle has a partial converse.
If call-by-value can be replaced with call-by-name, then computations of certain types are

thunkable:

Lemma 3.4.4 Suppose that for each T' - e : 7 with opse C ¢ we have

(e, ¥re(le)?[@rel)) = RI(ODIT - RI(e)(2);]

For every base type A € {unit, bool}, all closed computations M : (¢)A are thunkable.
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Proof. First we show that every closed computation N : (¢)(z) is related to ¥; (P, .N) (this is
one of the properties of Galois connections). To do this, define the following source-language
expression e and GCBPV value V:

e=x() (x:unit > 7re:7)
V = thunk (Ay:unit. N) (0 F V : U (unit — (e)(z)}))
Now we apply the assumption to e:
N = (e)f[x=V] R Wee((e)? x> thunk (PunitreV)]) = Pre(@reN)

We use this to prove the result as follows. Let 7’ be either unit or bool, so that (')} = A.
Define the closed computation N : (¢)(unit — 7’} by:

N = M to x. (thunk Ay :unit. coercep<, (x))
Using the above with 7 = unit — 7’ we have:

= N to f. (thunk (()force f))
R ‘I’unit—w’,e(q)unit—)r’,eN) to f (thunk (()‘force f)>
coercep<, (thunk M)

M to x. (thunk coercegp<, (x))

so M is thunkable. m]
We again return to our main example, and apply our reasoning principle to it.

Example 3.4.5 Recall that for our global state example the effect 0 is thunkable, but the
other three effects {get}, {put}, and {get, put} are not. (So the maps &, and ¥;, are Galois
connections for ¢ = ().) We have already mentioned that the logical relation for global state
satisfies the assumption about ground types that allows us to use it to prove instances of
the contextual preorder (this is not difficult to show). We can therefore apply our reasoning
principle to expressions e that do not use either of the operations get and put. (This restriction
also applies to the free variables of e. Their types are annotated with the effect () in both the
call-by-value and call-by-name effect systems, and hence we cannot bind them to expressions
that have side-effects.)

If we have any program with a call-by-value subterm that does not have side-effects then
the reasoning principle shows that we can replace the evaluation order of the subterm with
call-by-name. For this example, the contextual preorder is symmetric, so we could also replace
call-by-name with call-by-value: the reasoning principle shows they have identical behaviour.
In both cases, the program itself may have side-effects. The restriction on side-effects applies
only on the subterm. The corollary shows that if we have an entire program e that does not have
any side-effects, then call-by-value and call-by-name are equivalent: we have (e); = (e);. <

3.5 Related work

Comparing evaluation orders Plotkin [84] and many others relate call-by-value and call-
by-name. Crucially, they consider lambda-calculi with no side-effects other than divergence.
This makes a significant difference to the techniques that can be used, in particular because in
this case the equational theory for call-by-name is strictly weaker than for call-by-value. This
is not necessarily true for other side-effects. Other evaluation orders (such as call-by-need)
have also been compared in similarly restricted settings [67, 70, 33].

It might also be possible to recast some of our work in terms of the duality between
call-by-value and call-by-name [23, 18, 99].
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Relating semantics of languages The technique we use here to relate call-by-value and
call-by-name is based on the idea used first by Reynolds [89] to relate direct and continuation
semantics of the lambda calculus, and later used by others (e.g. [75, 52, 16, 24]). There are
several differences with our approach. Reynolds first constructs a logical relation between
the two semantics, and uses this to establish a relationship between direct and continuation
semantics using the two maps. Our logical relations do not relate call-by-value and call-by-
name, they instead relate arbitrary GCBPV terms. Reynolds also relies on continuations with a
large-enough domain of answers (e.g. a solution to a particular recursive domain equation) to
construct the maps between the two semantics. In our case we do not need to impose such a
restriction for the maps to exist.

There has been previous work [92, 54, 93] on soundness and completeness properties of
translations (similar to the translations into GCBPV). Galois connections (and similar structures)
in which the order is reduction of programs play a significant role in these. A key difference
in our case is that we consider the observable behaviour of programs. We cannot consider
reductions in our case, because moving from call-by-value to call-by-name can add, remove,
and reorder reductions.

Axiomatic properties of side-effects In this chapter, we emphasize the use of axiomatic
properties of side-effects [27] for formal reasoning about programs. Many of these properties
have been used for this and similar purposes, and have been studied for particular side-effects
[14, 42, 60]. We contribute a new use for them.

3.6 Summary

This chapter has two primary goals. The first is to show that we can use GCBPV for formal
reasoning about effect-dependent program transformations, including those that involve source
languages. We do this primarily by defining a notion of logical relation for GCBPV (Defini-
tion 3.1.1) and relating it to the contextual preorder (Lemma 3.1.5). We also describe a technique
for constructing these logical relations (the free lifting in Section 3.1.1).

The second is to derive a reasoning principle (Theorem 3.4.2) that relates call-by-value and
call-by-name. The principle shows that it is correct to replace call-by-value with call-by-name
for subterms restricted to thunkable effects (Definition 3.3.2). It is about open expressions,
and allows us to change evaluation order within programs. We obtain a result about call-by-
value and call-by-name evaluations of programs as a corollary (Corollary 3.4.3). The reasoning
principle is not restricted to a particular collection of side-effects; we instead identify the
axiomatic property of side-effects (thunkable) that gives rise to a relationship between the two
evaluation orders.

We expect that the technique we use can be applied to other evaluation orders. Two evalu-
ation orders can be related by giving translations into some common intermediate language
(here we use GCBPV), constructing maps between the two translations, and showing that (for
some models) these maps form Galois connections. In Chapter 5 we give a specific example
of a relationship between call-by-name and call-by-need (with nontermination as the only
side-effect), but not a general reasoning principle.

In this chapter we work exclusively at the level of syntax. For example, the notion of
logical relation we use relates pairs of GCBPV terms, and we define thunkable in terms of
the inequational theory. The advantage of using syntax rather than a denotational semantics
is that the syntax requires less machinery. However, it also has disadvantages. Sticking to
syntax makes it more difficult to work with some side-effects (such as recursion) syntactically,
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and many of the proofs (e.g. Theorem 3.3.3 and Lemma 3.4.1) are more complex. This partly
motivates the next chapter, where we switch to semantics. We redevelop the relationship
between call-by-value and call-by-name in terms of the semantics, and give more examples of
side-effects that it can be applied to. At a high-level, the principle does not change much, and
the technique used to derive it is the same. Both versions have merits.






Chapter 4

Noninvertible program transformations

Most of the previous work on proving the correctness of effect-dependent transformations
has been restricted to cases where the transformations are invertible in the sense that both
directions are valid, since they rely on the expressions having the same behaviour. However,
there are many situations in which only one direction of a program transformation is valid.
Consider the following two expressions:

letx =ein letx =ein
lety =ein
(x,y) (x,x)

In some cases these have the same behaviour, e.g. if the only side-effect of e is to write to
some state that is not shared between threads. When this is true and the expression on the left
appears inside some program, then it can safely be replaced with the expression on the right,
perhaps as part of a compiler optimization.

Suppose that e above is allowed to write to state that is shared between threads. In this
case, the two expressions are not equivalent, because some other thread may concurrently
use the state between the two executions of e on the left. The observable behaviours of the
expression on the right are an (in general proper) superset of those on the left. Replacing the
left with the right would be a valid transformation, but the reverse is not. We cannot verify all
effect-dependent transformations by proving only equivalences between expressions.

There are also other examples. Consider a language with boxing (i.e. conversion of primitive
values into immutable references), and an equality operator on such references. We might
wish to validate a transformation that merges boxes of the same value. This transformation
would change uses of equality that could have evaluated to either true or false into ones that
always give true. The reverse transformation is not valid because it could replace a program
that is guaranteed to give true with one that might give false. Another example is undefined
behaviour (e.g. in the C language). The C standard allows each expression that has undefined
behaviour to be replaced with any other (even one that causes arbitrary effects), but the reverse
is not true. Including undefined behaviour when considering program transformations is useful
even if the source language does not have undefined behaviour [55].

These examples explain why we defined inequational theories in Section 2.7.2. This chapter
develops machinery that we can use for reasoning about these noninvertible effect-dependent
transformations.

Contributions We show that previous work on equational reasoning about effects can be
adapted to noninvertible effect-dependent transformations:

63
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» We describe a general order-enriched categorical semantics for GCBPV that allows us to
state and prove noninvertible transformations semantically (Section 4.2).

« We relate the syntax to the semantics by describing how to prove adequacy of models of
GCBPV (Section 4.3). We do this by developing an abstract notion of logical relation that
generalizes the one given in Section 3.1.

« We apply the framework to examples by verifying effect-dependent transformations
involving undefined behaviour, nondeterminism, and mutable state shared between
threads. The examples are introduced in Section 4.1.

+ We use the denotational semantics to redevelop our reasoning principle for relating
call-by-value and call-by-name (Section 4.4).

Much of this chapter simply shows that techniques that have previously been applied to
reasoning about effect-dependent transformations can be adapted to non-invertible cases,
allowing support for previously neglected applications. To do this we have to redevelop some
of the definitions that appear in the previous chapter. There we worked exclusively with syntax
(in particular, the notion of logical relation we used relates terms to other terms). Many of the
definitions we give here generalize those in the previous chapter.

4.1 Examples of noninvertible transformations

We first instantiate GCBPV (by choosing suitable inequational theories) to characterize three
different collections of side-effects that we use as examples. For each example, we also state
instances of the contextual preorder <. (and its symmetric counterpart =) that represent
effect-dependent program transformations. We defer the proofs that these instances hold to
later sections of this chapter.

We use the following syntactic sugar for booleans (with eliminators for values and for
computations), let bindings, and sequencing of computations throughout.

bool := unit + unit true := inl () false := inr ()
if V then W else W, := case V of {inl x;. W, inr x,. W, } (x; not free in W;)
if V then M; else M, = case V of {inl x;. M;, inr x;. My} (x; not free in M;)
letx=VinM = (V)tox. M
M; N = Mtoy.N (y not free in N)

The syntactic sugar for let-bindings can be written equivalently using lambdas or substitution:

letx=VinM = V' Ax. M = M[x— V]

4.1.1 Undefined behaviour

As a simple example, we consider C-style undefined behaviour. Computations with undefined
behaviour are allowed to do anything (including arbitrary side-effects) at runtime. Here we
consider undefined behaviour in isolation, without any other side-effects in the language. We
contribute a denotational semantics for undefined behaviour.

Recall that to instantiate GCBPV we need to choose a signature (see Definition 2.7.1), which
consists of an effect algebra, base types, constants, and operations (with coarities, arities and
effects). For this example, the signature consists of the following data:
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« The effect algebra is the trivial preordered monoid {x}. (So we do not actually track any
effect information, and none of the transformations we consider are effect-dependent.
This example is intended to be as simple as possible.)

« The only base type is int, which contains signed 32-bit integers.

« We have a constant n : int for each n in the set [int] := {-23!,...,2%! - 1}, and two
constants

geq : int X int — bool add : int X int — int

The first determines if its first argument is greater than or equal to its second argument,
and the second adds two integers, with the result defined to wrap around on overflow.

« There are two operations. The first is undef, which has coarity unit, arity empty and ef-
fect x. Hence undef () is a computation of type (x)empty. Semantically, it has undefined
behaviour (and the inequational theory we define below captures this property.) As syn-
tactic sugar we have an undefined computation undefc of type C for every computation
type C:

undefc = undef () to x. case. x of {}

(We have undef () = undef (x)empty-) The second operation is addnsw (no signed wrap),
which adds two integers with undefined behaviour on overflow. Its coarity is int X int,
its arity is int, and its effect is %, so if V3, V; : int then add,sy (V3, V2) : (x)int adds V; and
Va.
As we explain in Section 2.7.2, we can give an inequational theory by specifying a list of
signature axioms, which characterize the behaviour of the operations and constants.
The main axiom we have is that undefined behaviour can be replaced with any computation
(for all C and M):
undefc < M

(Recall our usual convention on typing of equations: the axiom holds only if both sides have
the same type in the same typing context.)

We also have axioms that specify the behaviour of the three functions on constant integers.
These are (for all m, n € [[int]):

add(m,n) = m+n+2% if (m +n) < —2%
add(m,n) = m+n if (m+n) € [int]
add(m,n) = m+n— 2% if (m+n) > 23
geq(m,n) = true itm>n
geq(m,n) = false ifm<n
addpsw(m,n) = (m+n) if (m+n) € [int]
addpsw(m,n) = undefiy if (m+n) ¢ [int]|

where + is the usual addition of integers in Z. (Recall that we write = to mean both directions
are taken as axioms.) This completes the definition of the inequational theory.

A consequence of these signature axioms is that if undefined behaviour occurs as part of a
larger computation, then the whole computation is undefined:

undefg to x. M = undef D
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We give some valid program transformations for the inequational theory for undefined
behaviour. The first is replacing add,s, with add inside programs:

addnsw(UI,UZ) <ctx <add(01,02)>

Validity of this transformation implies it is correct to compile add,,, as add. It is not invertible
in general (since the reverse can introduce undefined behaviour).

A common optimization is to simplify comparisons of integers by using the fact that
some operations on signed integers have undefined behaviour. One example is the following
transformation:

addpsw (V1, V3) to x. addpsw (V1, V3) to x.
let b = geq(x, V;) in <ax  letb =geq(V5,0) in
N N

(This is especially useful when V; is a constant, because the comparison on the right can be
evaluated statically.) Perhaps surprisingly, the reverse direction is also valid. This is the case
because if the addition overflows, both terms have undefined behaviour, so the result of the
comparison is irrelevant. It would not be correct to apply either direction of this transformation
if add was used instead of add,sy,.

4.1.2 Nondeterminism

We also consider binary nondeterminism [11], so that programs choose from finite nonempty
sets of results via a binary choice operation flip (that “flips a coin”). Unlike previous work (such
as [11]), we allow nondeterministic choices to be made statically by program transformations,
reducing the amount of runtime nondeterminism. These transformations are correct because
they restrict the behaviour of programs; they do not add new behaviours. This is not the case for
the reverse direction, and hence these transformations are not invertible. Finite nondeterminism
is superficially similar to undefined behaviour, but not the same since there is no equation that
corresponds to undefc to x. M = undefp.
The GCBPV signature for this example consists of the following data:

« The effect algebra tracks nondeterminism. It is the preordered monoid {1 < +} with least
upper bound as the multiplication and 1 as the unit. In this case, 1 means deterministic,
and + means potentially nondeterministic.

+ There are no base types or constants.

+ There is a single operation flip with coarity unit, arity bool and effect +. The computation
flip () has type (+)bool, and nondeterministically chooses either true or false.

We use the operation flip to choose between arbitrary computations M;, M by defining
M; or M, = flip () to x. if x then M; else M,

IfTEM; : CandT+ M, : CthenT + M; or M, : {(+)C. The n-law for bool implies that
flip () = (true) or (false).

Again we specify the inequational theory by giving signature axioms. These are listed in
Figure 4.1. The first is the crucial one: it allows us to replace flip () with true or false statically
(a similar axiom with false instead of true is derivable). The other direction of this axiom (with
> rather than <) is not derivable, so we cannot replace constant booleans with flip (). The final
three axioms in this group ensure that nondeterministic choice is idempotent, commutative
and associative. Although these three axioms are non-symmetric (we only assume < rather
than =) the other direction of each is derivable.
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flip () < coerce;<; (true)
coercei<+ (()) < flip (); (())
flip () < flip () to x. (if x then false else true)
flip () to x.
flip () to x. .flp(t)hox (inlyptrue)
if x then flip () to y. (inlyns ) | < if x then coerce <, (inlypjtrue

1 ( 0) else flip () to y.
else coerce inrpe
> ereCiss bool (if y then inlyp;false else inrpoo1())

Figure 4.1: Signature axioms for nondeterminism

Lemma 4.1.1
1. fTEM;:Cand T k£ M, : C then M; or M; = M, or M.
2. fTEM:Cthen Mor M = coercec<.(+yc M.
3. T EM; : Cand T k M, : C then

M; or M, < coercec< (+yc My M; or M, < coercec<:(+yc Mz

4. T EM; :C,TEM, :Cand Tk Ms : C then (M; or M) or M3 = M or (M, or Ms).
5 UT EM; : (e)A,TEM;: (e)Aand T, x: Ar N : C then

(Myor M;) tox.N = (M; tox.N) or (M, to x.N) <

This completes the inequational theory we use for our nondeterminism example.
We consider a transformation that reuses the result of a duplicated computation:

Mtox. Mtoy. N <¢x Mtox.N[y—x]

Validity of this transformation is shown in later sections of this chapter. Benton et al. [11]
consider a similar transformation when M is deterministic; in this case, the reverse direction
also holds (if M has effect 1, then = holds). Their equational framework cannot validate
this duplicated computation transformation when nondeterminism is allowed because it is not
invertible (the right-to-left direction is not correct in general). Our framework can. We can also
validate other transformations involving nondeterminism, for example, dead code elimination:

M; N =4« N

4.1.3 Shared global state

We also consider a concurrency example. We again use mutable global state as a source of
side-effects, but in this case assume the state can be accessed by multiple threads, which
requires us to use directed versions of the signature axioms for global state. We do not attempt
to fully characterize a concurrent language in this example. Instead, we focus only on a single
thread (assuming there might be other threads that can arbitrarily access and mutate the state),
and do not include any concurrency primitives (e.g. creation of new threads). The idea is
that we can validate transformations on subprograms that use the shared state but do not use
any concurrency primitives. For simplicity, the state is the only source of side-effects in this
example.
The signature for this example consists of the following data:
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COETCe (get}<(getput} (g€t ()
put V; coercepc(get} V)
put V,

get () to x. ((x,x))
coercep< (gt} {())

get () to x. (putx; (x))

put V; get ()

put Vi; put Vs

get () to x.get () toy. ((x,y))
get (); <0)

AN AN AN A

Figure 4.2: Signature axioms for shared global state

« We use a Gifford-style effect algebra (Example 2.1.2) with set of operations X := {get, put},
so that effects ¢ C X specify the operations that may be used.

+ There are no base types or constants.

+ There are two operations:

Operation op  Coarity car,, Arity ar,, Effect eff,

get unit bool {get}
put bool unit {put}

The signature axioms of the inequational theory are given in Figure 4.2. The axioms are the
same as those for non-shared global state (Figure 2.14), except that four of them are directed.
The reverse directions introduce data races if another thread is accessing the state concurrently
and hence they are not included.

We validate similar program transformations to the previous example: subject to suitable
restrictions on effects, it is sound to reuse the result of a duplicated computation, and eliminate
dead computations. Specifically, if M has type () A where ¢ C {put}, and M" has type (¢')A’
where ¢’ C {get}, then the following hold:

Mtox. Mtoy. N <.x Mtox.N[y—x] M; N =4 N

The instance on the left does not hold when the effect of M is {get}, because we do not allow
reordering of consecutive uses of get. We could instead capture a weaker memory model by
including a signature axiom that allows this reordering; in this case, the program transformation
would be valid. The instance on the left is also not symmetric (so the transformation is not
invertible). This is unlike non-shared state, in which it is symmetric.

4.2 Order-enriched semantics of GCBPV

The goal of this chapter is to prove instances of contextual preorders <. It is difficult to
prove these directly so, as in the previous chapter, we develop some extra machinery. Unlike
the previous chapter, here we focus on denotational semantics. This is primarily because
denotational models are easier to reason about than syntactic logical relations.

A common way of proving contextual equivalences is to give an adequate model of the
chosen side-effects, so that it suffices to show that denotations of terms are equal in the model.
In our case, <.ty is not symmetric, so equality between denotations is not suitable. We therefore
use order-enriched models, which come with partial orders C between denotations.

We have three examples, which need to be modelled in different settings. There are also
other examples of side-effects (e.g. local state [88] and probability [37]) that require other
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settings. We aim to provide a general categorical semantics for GCBPV that can be applied
to as many of these as possible. Our semantics is based on adjunction models for CBPV [58],
which we extend with grading and with order-enrichment.! The order = on morphisms is the
semantic counterpart of the contextual preorder.

We use some order-enriched category theory to describe the semantics (see Appendix A

for background).

4.2.1 Graded adjunctions

The data required for a model of GCBPV closely mirrors the syntax. There are two kinds
of types, and therefore we use two Poset-categories: a value category C and a computation
category D. Value types are interpreted as objects of C, and computation types are interpreted
as objects of D. We use X, Y, ... to refer to objects of C and X, Y, ... for objects of D.

The key component in each model is the data required to interpret thunk types and returner
types. In ordinary CBPYV, there is a single type former F for returner types (because there is no
grading), and in the semantics this is left adjoint to the type former U for thunk types:

F
/:N

C D
v
U

(Of course, we actually need a strong adjunction; we add strength below.) We have an adjunction
because for each value of type A we can form a computation of type F A (by returning it), and
any computation I, x : Ax M : C can be extended to a computation

Iy:UFAE forceytox. M : C

that satisfies certain properties. To add grading, we note that this is still the case with the
returner type (1)A (i.e. with the unit effect). We therefore use the left adjoint F as the
interpretation of (1)A. For returner types annotated with other effects, we note that they can be
written using (1) and the action of the effect algebra on computation types (see Definition 2.7.3),
as (e)A = {e)(1)A. Hence the remaining structure we need to interpret the other returner
types is an action e®— of the preordered monoid of effects on the computation category D.

Definition 4.2.1 Suppose that (&, <, -, 1) is a preordered monoid, and D is a Poset-category.
A strict Poset-action of & on D is a Poset-functor ® : & x D — D that respects the unit and
multiplication:

1®— = Idp (e:)Yo— = ed(d®-) <

Here, and throughout this chapter, we treat the preordered monoid as a Poset-category with
set of objects &, and a single morphism from ¢ to ¢’ if ¢ < ¢’ (we write this morphism as ¢ < ¢’).
The ordering on morphisms is equality.

Each strict Poset-action comes in particular with morphisms (¢ < ¢)®X from ¢®X to
¢’ ®X whenever ¢ < ¢. This corresponds to the subtyping {e)C <: {&’)C.

We call the combination of an adjunction and an action a graded Poset-adjunction. This

definition is implicit in [28] (which considers resolutions of graded monads).

Definition 4.2.2 Suppose that (&, <, -, 1) is a preordered monoid, and that C and D are Poset-
categories. An (E-)graded Poset-adjunction is a triple (F, U, ®) where:

IThough unlike Levy, we do not define adjunction models in terms of locally indexed categories, instead we
use more a more elementary (but less elegant) description.
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« F:C—>DandU : D — C form a Poset-adjunction F 4 U, with unitn : [dc - U o F
and counit @ : F o U — Idp.

e ®: 5 XD — Dis a strict &-action on D. <

The counit induces an extension operator: every C-morphism f : X — UY can be extended

to a C-morphism

U F Ule
UeoFx) —2, veerwy)) L2 vy

This is similar to the extension of computations in context I, x : A to computations in context
I, x : UF A mentioned above, except for the extra context I'. This extension operator is enough
to interpret closed computations M to x. N, but because there is no T', it cannot interpret this
computation if it is open. We require a more general extension operator than this, and to define
it we need a strong adjunction. (Strength appears for exactly the same reason as it does for
models of the monadic metalanguage [78].)

Definition 4.2.3 (Graded strong Poset-adjunction) Suppose that (&, <, -, 1) is a preordered
monoid, C is a cartesian Poset-category, and D is a Poset-category. An graded strong Poset-
adjunction consists of a graded Poset-adjunction (F,U, ®) and a family of morphisms

strexy : X XU(e®FY) > U(e®F(X X Y))
indexed by € € & and X, Y € C, such that:
« For each ¢, the pair (U(e®F-), str.) is a strong Poset-functor C — C.
+ The unit 7 is a strong natural transformation Idc — (U o F, stry).
« For each ¢, ¢’ the family of morphisms U(e®®(,/gr-)) is a strong natural transformation
(U(e®F-), stre) o (U(e®F-), stry) = (U((e-€")®F-), stre.)
« The strength is natural in ¢: if ¢ < ¢’ then

Strex,y

X X U(e®@FY) —22 s (c@F(X x Y))
XXU((SSE’)@FY)i \LU((ESE')@F(XXY))
X X U(€/®FY) T’)(Y) U(E’@F(X X Y))

commutes for all X, Y. <

The strength enables us to define a more general version of the extension operator above.

Given a C-morphism f : Z x X — UY, define its extension ' : Z x U(e®FX) — U(e®Y) as
Strez.x U(e®Ff) U(e®ay)
ZxU(e®FX) —= U(¢®F(Z x X)) —— U(¢®F(UY)) — U(¢®Y)

In the semantics, we use this extension operator to interpret open computations M to x. N in
typing context I'. The object Z is the interpretation of T'.

Each graded Poset-adjunction with C = Set or C = Poset forms a graded strong Poset-
adjunction in exactly one way. The strength in both of these cases is given by:

strexy (%, 1) = U(e®(F(y = (x,9)))) t

For C = wCpo, if a strength exists it is also given by this formula, and this formula defines a
strength when the functions U(¢®F-) : C(X,Y) — D(U(¢®FX),U(¢®FY)) preserve least
upper bounds.? These facts are useful when defining models based on Set, Poset or wCpo.

2This characterization of strengths for Set, Poset and @Cpo follows from the fact that tensorial strengths
correspond to enrichments of functors [50]. One can also show that if C is well-pointed, then strengths are uniquely
determined by the formula above.
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4.2.2 Models of GCBPV

We are almost ready to give the definition of GCBPV model. We do this formally below
(Definition 4.2.7), but first give an informal description. In addition to the graded adjunction,
we need data to interpret the rest of the type formers. On the value level we have product
and sum types, so we ask for the value category C to be bicartesian, and require distributivity.
For computations we have product types, and so we ask for the computation category D to be
cartesian. Since for types we have {¢)unit = unit and ) (C, X C,) = {£)C, x {e)C, we also
require the action ® to strictly preserve the cartesian structure of D. In particular, we require

@1 =1  e@(X,xX,) = (c8X,) X (c0X,)

where we write the cartesian structure of D with an underline.

Functions in GCBPV map values to computations, and are computations themselves. To
interpret these we use a Poset-functor X = — : D — D for each object X € C, with currying
functions A and uncurrying functions A™!:

A: C(ZxX,UY) = C(ZUX=Y)) : A~
As for products, we require exponentials to strictly preserve the action, in particular,
c®(X=Y) = X=(e®Y)

We also impose an additional requirement on the exponentials X = —. To explain this we
define a notion of linearity® for morphisms of C. The definition uses the right strength str*
(which is the left strength str with the products reversed):

stryxy = U(e®F(my, m1)) o streyx o (m, m) @ U(e®FX) XY — U(e®F(X X Y))

Definition 4.2.4 A natural transformation @, : U(e®X) — U(e®Y) is linear if the following
diagram commutes

U(e@FU (¢ ®X)) 22N 1y coFU (¢ @Y))

U(£®w€,®5)l \LU(E@(DS,@BX)

U((e:€)®X) ——— U((e-¢)®Y)

foralle e € &.
A natural transformation @, : U(e®X)XZ — U(e®Y) is left-linear if the following diagram
commutes

U(e®@FU (¢ ®X)) X Z — 3 U(c@ F(U (¢ ®X) x Z)) 225 (@ FU(¢£ ®Y))
U(E@(Dsr@K)XZ\L \LU(S@@S@X)
U((e-e)®X) xZ > U((e-e)®Y)

Ae.e’

foralle ¢ € &. <

3The word linear comes from Kock [49]. A similar property for syntax (see Section 4.2.3.5) is also called
linearity by Munch-Maccagnoni [79] (and by Levy [60] for call-by-push-value).
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[A] € C [C] €D [T] €C
[unit] = 1 [unit] = 1 [o] =1
[ArxAz] = [Ai]l x[A4:]  [c,xG] = [, ]x][S,] [T,x:A] = [T] x[A]
[empty] = o [A—C] = [Al =[]
[A1 +Az] = [A] +[A:] [(e)A] = e®F[A]
[ucl = vlcl
[TrV:A]:[T] — [Al [TeEM:C]:[T] — U[C]
el = [cll o Opry [AG] = = o0y
[x] = mx [A{1. M, 2. Mp}] = = o([Mi], [M])
[O1 = Opry [iM] = Umo[M]  (i€{12}
[Vl = AVLIVD [Ax:AM] = A[M]
[fstV] = mo[V] [VM] = AT [M] o Gd, [V])
[sndV] = mo[V] [op V] = [opll o [V]
[cases Vof {}]| = [lpag o [V] [V = neo[V]
[inlV] = inlo[V] [Mtox.NJ] = [N]" o (id, [M])
[inr V] = inro[V] [coerce.<.r M| = U((e<e)@F[A]) o [M]
case V of [[W:], [W2]] [force V] = [V]
{inl x;. W; = | o dist
, inr x;. Wa} o (id, [V])
[thunk M] = [M]]

Figure 4.3: Denotational semantics of GCBPV

The intuition is that (left-)linearity means « uses the U (e®X) argument exactly once, and does
not add any other side-effects.

Using the data for exponentials above we define a natural transformation ev for function
application:

evexy = Alid 1 U(e®(X = Y)) x X - U(e®Y)

The extra requirement is that this natural transformation is left-linear. This is equivalent to
requiring A™'a, to be left-linear for all linear a.

The remaining data required to interpret GCBPV is an interpretation [[b]] € C of each base
type b, an interpretation [[c]] : 1 — [A] of each constant ¢ of type A, and an interpretation
[op] : carep — U(effop,®Far,p) of each operation op.

Using this data, we give the denotational semantics of GCBPV in Figure 4.3. Each value
type A is interpreted as an object [ A] is the value category C, and each computation type
C is interpreted as an object [C] of the computation category D. The strict preservation
requirements we impose imply that [{¢)C]] = e®[ D], and so [M to x. N] is well-defined.
Typing contexts I are interpreted as objects [T'] € C using the terminal object and binary
products. If (x : A) € T then we write 7, : [T]] — [[A] for the corresponding projection.
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The interpretation of terms is given on the bottom of Figure 4.3. Values '+ V : A are
interpreted as morphisms [T+ V : A] : [T] — [A] in the value category C. Computations
[k M : C are also interpreted in the value category, as morphisms [T M :C] : [T] —
U[C]- (Intuitively, we interpret computations as morphisms of C because morphisms in the
computation category D are effect-preserving, while computations are not. The interpretation
of a computation M is also not in general linear.) We often omit the typing context and type
from denotations of terms. The two isomorphisms = in Figure 4.3 are the inverses of the
following morphisms:

Oui:UL—1  (Um,Um):U(X,xX,) = UX, xUX,

These inverses exist because U is a right adjoint. In adjunction models, thunk and force are
invisible because computations are interpreted in C. The interpretation of to uses the general
extension operator ()" defined in Section 4.2.1. Computations of returner type are coerced
using (¢ < &)@ (-).

We collect together all of the data required for the semantics into the notion of GCBPV
structure.

Definition 4.2.5 (GCBPYV structure) Given some GCBPV signature, a structure consists of
« A distributive Poset-category C and a cartesian Poset-category D.

+ A Poset-functor X = — : D — D for each X € C, together with a family of bijections

IR

A: C(ZxX,UY) = C(ZUX=Y)) : A

naturalin Z € Cand Y € D.
A graded strong Poset-adjunction (F,U, ®), where F : C —» D and U : D — C, such that

e®1=1
e®(X, X X,) = (e®X,)) X (e®X,) (6@, e®m2) = id,(x xx,)
ER(X =Y)=X = (e®Y) ev is left-linear

An object [b] € C for each base type b.

A morphism [[c] : 1 — [A] for each constant ¢ € Ky, and a morphism [op] : [caryp || —
U (effop @ F[[arep ||) for each operation op € X. <«

Given any such structure, the denotational semantics defined in Figure 4.3 satisfies some
useful properties. Recall that by definition, each GCBPV inequational theory is required to
satisfy congruence and substitution properties, and also to respect the core axioms given in
Figure 2.13. The denotational semantics satisfies similar properties. In the following lemma, we
interpret well-typed substitutions I' + o : A, as C-morphisms [T+ o : A] : [T]] — [A]], given
by tupling their components.

Lemma 4.2.6 Given any GCBPV structure, the following properties hold:
1. Compositionality:

« If[T+V:A]C [T+ W : A] then for term contexts with hole O,

I'FC[V]:BAT'+vC[W]:B = [TrC[V]:B]C[T+C[W]:B]
I'tEC[V]I:DAT'EC[W]:D = [I"eC[V]:D]|c[I"eC[W]:D]
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« f[TEM:C] C[TEN :C] then for term contexts with hole O,

I'FC[M]:BAT'+C[N]:B = [I+C[M]:B]C|[T+C[N]:B]
"'t C[M]:DAT'EC[N]:D = [I’tC[M]:D]E[I'tC[N]:D]

2. Substitution: if T + o : A then:

ArV :A = [[+V]o]:A] =[[ArV :A]o[T+o:A]
AeM:C = [TeMo]:C] =[AeM:C]o[T+o:A]

Henceif [TFo: A] C [T+ o’ : A] then

[Ar VIAJC[ArW:A] = [T+ Vie]:A]JC[THW[d']:A]
[AeM:ClE[AeN:C] = [TeM[o]:CJE[IE N[o']:C]

3. Core axioms:

e Values: if T+FV : Aand T+ W : A, and V = W is an instance of an axiom in
Figure 2.13, then [T+ V: A = [T+ W : A].

« Computations: if ' M :Cand 'k N : C,and M = N is an instance of an axiom in
Figure 2.13,then [T M : C]| = [T N : C].

Proof sketch. Each part of this lemma is proved separately.

For compositionality, the proof is by induction on the structure of the term contexts C[]
and C[]. Each case follows immediately from monotonicity (for example of the copairing
operations (—, —)).

For substitution, we first show a weakening lemma: there is an evident morphism

[Lx:AT] - [[,T]
and if I, T + M : C then the interpretation of T', x : A,I" + M : C is equal to

[r.remc]
[T,x:AT] — [T,T'] ——— [C]

There is a similar fact for values. We then show the substitution lemma by induction on V
and M, weakening substitutions where necessary. The second part of substitution follows
immediately from the first part and monotonicity of o.

For the core axioms we go case-by-case. Most follow from the universal properties of the
structure used to interpret each type former. For the axioms that involve substitution we use
the previous part of this lemma. For the axiom Ay: A. M to x. N = M to x. Ay : A. N we use
left-linearity of ev. O

This lemma implies that the denotational semantics is sound with respect to the smallest
inequational theory, in which the core axioms are the only axioms. It is not in general sound
with respect to an arbitrary inequational theory. For our three examples in Section 4.1, we
give signature axioms in addition to the core axioms, and define the inequational theory by
closing under reflexivity, transitivity and congruence. The above lemma implies that to check
soundness with respect to an inequational theory defined in this way, we need only check the
signature axioms.

We call a structure a model if it is sound with respect to some given inequational theory.
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Definition 4.2.7 (GCBPV model) A model of some GCBPV inequational theory < is a struc-
ture such that the interpretation of terms is sound: if T+ V < W : Athen [T+V:A] C
[TFrW:A],andif TEM <K N:Cthen [T M:C|E[TEN:C]. <

Each model induces a semantic notion of validity of program transformations: a transformation
is valid in a model if it only replaces M with N when [M] C [N].

4.2.3 Constructing models

We give various models of GCBPV. First we present the three models we use to verify the
example program transformations in Section 4.1, one each for undefined behaviour, nondeter-
minism and shared global state. We then describe how to construct monadic models of GCBPV.
Finally we describe the term model, which we use for adequacy proofs in Section 4.3.

4.2.3.1 Undefined behaviour

Our undefined behaviour example has the simplest model. We interpret value types as posets
(in the value category C = Poset), and computation types as pointed posets (in the computation
category D = Poset,). The least element of each object of Poset, represents undefined
behaviour. We use the usual bicartesian structure of C and cartesian structure of D.

For the graded adjunction, the left adjoint sends each poset X to the pointed poset X
obtained by freely adding a least element, and sends each monotone function f : X — Y to its
strict extension f; : X; — Y, (so fi L := L and f} x := x for x € X). The right adjoint is the
forgetful functor, which sends each pointed poset to itself. The unit nx : X — X, maps each
element of X to itself, and the counit @x : (X,), — X, merges the two bottom elements. For
this example, the effect algebra is the trivial preordered monoid with underlying set {x}. Hence
the action *®— is just the identity. Since the value category is Poset, strength is also trivial
in this case: the strength is given as above, and all natural transformations are automatically
strong. With this graded adjunction, we can show that the computation M to x. N eagerly
evaluates M in the semantics:

[Mtox.N]p = {J_ lf[[M]];')_J_
[N](p,[M]p) otherwise

In this case, a natural transformation @, : U(e®X) — U(e®Y) is just a monotone function
ax : X — Y between the pointed posets X and Y. Such a natural transformation is linear if
it is strict (i.e. is a morphism in Poset ). Similarly, left-linearity just means strict in the left
argument.

The function space X = Y is the set of monotone functions, ordered pointwise. The least
element of the function space is the function that maps every element of X to the least element
of Y. Currying and uncurrying are the usual operations on functions. The evaluation map is
given by

evxy(f,x) = fx

and is clearly left-linear.

The interpretation of the only base type int is just [[int] := {-2%1,...,2%" — 1} (ordered by
equality). Recall that constants ¢ € K} are interpreted as morphisms [[¢] : 1 — [A]. On Poset,
these are just elements [[¢]| € [A] by abuse of notation. For undefined behaviour, geq and add
have obvious interpretations (as functions [[int]] — [int]] — 2 and [[int] — [int] — [int]]
respectively). The constant integers are interpreted as [n] := n € [int].
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The operation undef is interpreted as a morphism [[undef] : 1 — 0, (recall that 0 is the
empty poset). For this we take the least element L. Finally, the operation add,s is interpreted
as a morphism [[addpsw ] : [int]] X [int]] — [int] ,, which is given by:

_|m+n if(m+n)e [int]

[addus ]} (m.n) = {J_ otherwise

It is easy to see that this interpretation is sound, and hence a model in the sense of Defini-
tion 4.2.7, by checking the signature axioms. In particular, we have [[undefg]] C [M] because
the left-hand side is the least element.

We validate each program transformation M <. N by showing that [M] E [ N]. This
is sufficient because the model of undefined behaviour is adequate; we prove adequacy in
Section 4.3.2.1. Hence, to validate the example transformations we show

[[addnsw(vla VZ)]] C [[<add(V1, V2)>]]
addnsw (V1, V2) to x. add,sw (V1, V2) to x.
let b = geq(x,V;)in | = (| let b = geq(V,,0) in
N N

To do this we just use cases on whether the addition overflows. For the first transformation
if the addition does not overflow then the two sides are equal by definition, otherwise the
left-hand side is the least element. The second is similar.

4.2.3.2 Nondeterminism

For our nondeterminism example, we again interpret value types as posets (in the value category
Poset). For computation types we define a new Poset-category D. Recall that a meet-semilattice
is a poset X such that each pair of elements x1, x, € X has a meet (greatest lower bound) x; Mx,
i.e. an element of x; M x, € X that satisfies

Vye X.yExiMxy © yCxy AyCxy

Objects of D are pairs of a meet-semilattice A, and a subset A; (which is not required to be closed
under meets). We write such an object as (A; € A;). Morphisms f : (A; € Ay) — (B; € By)
in D are monotone functions f : A, — B, that preserve meets (f(x; Mx2) = fx; M fx3), and
such that if x € A; then fx € B;.

The idea is that the elements of A, are nondeterministic, and elements of A; are deterministic.
We use the usual bicartesian structure of Poset. The terminal object of D is {x} C {x} and
the binary product (A; € A;) X (B € B;) is (A1 X B;) € (A4 X By). The exponential
X = (A; € A;) consists of the meet-semilattice of monotone functions f : X — A;. The
subset contains the monotone functions whose images are subsets of A;.

We next define the graded adjunction. The right adjoint U : D — Poset sends (A; C A;) to
A; (the order on A; is the restriction of the order on A, ), and sends each morphism f : (A; C
A;) — (B C By) to its restriction to A; — B;. The monoid action is defined for the effect +
by:

(D@(AI CA) = (A, CA)  (HDef=f
and on the effect 1 it is the identity.

For the left adjoint, recall that binary nondeterminism is traditionally modelled using the
monad P on Set, where P} X is the set of nonempty finite subsets of X. A subset S € P X

n
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is the set of possible results of a computation. Here we also have to take into account the
ordering on elements of X. If x € X is a possible result of a computation and x E x’ then x’
should also be viewed as a possible result. Hence instead of using subsets S € P X we use
their upwards closures 1S = {x’ € X | Ix € S.x C x’}.

Formally, the left adjoint F : Poset — D sends each poset X to (A; € A;), where

A= {M{x} | x € X} A, ={1S|S e P X}

and A, has superset as the order.* The meet of S;,S, € A, is the union S; U S;. On monotone
functions f : X — Y, the Poset-functor F is given by

Ff=AS.T{fx|x €S}

The unit of the adjunction is nx x := T{x}. For the counit we note that for any (A; C A;) €
D each set §’ € PgnAJr has a meet [ |S” € A4, and hence if S C A, is the upwards closure of
some S’ € P A, then S has a meet [ 1S = []5". The counit @4,ca,) : FA; — (A1 C Ay) is
given by

DA, cA,)S = ’_| S

For this graded adjunction, sequencing of computations takes the meet of all possible results:

[Mtox. NJ| = |_| [N](p,a)

ac[M] p

If M is deterministic (has type (1)A for some A), then [M] p = T{a} for some a, and so
[Mto x. N]| = [N](p, a) by monotonicity of [ N].

To complete the model we give the interpretation of flip, which is a function [ flip]] : 1 —
{15 | S € P¢ _{true, false}}. This maps the unique element of 1 to the set {true, false}, so that
the two possible results of flip () are true and false. Under this interpretation we can show that
binary nondeterministic choice takes the meet:

[Mior M] p = [Mi] p O [M] p

It is not difficult to check soundness of the signature axioms (Figure 4.1), and hence that this
data forms a model of the inequational theory for nondeterminism. For example, for the axiom
flip () < coerce;<; (true) we have

[flip O] p = {true, false} 2 {true} = [coerce;<, (true)] p

We show that this model is adequate in Section 4.3.2.2.
We verify that both of the program transformations given in Section 4.1.2 hold. For reusing
the result of a duplicated computation this means showing

[Mtox.Mtoy.N]| € [Mtox.N[y—x]]

Using the interpretation of to above this inequality becomes

[T 1 Mo e [] INI(px),%)
xe[M] pye[M] p xe[M] p

“Tor the left adjoint, A, is the free meet-semilattice on the poset X. (Similarly, P Y ordered by 2 is the free
meet-semilattice on the set Y.)




78 Chapter 4. Noninvertible program transformations

and this holds, so the left-to-right transformation is valid. If M is deterministic (has type
(1)A for some A), then [M] p = T{a} for some a, and the two sides of this inequality are
just [ N]((p, a), a). So in this case, we have an equality, and the right-to-left direction of the
transformation is also valid.

The other example we give is eliminating a dead computation, which is valid because

[M:NTp = | [INTp = [N]p

xe[M] p

4.2.3.3 Shared global state

We give a model of shared global state on Poset, in the style of algebraic effects [88]. We do not
give a general description of algebraic effects on Poset; instead we consider only get and put.
A general description of algebraic models of GCBPV on Poset would be similar to [42, 64, 47],
but adapted to include grading.

We interpret value types as posets (in the value category Poset). The computation cat-
egory is more complicated, and somewhat similar to the computation category we use for
nondeterminism. Objects are roughly posets, together with interpretations of the get and put
operations.

Recall that the set of operations is ¥ := {get, put}, and effects are subsets ¢ C X.

Definition 4.2.8 A graded shared mnemoid® (A, g, p) consists of a family of sets (A).cs such
that ¢ C ¢ implies A, C A./, a partial order C on Ay, and monotone functions

g:As X Ay — As Pirue : Ay, = Ay, Pralse : Az — Ay

such that if ayye, afalse € Ae then g(airue, Afatse) € Acufget), if a € A, then pya € Agypury, and
the following axioms hold:

g(Ptrue Qtrues Pfalse afalse) C g(atrue, afalse) Py (g(atrue> afalse)) C ppap
g (9 (atrue,true: atrue,false)’ g (afalse,true, afalse,false)) C g (atrue,true: afalse,false)
Pbl(sz a) prza g(as a) =a

The computation category GSMnem has graded shared mnemoids as objects. Morphisms
f:(Agp) — (A, g, p’) are monotone functions f : As — Af such that

f(9(auue: atatse)) = g/(fatrue; fagaise) f(ppa) = P’b(fa)
and a € A, implies fa € A.. Morphisms are ordered pointwise. <

The set A, contains the interpretations of computations with effect ¢. The functions provide
the operations: g(airye, afalse) means get the value b of the state and then run ay, and pya means
put the value b and then run a. The axioms are similar to those of the inequational theory in
Figure 4.2.

We use the usual bicartesian structure on Poset. The cartesian structure on GSMnem, and
exponentials, are straightforward. In particular, the family of sets in the product (4, g, p) X
(A, g, p") is (A; X Al)ecs, and the functions are given componentwise. For the exponential
X = (A, g, p) we take the set of monotone functions X — As.

>These are based on Melliés’s [72] mnemoids. We adapt the definition to shared global state, and also add
grading (given by the subsets). The usual global state monad on a fixed set forms a graded shared mnemoid (just
as it forms a mnenoid); this implies consistency of our axioms.
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For the graded adjunction the right adjoint U : GSMnem — Poset sends (A, g, p) to Ag,
and morphisms f to their restrictions to Ag. The monoid action is given by:

€®(A,9,P) = ((AEUE’)E’Qng’p) g®f = f

and (¢ C ¢’)®— is the identity on Asy.
For the left adjoint, given a poset (X, Ex), terms t over X are given by the following formal
grammar, where x ranges over elements of X and b over elements of 2 = {true, false}:

t ==x| get(tuue talse) | put, t

The term x just returns x; the term get(tirue, tralse) gets the value b of the state and then runs
the term t,; and put, t puts b and then runs the term t. For example, get(putg,. X, puty,e X)
is a term that gets the value of the state, puts its negation, and then returns x. We capture
the required behaviour of these terms using a (non-antisymmetric) preorder < on terms. It is
defined as the smallest preorder that is closed under congruence

x Cx x’ trrue < Hiye tratse < b t <t be2
x dx get(ttrue, thalse) < get(t{rue, téalse) put, t J put, t’

and under the following six axioms (which should be compared with the shared mnemoid
axioms above):

get(PUttrue true> PUtp e tfalse) g get(ttrue’ tfalse) pUtb(get(ttrue’ tfalse)) g puty By
get(get(ttrue,true s ttrue,false)» get(tfalse,true > tfalse,false)) d get(ttrue,true > tfalse,false)
put, (put,, t) < put, ¢ get(t,t) <t t < get(t,t)

The intersection of < and its converse > is an equivalence relation on computations. We
quotient by this equivalence relation, so that < induces a partial order on equivalence classes
[t] of computations t. (We do not know of a desciption that does not involve a quotient.) From
this point onwards, we always consider equivalence classes, and suppress the square brackets
in the notation.

We construct a graded shared mnemoid FX := (A, g, p) as follows: A, is the set of equiva-
lence classes of terms t over X that contain only the operations in ¢. The functions g and p;
are straightforward:

g(ttrue; tfalse) = get(ttrue, tfalse) ppt = pUtb t

This defines the left adjoint on objects. To define it on morphisms, we first define the interpre-
tations of terms in graded shared mnemoids (B.g, p). Given a term t over X, and a monotone
function p : X — By, we define 7| t]p € By by:

[[[x]]P =px I[[get(ttrue, tfalse)]]p = g(I[[ttrue]]PaI[[tfalse]]P) -Z—[[F)Utb t]]P = Pb(f[[t]]P)

(This is well-defined and monotone by the axioms required for graded shared mnemoids.)
Any monotone function f : X — Y can be viewed as a monotone function f : X — By
where By is the set of equivalence classes of terms over Y, and so we define Ff = I[[-]f.
The unit of the graded adjunction maps each x to the trivial computation x. The counit
O(agp) : FAy — (A, g, p) is given by @(a4,) = T[] id.

The constants are interpreted as follows:

[get] * := (get(true, false)) [put]] & == (put, %)



80 Chapter 4. Noninvertible program transformations

This defines a model of the inequational theory for shared global state, in which

[Mtox.N]p = I[[M]p](a = [N](p.a))

We show adequacy in Section 4.3.2.3.
Finally, we verify that the example transformations in Section 4.1.3 are valid in this model.
For reusing the result of a duplicated computation we show

[Mtox.Mtoy.N|] C [Mtox. N[y—x]]

for computations M of type (¢)A with ¢ C {put}. Given any p € [T], the term [M]p has
the form put, (put,,(--- (put, a)---)) for some by,...,b, € 2and a € [A], because of the
restriction on the effect ¢. By expanding the interpretations of the two computations, the goal
becomes

o, (- (o, (po, (- - (P, (INT (p, (@.@)))) - +-))) -+ +) E pu, (- - (po, (IN] (p. (a,@)))) - - )

If n = 0 then this holds automatically; if n > 0 then we can show by induction on n that

P, (- (o, (ppa)) - -+ ) C ppa

for all a, b, using the axiom py (pp~a’) C ppra’, and instantiate this to get the inequality we
need.
For eliminating a dead computation we show

[M"; N'] = [N]

for computations M’ of type (¢’)A” where ¢’ C {get}. This uses a similar induction, except that
we use the axiom g(a, a) = a.

4.2.3.4 Monadic models

The three models above suffice for our examples. We additionally give a general source of
models. It is well-known that monads can be used to model various side-effects, and strong
monads are used for models of the monadic metalanguage [78]. Monads can also be used as
models for CBPV by taking the adjunction to be the Eilenberg-Moore resolution, as shown by
Levy [57, Chapter 12]. Here we generalize the notion of monadic model of CBPV to the graded,
Poset-enriched case. This allows to use previous monadic models of side-effects as models of
GCBPV. The construction in this chapter is a relatively straightforward generalization, and the
proofs are almost identical.

Monadic models of GCBPV are based on Katsumata’s [45] graded monads. We again need
tensorial strengths (to interpret open terms) and, in our case, need Poset-enrichment. Hence
we use graded strong Poset-monads. In the following definition, C should be thought of as the
value category of a model of GCBPV.

Definition 4.2.9 Suppose that (&, <, -, 1) is a preordered monoid and C is a cartesian Poset-
category. A (E-)graded strong Poset-monad® (T, str,n, i1) on C consists of:

« A strong Poset-functor (Té, str,) on C for each ¢ € &.
« A strong natural transformation T(¢ < ¢’) : (T¢, str.) — (Té€, stry) foreach e < ¢ € &E.

+ A strong natural transformation n : Idc — (T1, str1) from the identity strong Poset-
functor.
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« A strong natural transformation p . : (Te, stre) o (T€', strer) — (T(e-€’), stre..r) for each
e e e é&.
Such that:
« Tisfunctorial: T(e < ¢) = idr, andife < & < " thenT(e < ¢&”’) =T(e' <&")oT(e < ¢).

« pisnatural in € and ¢’: if £; < & and €] < &) then the following diagrams commute

T T /S ’
TeyoTe M} TeyoTe TeoTe] (=) TeoTe,

.usl,s’l \Lﬂez,e' :us,sil J//’le,fé

Tere) qeamey Tee)  Tled) o T(e)

T(e-e;<e-¢7)

+ The (graded) monad laws hold: the following diagrams commute

He,e! Te'”

TeoTe oTe” —— T(e-e’)oTe”

NTe Te Ten
/ H \ T&"ug/’f//l \Lﬂg‘g,’g,’

T1oTe ——p Te <5—— TeoT1 TeoT(e'-¢") —o T(e-e-€")

|

Graded strong Poset-functors can be used as models of our graded version of the monadic
metalanguage (GMM in Section 2.5). The Poset-functors Te¢ are used to interpret the type
constructors (¢). The strong natural transformations T (¢ < ¢’) are used for coercions. The unit
n is used to interpret pure computations, and the multiplication yu is used for sequencing of
computations.

If T is a graded strong Poset-monad then it forms a functor & — [C, C] (where as usual
we view & as a category). The strength is trivial in many cases in the same way that it is for
adjunctions. If C = Set or C = Poset, there is always a unique strength, and every natural
transformation is strong. If C = wCpo the strength is unique if it exists, and it does exist if T ¢
preserves least upper bounds of morphisms for each .

It is well-known that every adjunction induces a monad, and there is a analogous fact in
our situation:

Lemma 4.2.10 Suppose that (F, U, ®) is a graded strong Poset-adjunction with F : C — D.
Define T : & — [C,C] by:

Te:= U(e®F-) T(e<é)=U((e <€)®F-)

Then T forms a graded strong Poset-monad. Each strength str, is the strength of the adjunction,
the unit 7 is the unit of the adjunction, and the multiplication is given by:

peex = U(e®arex) + U(e®F(U(¢@®FX))) — U((e-¢) ®FX) <

It is possible to continue in this direction and show that each GCBPV structure induces most of
a GMM structure (the data required to interpret the graded monadic metalanguage (Section 2.5),
which includes a graded strong Poset-monad; the only missing part is that we do not quite

6Similar to the non-enriched case, graded strong Poset-monads are just lax monoidal functors & — [C, Cls,
where the preordered monoid & is viewed as a thin monoidal category, and [C, C]; is the monoidal category
of strong Poset-functors on C, with composition as the tensor product. Graded strong Poset-monads can be
equivalently presented as Kleisli triples, which have morphisms (=) : (X = Te'Y) — (TeX = T(e-¢")Y).
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have exponentials on C). This should not be surprising: we mentioned in Section 2.7.3 that we
can translate most of GMM into GCBPV (by interpreting the graded monad (¢)— as U (¢)—).

In this section we go in the other direction, and construct models of GCBPV from models
of GMM. Given a graded strong Poset-monad on C, we construct a graded strong Poset-
adjunction. We use C as the value category of the model, so the first step is to construct the
computation category D.

Definition 4.2.11 (Graded algebra [76, 28]) SupposethatT : & — [C, C] is a graded strong
Poset-monad. A T-algebra is a pair (A, a) of a functor A : & — C and a natural transformation

Az Te(Ae') — A(e-€)
such that the following diagrams commute for all ¢, ¢/, ¢”:

Tea

Ae —1 T1(Ae) Te(Te' (Ae”)) —— Te(A(e-¢"))
Ae T(e-e')(Ae") —— A(e-€'-€")

We call the functor A the carrier of the algebra.
A homomorphism from (A, a) to (A’, d’) is a natural transformation h : A — A’ such that

Te(A€) _Tehy Te(A'e)

Lk
A(e-¢) T} Al(e-¢)

commutes.

The Eilenberg-Moore category T-Alg of the graded monad T has T-algebras as objects and
graded algebra homomorphisms as morphisms. It is a Poset-category: h C h’ if h, C h,, for all
€. <

(This definition does not actually require strength, but we assume strength throughout this
section for consistency.)
We take T-Alg as the computation category D, and construct a graded adjunction

F

C/\T Alg . D
L -Alg E®—
N

U

The right adjoint U is the forgetful Poset-functor, which is given by
U(A a) = Al Uh = h
The left adjoint F maps each object X to the free T-algebra on X:
FX:=(T()Xp)  (Ff)=Tef

So the carrier of F X on the effect ¢ is T ¢ X. The action e®— multiplies by the effect ¢: given a
T-algebra (A, a), the T-algebra ¢® (A, a) is (B, b), where:

B¢ = A(e-¢) B(¢ <€’ = A(e-e <e-€") bererr = gt g
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This defines the action on objects. On homomorphisms & : (A,a) — (A’,a’), the homomor-
phism e®h : e® (A, a) — e®(A’,d’) is given by

(e®h)y = he.r
and if ¢ < ¢, then the homomorphism (¢ < ¢)®(A, a) : e®(A,a) — £ @ (A, a) is given by:
(e <&h@(Aa))y = Ale-e” <€)
Finally, the unit of the graded adjunction is just the unit 7 of the monad. The counit is given by
(Paa))e = aie : T1(Ae) — Ae

and the strength is just the strength of the monad.

The data that we construct here satisfies U(¢e®F—) = Te¢. If we apply Lemma 4.2.10 to it
then we recover the graded monad we started with. Showing this construction does give a
graded strong Poset-adjunction is straightforward.

Lemma 4.2.12 Given any graded strong Poset-monad, the construction above defines a graded
strong Poset-adjunction. <

We still have to construct the rest of the data required for a model, in particular, we need the
computation category T-Alg to be cartesian, and also require exponentials. We can construct
these out of similar structure on C.

Lemma 4.2.13 Suppose that T : & — [C, C] is a graded strong Poset-monad on a cartesian
closed Poset-category C. Then:
1. The terminal object 1 of T-Alg is the unique T-algebra with the constantly-1 functor as
carrier, and satisfies e®1 = 1.
2. The binary product of (Ay, a;) and (Ay, a;) is the T-algebra with carrier A; X A, and
natural transformation

(Temy,Tems) Aqec’ XAy e e’
—_—

Te(Are' X Aye’) Te(A1€) X Te(Aze') ———— Aj(e-€') x Ay(e-€)

together with 7; : Aje X Aze — A;e as the ith projection. It satisfies
£®((A1, a1)X(Az, a2)) = (6@ (A1, a1))X(¢®(Az,a2)) (€@, €®M2) = id, (4, 01)x(Ar.a2)

3. The exponential X = (A, a) is the T-algebra with carrier X = A and natural transfor-

mation
A(evostr")
_ 5

X= el
Te(X = A€ X = Te(Ae') T X = A(e-€)

with currying given by currying for exponentials in C. It satisfies

e®(X = (Aa) = X = (¢®(A,a)) ev is left-linear <

The proof is essentially the same as for the non-graded, non-enriched case.
To give a GCBPV structure, it therefore suffices to give:

« A bicartesian closed Poset-category C.
+ A graded strong Poset-monad T on C.
« An object [b] € C for each base type b.
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- A morphism [[c] : 1 — [[A] for each constant ¢ € K4 and a morphism [[op] : [arep | —
Te[[carop]] for each operation op € X.

The amount of data required and number of diagrams to check in this definition can be large
(for Gifford-style effect algebras, it is exponential in the number of operations). We end this
section by giving a lemma that allows us to reduce the amount of effort required to specity
monadic models.

A graded strong monad structure consists of the same data as a graded strong Poset-monad,
but none of the laws.

Definition 4.2.14 Suppose that (&, <, -, 1) is a preordered monoid and C is a cartesian Poset-
category. A graded strong monad structure on C consists of:
» For each ¢ € &: an object TeX € C for each X € C, a morphism Tef : TeX — TeY for
each f : X — Y, and a morphism str,xy : X X TeY — Te(X X Y) foreach X,Y € C.

« A morphism (T(e < ¢'))x : TeX — Te’X foreache < ¢ € Eand X € C.

« A morphism nx : X — T1X for each X € C.

« A morphism p, o x : Te(Te'X) — T(e-¢')X foreach ¢,¢’ € Eand X € C. <
Each graded strong monad structure either is or is not a graded strong Poset-monad. We show
that such a structure is a graded strong Poset-monad if it forms a grading of a strong Poset-
monad S, which means that it comes with morphisms m,x : TeX — SX. These morphisms

allow us to view computations in TeX as computations in S. They are required to preserve the
structure (multiplication, etc.), and also to be full monomorphisms:

Definition 4.2.15 (Meseguer [74]) A morphism m : X — Y in a Poset-category is a full
monomorphismif mo f C mo gimplies f CEgforall f,g: Y — Z. <

Each full monomorphism is in particular a monomorphism (mo f = mog = f = g). In Set the
full monomorphisms are the injections, in Poset they are the monotone functions such that
mxCmy=xLCuy.

Definition 4.2.16 Suppose that (&, <, -, 1) is a preordered monoid, C is a cartesian Poset-
category and that S is a strong Poset-monad on C. A grading of S consists of a graded strong
monad structure T on C together with a full monomorphism

mex : TeX — SX

for each ¢ € & and X € C, such that the following diagrams commute:

Tex 20 1oy X X TeY —22X0 s Te(X x Y) TeX
ms,X\L \ng,y Xxms,Y\L \ng,XxY (T(fﬁf'))xl Xﬁ:
/

Mg Te’ X

Te(Te'X) —% 5 S(Te'X) —2* 5 §(5X)

X
NN ! !
nx Hee! X HX

Me.e? X
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The lemma we use to reduce the amount of effort required to specify graded strong Poset-
monads is as follows.

Lemma 4.2.17 Suppose that (&, <, -, 1) is a preordered monoid, C is a cartesian Poset-category,
and S is a strong Poset-monad on C. The graded monad structure T of any grading of S is a
graded strong Poset-monad.

Proof. We reduce each of the requirements in the definition of graded strong Poset-monad to
the corresponding requirement on S by composing with m, and then using the diagrams in the
definition of grading. This suffices because m is a full monomorphism. We do not give all of
the cases since they are all similar to each other, we just give a few representative examples.

We must show that each Te forms a Poset-functor. Monotonicity holds because if f E ¢
then:

meyoTef = Sfom,x E Sgom,x = meyoTeg

Composition is preserved because:

mezoTegoTef = SgoSfomex = S(gof)omex = mgzoTe(go f)

The associativity law for the strength holds because of the following diagram chase

(X X Y) X TeZ etz b Te((X X Y) X Z)
(XXY)Xmg 7 Mg (XXY)XZ \LTMSSOC

assoc (X X Y) xSZ IV (X x Y) % Z) Te(X X (Y X Z))

\Lassoc W} \LmsXx(YxZ)

Irx,yxz

X x (Y x Tez) S0 0 o (Y x 82) 22070 x5 S(Y % Z) —2507 4 §(X % (Y X 2))

\ XM /
XXSstrey,z Me Xx(YXZ)

X XTe(Y X Z) %Tg(Xx(YxZ))

Stre X,y

where the centre is the associativity law for the strength of S, and other parts of the diagram
are from the definition of grading.
The left- and right-unit laws hold because of the following diagram chase

mex mex

TeX : > SX 4 : TeX
_~ o || sm o
Sms,X Me SX
NTex S(TeX) — S(SX) S(SX) — Te(SX) Tenx
MV K y w,x
T1(TeX) X > TeX mgx> SX <m€X TeX 4 X Te(T1X)

The centre is the left- and right-unit laws for S; the other parts are diagrams from the definition
of grading (other than the pentagon on the bottom-right, which combines two of them). O

To further reduce the amount of work required to construct graded monads, we could also
attempt to construct gradings from monads. One method of doing this is given for Gifford-style
effect algebras by Kammar and McDermott [41].



86 Chapter 4. Noninvertible program transformations

4.2.3.5 Term model

The last model we describe is the term model of GCBPV, which is a purely syntactic model, for
example, the morphisms of the value category are (equivalence classes of) GCBPV values. Terms
are interpreted essentially as themselves. We do not use this to model any of our examples, and
it is not itself useful for proving the validity of program transformations. However, it is useful
for showing that models (such as the examples we give above) are adequate. In Section 4.3 we
use the term model to prove adequacy.

Recall that for any given inequational theory < we write = for the intersection of < and its
converse. For each typing context I' and value type A, this is an equivalence relation on closed
values of type A in context I, and similarly for computation types.

We first define the value category C,. Objects are value types A. Morphisms from A to B
are equivalence classes of values x : A+ V : B. We write [x : A+ V : B], or just [V], for such a
morphism. The ordering on morphisms is <, The identity on A is [x], and the composition of
[V] and [W]is [V[x+—> W]].

The computation category D, is more difficult because contexts contain only value types,
and because we need to be able to define the action ®. First we define a notion of linearity for
computations, similar to linearity for natural transformations (Definition 4.2.4).

Definition 4.2.18 A family (M?).cg of computations

y: U((e)O) £ M* : {e)D

is natural if
y : U ({e)O) k coerce(eyc (eryc M* = M [y coercey (oyc<u(eyc Yl : (YD
for each ¢ < ¢/ € &, and is linear if
z: U ((e)(U ({&')C))) k force z to y. M = M®¢ [y thunk (force z to w. force w)] : {e-¢’yD
foreache & € &E. <

(This definition of linearity is based on the one given by Munch-Maccagnoni [79] and Levy
[60], but here we need natural families of computations because of the effect system.) Objects
of the computation category D, are computation types C. A morphism from C to D is a family
([M?])ees of equivalence classes of computations

y:U((e)O) £ M : {e)D

such that (M?).cg is natural and linear. The order on morphisms is
([Mece T ([N Dece © VeeE M < N°

We sometimes leave the effect ¢ implicit and write [y : UCF M : D], or just [M], for these
morphisms. The identity on C at € is [y : U ({e)C) k forcey : {¢)C]| and the composition of
[y: UC,eM:Ciland [y : UC, £ N : C,], for each effect,is [y : UC, £ M[y+>thunk N] : C,].

For every morphism in the computation category that we define, each of the equivalence
classes of terms is the same up to typing annotations. They can therefore be thought of as
single terms that satisfy y : UC M : D and, by replacing typing annotations, can be typed as
y : U ({e)C) £ M? : {e)D. They are essentially polymorphic in the effect ¢. Of course, this is
not the case for every computation (just as not every computation is linear), but this is not a
problem because computations are interpreted as morphisms in the value category.
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Bicartesian structure of C;:

Terminal object  unit Oa =10]
Binary products A; XA, oy = [fstx] m = [sndx]
Initial object empty []a := [case4 x of {}]
Binary coproducts A; +A; inl:= [inly,x] inr = [inrg x|

Cartesian structure of D;:

Terminal object  unit ()¢ = [A{}]
Binary products C, xC, m = [1forcey] m, = [2forcey]

Exponentials:

(A=0C)=(A—->0) (A = [M]) = [Az:A. M[y+> thunk (z‘force y)]]
A[V] = [thunk (Az:A.force (V[x (x,2)]))]

Graded strong Poset-adjunction:

U:D)—>C, UC=UC Uly:UCEM:C'] :=[x:UC+ thunkM[yr—x]:UC]
F:Cy—>D) FA:=(1)A Flx :ArV :B] = [y:U(e)AE forcey to x. (V) : (¢)B]

£@C:=()C (¢ <e”)@C:=[coerce(,..yc<(e.cryc (forcey)] €@ ([M:]).es = (M ees

na = [thunk (x)] @c = [forcey to z.force z]
streap = [thunk (force (fst x) to z. ((z,snd x)))]

Base types, constants and operations:
[2] ==b [c] = [e] [op] = [thunk (op x)]

Figure 4.4: The GCBPV term model

The remaining structure of the term model is defined in Figure 4.4. The interesting part is
the definition of the graded strong Poset-adjunction. In the definition of the right adjoint U
on morphisms, only the equivalence class for the effect 1 is used (similar to the right adjoint
in monadic models (Section 4.2.3.4)). The definition of the action ® is where it is important
that we have natural families of computations as morphisms of D, rather than just individual
computations. In particular, the definition of e®— on morphisms reindexes the family given
(this is why it is the only definition in which we make the indices explicit). Naturality of the
counit o follows from linearity of morphisms in D;.

The term model is in fact a model, as the following lemma shows.

Lemma 4.2.19 Given any inequational theory, the data given above forms a GCBPV structure
in which the interpretation of terms satisfies

FTFVW:A & [V]C[W] FTEM<N:C & [M]C[N]

Hence this GCBPV structure is a GCBPV model.
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Proof sketch. Showing that this data forms a GCBPV structure just requires checking each of
the requirements in turn. All are easy to check using the core axioms of inequational theories.

The fact about the interpretations of terms holds because terms are interpreted essentially
as themselves. Formally, for each typing context I', there is a substitution or such that

x:[T]ror:T [TrV:A] =[V]or]] [Tk M :CJ = [thunk M][or]]
There is also a substitution o, ! that behaves as an inverse to or. It satisfies
Tror':(x:[T])  Viorlle;'1=V  Mlorlle;'] =M
Hence on computations M we have:

[M]  [M]
= thunk M[or] < thunk M[or]

= force thunk M[or][o; '] < force thunk M[or] [0} ]
= MCM

M<M
= thunk M[or] < thunk M[or]
= [M] c[M]

Values are similar. m|

This lemma actually shows that the term model is complete as well as sound. Completeness
is the crucial property of the term model: it allows us to use term model to show adequacy
of our other models (Section 4.3 shows how to do this). Moreover, the fact that the syntax
of GCBPV forms a model shows that we have not included too many requirements in the
definition of model. The definition exactly matches the inequational theory in the following
sense:

Corollary 4.2.20 Given any inequational theory:
1. [TV :A] C[T+ W :A] for every model o

f<ifandonlyif '+ V < W:A.
2. [TEM:C] E[TEN :C] for every model of <N:C

<
<ifand only if I' t M

4.3 Relating syntax and semantics

The previous sections describe examples of program transformations we would like to perform
by conjecturing instances M <. N of the contextual preorder, and also show for each of these
instances that [M]] C [ N]. To prove the validity of the program transformations, we show
that our example models are adequate:

Definition 4.3.1 (Adequacy) A model of some GCBPV inequational theory is adequate if
both of the following hold:

« (Values) [TV :AJC[T+W :A] impliesT +V <qx W : A.
« (Computations) [T EM : C|E [Tt N : C]| implies Tk M < N : C. <

Adequacy can be formulated in terms of the more general problem of abstraction between
models of GCBPV.

Definition 4.3.2 (Abstraction) Suppose that M; and M, are models of the same inequational
theory. We say that M, abstracts M, if for all ground types G, effects ¢ and closed computations
M, N : (¢)G we have

M1[[M]] c M1[[N]] = Mz[[M]] C Mz[[N]] <
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Adequacy is a special case of abstraction because of the following lemma.

Lemma 4.3.3 A model M of some inequational theory is adequate if and only if the term
model (Section 4.2.3.5) abstracts M.

Proof. Since the term model is complete (Lemma 4.2.19), it abstracts M if and only if for all
ground types G, effects ¢ and closed computations M, N : (¢)G we have

MIMJEMI[N] =  M<N

so it suffices to show that this property is equivalent to adequacy.

Suppose that this property holds and that M[[V] € M[[W] for well-typed values V, W. By
compositionality (Lemma 4.2.6 (1)) we have M[[Q[V]]] C MHQ[W]]] So if C[V] and C[W]
satisfy the conditions on M and N we have C[V] < C[W]. Hence V <. W. Similarly for

computations.
If M is adequate and M[[M] T M| N] then M <. N, which implies M < N by applying
the definition of the contextual preorder to the term context O. O

We describe a method for proving instances of abstraction, and then show that our example
models are adequate using Lemma 4.3.3.

4.3.1 Logical relations and abstraction

To prove abstraction between models, we use logical relations. We give a general categorical
description of logical relations for GCBPV that can be used to state sufficient conditions for
abstraction to hold. This is based on the work of Hermida [36] and Katsumata [44], adapted
to our Poset-enriched models. This description of logical relations is more general than the
one we gave in Section 3.1: instead of covering just binary relations between terms, our new
definition covers relations of other arities (e.g. unary relations, and relations of varying arity),
and are not restricted to relating terms (they can relate denotations).

These relations are formulated in terms of functors p : Rc — C from an (ordinary) category
Rc into (the underlying ordinary category of) a Poset-category C. Here C is either the value
or computation category of a model of GCBPV (we actually require two such functors: one for
the value category and one for the computation category). An object P € R¢ should be thought
of as a unary predicate on pP € C, and a morphism f : P — Q as a witness that pf : pP — pQ
is truth-preserving. We assume that the functor p is faithful (i.e. for all f,¢: P — Qif pf = pg
then f = ¢), which implies such witnesses are unique. We say that an object P € R¢ is above
X € Cif pP = X, and for f : pP — pQ we write f : P = Q to mean there is some f such that
pf = f (ie. f is truth-preserving).

The general idea is to lift the structure of some GCBPV model (in Poset-categories C and D)
to categories R¢ and Rp of relations, and hence construct a new logical-relations (LR) model (we
define LR model below). In the LR model, value types A are interpreted as relations R[A] € Rc
and computation types C are interpreted as relations R[C] € Rp.

The next definition captures much of the required structure. It is essentially the same as a
definition given by Ma and Reynolds [65].

Definition 4.3.4 Suppose that C is a cartesian Poset-category and p : Rc — C is a functor. A
lifting of the cartesian structure of C consists of:

« An Rc-object 1 above 1, such that for each P, we have Opp : P> 1.

« For each P;, P,, an Rc-object P; X P, above pP; X pP, such that 7y : P; X P, = Py,
7Ty : P1XPy— Py, and foreach P, fi, foif fi : Q—> Py and f, : Q— P, then (fi, f2) : QP XP;.
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If C is bicartesian, a lifting of the bicartesian structure additionally consists of:
« An Rc-object 0 above 0, such that for each P, we have [1pp : 0> P.

+ For each Py, P, an Rc-object P; + P, above pP; + pP, such that inl : P, = P + P,,

inr : P,—P14+P,, andforeach P, fi, f2if f; : P1—>Qand f, : P,—>Qthen [f, f2] : P1+P,—Q.
Finally, if C is distributive, a lifting of the distributive structure is a lifting of the bicartesian
structure such that dist,ppo & : pP X (pQ + pR) = (pP X pQ) + (pP X pR) for all P,Q,R. <

Example 4.3.5 For Poset, we define the category Pred as follows. Objects P C X are pairs of a
poset X and an arbitrary set P of elements of X; we call these predicates. The predicate P C X
is considered to be true on elements of P, and false on the other elements of X. Morphisms
f:(PCSX) — (QCY) are monotone functions f : X — Y such that fx € Q for all x € P.
There is a functor p : Pred — Poset that sends (P C X) to X and f to itself. In this case,
f:(PSX) > (QCY) holds iff x € P implies f x € Q for all x. We lift the bicartesian structure
of Poset as follows:

*}C1 (P1 € X1) X (P, € Xp) = (P XPy) C (X1 XX3)

1:=A
0:=0c0 (P C€X1)+ (P, CXp) = (P1+P) C(X1+Xz) <«

Given a faithful functor p : Rc — C we Poset-enrich Rc in the following way: if f,4 : P —
Q are morphisms in R then f C §if pf T pg (this is a partial order because f is faithful). Any
lifting of the cartesian (or bicartesian) structure on C induces a cartesian (bicartesian) structure
on Rc: we use the objects and witnesses required in the definition of lifting (e.g. the product of
P; and P, is P; X P,, where each projection 7; : P; X P, — P; is the witness of 7; : P; X P, 5 P;).
We also require liftings of certain Poset-functors.

Definition 4.3.6 Suppose that p : Rc — C and q : Rp — D are functors. A lifting of a
Poset-functor G : C — D consists of an object GP € Ry, that satisfies g(GP) = G(pP) for each
P € R, such that for each f if f : P Q then Gf : GP - GQ. <

The data required for a lifting of a Poset-functor G : C — D forms a Poset-functor G : Rc — Rp
suchthat Gop=¢qoG.

In the following definitions, we suppose we are given some model M of GCBPV with value
category C and computation category D. To form an LR model we need to be able to lift the
graded adjunction.

Definition 4.3.7 Suppose that p : Rc — C and q : Rp — D are functors, and that Rc has
an object P; X P, such that p(P; X P;) = pP; X pP, for each pair of objects P;,P, € Rc. A
lifting of the graded strong Poset-adjunction (F, U, ®) consists of liftings of the Poset-functors
F:C—>D,U:D— Cand ¢®—:D — D for each ¢ € &, such that

« For each ¢, ¢/ we have (¢-¢/)®— = e® (£ ®—), and 1®— is the identity.

For each ¢, P, Q we have strq,ppo : P X U(e®FQ) - U(e®F(P x Q)).

For each¢,¢/,Q, if ¢ < ¢ then (¢ < ¢)®qQ : (¢®Q) > (¢®Q).

For each P we have n,p : P = UFP.

For each O we have @ : FUQ -5 Q. <

Each lifting of (F,U, ®) determines a graded strong Poset-adjunction (F, U, ®) on D, where
each of the required morphisms is given by a witness. In general, the correct choice of lifting
depends on the specific effects being modelled, though some general techniques for constructing
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liftings of monads (in the non-enriched case) exist [32, 43, 46]. We also expect that a version of
the free lifting (Section 3.1.1) could be developed for graded adjunctions (this would be similar
to the monadic version given by Kammar and McDermott [41]). We do not use these general
techniques, but instead construct liftings specific to our examples (see Section 4.3.2).

Recall from Section 3.1 that the crucial part of the definition of a logical relation is its
definition on returner types. Since left adjoints are unique, the definition on returner types is
uniquely determined by the right adjoint in this case. The crucial part of the definition here is
the choice of Rp.

We collect the data required to form an LR model R in the following definition. (We
write M| —] for interpretations in the base model M, and R[ -] for interpretations in the
logical-relations model R.)

Definition 4.3.8 A logical-relations (LR) model above the model M consists of

« Categories Rc and Rp and functors p : Rc — C and q : Rp — D, together with liftings
of the distributive structure of C and the cartesian structure of D.

« For each P € R, alifting P= — : Rp — Rp of the Poset-functor pP = — : D — D, such
that for all f, f/if f: RXP > UQ then Af : R U(P=> Q) andif f/: R U(P = Q)
then A7 f": Rx P 5 UQ.

« A lifting of the graded strong Poset-adjunction.

« A Rc-object R[] above M| b] for each base type b.
such that M[[c] : 1 = R[[A] for each constant ¢ € K4 and

M[lop] : R[[carop | = Uleffo, ®@F(R]arop )
for each operation op € . <

Soundness of any such model follows from the definition of the order on morphisms in R¢ and
Rp and soundness of the base model M.

As usual, the logical relation satisfies a fundamental lemma, which states that interpretations
of terms preserve relations.

Lemma 4.3.9 (Fundamental) If R is an LR model over M then
1. fT+V :Athen M[V] : R[T] - R[A].
2. IfT+ M : C then M[M] : R[T] = UR[C]).

Proof. By a trivial induction, the interpretations R V] and R[M] in the LR model satisfy
P(RIV]) = M[V] and p(R[M]) = M| M]], and hence are the required witnesses. i

To prove abstraction, we need to relate two models. Given two Poset-categories C; and
C,, define C; X C; as the Poset-category in which objects are pairs (X3, X;) with X; € C; and
X, € C,, and morphisms (fi, f;) are similarly pairs of morphisms (ordered componentwise).
Given models M; (with value category C; and computation category D;) and M; (with
value category C, and computation category D,), we define their product M; X M as the
model with value category C; X C; and computation category D; X D,, where each part of
the structure is given by pairing the structure in M; and M;. The product model satisfies
My x Mo)[ -] = (Mi[[-], Me[[-]D.

To relate M; to M,, we consider binary functors p : Rc,xc, — C1 X Cy, in which an object
R € Re,xc, above (X, X3) relates X; to X,. A key part of the proof of abstraction is to show
that certain relations are monotone:
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Definition 4.3.10 Suppose that C; and C; are Poset-categories and p : Rc,xc, = C1 XCz isa
faithful functor. An object R € D is monotone if whenever (f;, ;) : 1 > Rand (g1,¢2) : 1 > R,

i€ = f£Cg <

Note the similarity with the implication in the definition of abstraction (Definition 4.3.2). The
relations 1 and 0 are monotone (the latter because we assume distributivity7), and if R, R, are
monotone then so is Ry X R, (if these relations exist). We say that monotone relations are closed
under coproducts if Ry + R, is monotone for monotone R;, R; (this does not hold in general).

Example 4.3.11 The functor BRel — Poset X Poset, where BRel is similar to Pred except
that objects are binary relations R C X; X X3, could be used to relate two models on the value
category Poset. In this case, monotonicity of R just means that if (ay, az), (b1, b2) € R then
a; C by implies a; C by. <

Using this definition of monotonicity of relations, we give sufficient conditions for one
model of GCBPV to abstract another. This is the key lemma that allows us to prove abstraction.
We then use it to prove adequacy of our example models.

Lemma 4.3.12 (Abstraction) Suppose that M; and M, are models of the same inequational
theory. If there exists an LR model R above M; x M, such that each R[[b] is monotone,
U(e®FR) is monotone for each effect ¢ and monotone R, and monotone relations in R are
closed under coproducts, then M, abstracts M.

Proof. An easy induction on ground types G shows that each RG] is monotone, and hence
so is U(R[(e)G]) = U(¢®R[G]). By the fundamental lemma (Lemma 4.3.9), if M, N : {¢)G
are closed computations then

(MM], M M), (MUINTL Mo[NT) = 15 R[(e)G]]

and the result follows from monotonicity. O

4.3.2 Examples

We now show that the models we use for each of our three examples are adequate, by using
Lemma 4.3.12 to show that each example model M abstracts the term model.

We therefore need three LR models, one for each of our example models. Recall that each
example model uses the value category Poset, and the value category of the term model is C;.
Also recall that we write Term , and Term . for the sets of equivalence classes of closed values
and computations (we also omit square brackets around equivalence classes in this section).
We use a common construction for Rpesetxc; :

« Objects are triples (X, A, R) where X is a poset, A is a value type, and R C X X Term,, is
a relation.

« Morphisms (f,V) : (X,A,R) — (Y, B,R’) are pairs of a morphism f : X — Y in Poset
and a morphism W : A — B in C,, such that if (x, N) € R then (fx, W[x+—V]) € R'.

"To show that 0 is monotone, we use the fact that distributivity of binary coproducts implies [15, Proposition
3.4] the initial object is strict (all morphisms into 0 are isomorphisms), so any two morphisms 1 — 0 are equal.
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We have a functor Rpgsetxc; — Poset x C, that sends (X, A, R) to (X, A), and is the identity
on morphisms. For the lifting of the bicartesian structure, we take the bicartesian structure of
Poset and C), together with the following relations:

1:={(x ()} RiXRy:={(x,V)| (mx,fstV) € Ry A (mx,sndV) € Ry}
0:=0 Ri+ Ry := {(inlx,inl V) | (x,V) € Ri} U{(inrx,inr V) | (x,V) € Ry}

Note in particular that R[[bool] = {(true, true), (false, false)}, and that (X, A, R) is monotone
(Definition 4.3.10) if x € x’" implies V < V' for all (x, V), (x’,V’) € R. Monotone relations are
closed under coproducts in this case, so we have one of the requirements of the abstraction
lemma (Lemma 4.3.12).

Each of our examples has a different computation category, and hence we use different
categories of relations on computations in each case. We go through each example in turn.

4.3.2.1 Undefined behaviour

For undefined behaviour, recall that we use the trivial effect algebra, and hence morphisms in
the computation category D, are linear (Definition 4.2.18) equivalence classes of computations
y : UCE N : D We define Rpgset, xp, by:
+ Objects (X, C, R) consist of a pointed poset X, a computation type C, and a relation
R € X x Term,,, such that (L, undefc) € R.

« Morphisms (f,N) : (X,C,R) — (Y, D, R’) are pairs of a morphism f : X — Y in Poset
and a morphism N : C — D in D}, such that if (x, M) € R then (fx, N[y thunk M]) €
R
The crucial part of this definition is that L is required to be related to undefc. This ensures the
counit lifts.
The functor Rpgset, xp, — Poset; x D; forgets the relation (maps (X, C, R) to (X,C) and
(f,N) to itself). The cartesian structure on Rpgset, xp,, and exponentials, are given by the
corresponding structures in the underlying models and the relations

Ry = {(xAM{})} Ry X Ry = {(x,M) | (mix,1°'M) € Ry A (72x,2°'M) € Ry}
R=R = {(f,M) | ¥(x,V) € R.(fx,V'M) € R}

To lift the graded adjunction, we define U(X,C,R;) = (X,UC, R}) and F(X,A Ry =
(X1, (x)A,R}) where

R, = {(x.thunkM) | (x, M) €R;} R, = {(x.(V)) | (x.V) € Ry} U {(L, undef 1)}

The idea behind the definition of the left adjoint F is that each computation of returner type,
when executed, will either return some value V, or have undefined behaviour. The lifting of
the action @ is trivial. To complete the LR model we define the interpretation of the base type
int to have relation {(n,n) | n € [int] }. The constants add and geq lift because of the axioms
of the inequational theory that specify their behaviour. Similarly for the operation add,sy. The
operation undef lifts because the computation type (x)empty is interpreted as the relation
{(L, undef ())}. We therefore have a LR model that we can use to relate our model of undefined
behaviour to the term model.

To apply the abstraction lemma (Lemma 4.3.12), we just need to check that R[int] is
monotone, which is trivial, and that U (FR) is monotone for monotone R. For the latter, suppose
that (x, M) and (x’, M") are in

{(x,(V)) | (x,V) € R} U {(L, undef¢)}
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and x C x’. Then if (x, M) = (x, (V)) for (x,V) € R we have (x’, M) = (x/, (V")) with (x",V’) €
R (because x” # 1), so M = (V) < (V') = M’ because R is monotone. If (x, M) = (L, undef)
then we have M < M’ as one of the axioms of the inequational theory. So the abstraction
lemma tells us the our model of undefined behaviour is adequate, and hence that the example
program transformations we give in Section 4.1.1 are valid instances of the contextual preorder.

4.3.2.2 Nondeterminism

Recall that for nondeterminism we use the effects 1 < +. We define the computation category
Rpxp, of the logical relations by:

« Objects (X, C, R) consist of an object X = (X; € X;) € D (i.e. a meet-semilattice X, with
a subset X7), a computation type C, and a family of relations (R, € X, X Term () c)ge{u},
such that (x, M) € R; implies (x, coercec<.(ryc M) € Ry, and (x1, My), (xz, M,) € R,
implies (x; M x2, My or M;) € R,.

« Morphisms (f,N) : (X,C,R) — (Y, D, R’) are pairs of a morphism f : X — YinDand a
morphism N : C — D in D), such that (x, M) € R, implies (fx, N°[y+> thunk M]) € R,
for e € {1,+}.

The relation R; relates deterministic computations (of type C), and R, relates nondeterministic
computations (of type {+)C. The condition that meets are related ensures that the counit of
the graded adjunction lifts. The functor Rpyxp, — D x D, forgets the relation (maps (X, C,R)
to (X, C) and (f, N) to itself). The cartesian structure on Rpxp,, and exponentials, are defined
in the same way as for undefined behaviour (on each effect ¢).

To lift the graded adjunction, we define U(X, C,R) = (X1,UC, R’) where R’ is defined in

terms of the relation on deterministic computations:

R = {(x,thunk M) | (n, M) € R}
The lifting of the left adjoint is F(X, A, T) := (FX, (1)A, T’), where
{(M{xh (V) | (v V) €T}

{(T{x1, ..., xn}, coerce;<; (V1) or - - - or coerce <4 (V) | Vi. (x;, Vi) € T}

T
T

In this definition, the order in which the computations V; appear in the nondeterministic choice
is irrelevant because or is commutative (and we consider computations up to =). Similarly,
duplicates and bracketing are irrelevant because of idempotence and associativity. For the
lifting of the monoid action, 1®— is the identity, and for (+) ®— we map the family (R;)c(1.+}
to (Ry)eef1,+) (forgetting the relation on deterministic computations). This data forms an LR
model.

To apply the abstraction lemma (Lemma 4.3.12) it suffices to show that the left adjoint
preserves monotonicity of relations. We sketch the key part of this proof, which is showing
that if T above is monotone, and (S, M), (S’,M’) € T and S 2 S, then M < M’. Because of the
definition of T}, there are lists of pairs (x;, V;) and (x], V) in T such that:

S=T{x1,...,xm} M = coerce;<,(Vi) or --- or coerce;<;{(Vp)

S"=T{x},....x)} M’ = coerce;<.(V]) or --- or coerce;<4(V,)

Now S 2 &' implies that for each i there is some ¢; such that x4, T x;. Monotonicity of T
implies Vy, < V!. Hence we have the following, where the first instance of < follows from
M; or M, < M; (as well as commutativity, associativity and idempotence of or).

M < coerce;<;(Vy) or --- or coerce;<4(Vy,) < M
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4.3.2.3 Shared global state

For shared global state we use a Gifford-style effect algebra, so that effects are subsets ¢ C
{get, put}, and objects of the computation category GSMnem are graded shared mnemoids.
We define the computation category Rgsmnemxn, of the LR model by:
« Objects (X, C, R) consist of a graded shared mnemoid X (we write X, for the individual
sets, and g and p for the get and put functions), a computation type C, and a family of
relations (R, C X, X m<<€>> o)ec{getput}> such that:

- If (x, M) € R and ¢ C ¢’ then (x, coerce(s)c<(yc M) € Ry
- If (xtrue, Mtrue)a (xfalses Mfalse) €R, then

(g(xtruea xfalse)a get () to b. i b then Mirye else Mfalse) € REU{get}

- If (x, M) € R, and b € {true, false} then (pyx, putb to _. M) € Roy(put)-

« Morphisms (f,N) : (X,C,R) — (Y,D,R’) are pairs of a morphism f : X — Y in
GSMnem and a morphism N : C — D in D}, such that (x, M) € R, implies (fx, N°[y—>
thunk M]) € R, for ¢ C {get, put}.

This is very similar to the corresponding category for our nondeterminism example; much of
the rest of the structure is also very similar, including the cartesian structure of RgsmnemxD,
and exponentials. The relation R, relates computations with effect ¢, and we require relations to
be closed under the get and put operations so that the counit lifts. The functor Rgsmnemxn, —
GSMnem x D) maps each object (X, C, R) to (X, C) and each morphism (f, N) to itself.

We lift the right adjoint by defining U (X, C,R) = (Xp, UC, R’) where

R = {(x,thunk M) | (x, M) € Ry}

The lifting of the monoid action is £¢®(X,C,R) = ((Xyue)ercigetputy {ENC (Rerue)ercgetput))-
Finally, for the lifting of the left adjoint suppose that X is a poset, A is a value type, and
R C X X Term,. We take F(X,A,R) = (FX,{(0)A,R’), where each relation R’ is defined
inductively by the following rules:

(x,V) €R (t,M) € R, (b, V) € R[[bool] "
I put € ¢
x, coerceg<, (V)) € R, ut, t, putV; M) e R P
£ put P £

(ttrues Mfalse)a (tfalse, Mfalse) € R;
(get(ttrue» tfalse)» get () to b. i b then Mtrue else Mfalse) € Rz

ifgetee

This definition is based on the free lifting from Section 3.1.1.

This defines an LR model that satisfies all of the requirements of the abstraction lemma.
Hence our model of shared global state is adequate, and we have verified all of our example
program transformations.

4.4 Relating call-by-value and call-by-name,
semantically

The final contribution of this chapter is to redevelop our syntax-based reasoning principle for
relating call-by-value and call-by-name evaluation (Chapter 3) using the denotational semantics.
Working inside the semantics makes it easier to apply our reasoning principle.
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¢re  F 7] — [7]2
Gunite = id : F;1 = F.1
Pboole = id : F:2 — F.2
prorre = @0 Fo(A(Ugr .0 ev' o (idxyr,)) : F(U([7]} = F[7])) — Ulz]: =[]}

Vre : Ul 2], = UE[7]))
Vunite = id @ U(F1) = U(F1)
Uboole = id : U(F.2) = U(F,2)
Vrsrre = e 0 A e 0 evo (id X (Ugre 0 1))
: UU[]; = [7]7) = UFEU[ ]} = F7T))

Figure 4.5: Semantic morphisms ¢ from call-by-value to Levy-style call-by-name and i from
Levy-style call-by-name to call-by-value

Recall that in Chapter 3 we restrict to Gifford-style effect algebras, so that effects are subsets
¢ of some fixed set X of operations. We impose the same restriction in this section. Section 3.3
defines maps

TEM:(e)z)} — TED . M: (z)7 CEN:(z)f > TEY.N: ()}

& £

between call-by-value and Levy-style call-by-name computations (with effect ¢), and shows
that they form Galois connections under certain circumstances. In this section we show that
the interpretations of these maps in models satisfying certain conditions (which we state later)
form Galois connections.

Definition 4.4.1 Suppose that X and Y are posets. A Galois connection (¢, ) from X to Y is a
pair of monotone functions

p:X—-Y v:Y - X
such that forallx € X andy € Y,
pxCy A xCyy <

Figure 4.5 defines semantic analogues of ®,, and ¥, ,. We use some extra notation: [ 7]
is [(z)Y] (i-e. the interpretation of the call-by-value translation of the type 7, with the effect
annotation ¢), and similarly 7]} is [(z)?]. We also define F, to be e®F—, so that [[(e)A] =
F.[A], and define n.x : X — U(F:X) as U((0 < ¢)®X) o nx (using @ C ¢). The figure uses
the extension operator (=)" defined in Section 4.2.1, and the natural transformation ev from
Section 4.2.2. The maps between call-by-value and call-by-name in the semantics are morphisms
$re : Fe[z]. — [z]} in the computation category D and ., : U[[z]]; — U(F[]}) in the
value category C. The definition relies on our assumption that the effect algebra is Gifford-style
(which implies the multiplication is idempotent and e®[ z]; = [z]})-

Using composition, the morphisms ¢, and ;. induce functions between posets of mor-
phisms (for each X € C):

Upre o —: C(X,U(F[7]}) = CX.U[z])  Yreo—: CX,U[7]}) = CX,U(F[]))

These are the interpretations of ® and ¥ in the following sense.
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Lemma4.4.2 If T £ M : (¢)(z)} then [®,M] = U¢,. o [M], and if T £ N : (z)? then
[¥eeN] = ¢re o [N]. <

Our goal is to show that the pair (U¢.. o —, ;. o —) is a Galois connection for each 7. For
the same reason as in Section 3.3, we cannot expect this to hold in every case; it will only hold
if enough computations are thunkable. We defined thunkable for syntax in Definition 3.3.2; we
now define thunkable for semantics.

Definition 4.4.3 (Thunkable) A morphism f : X — U(F.Y) in C is thunkable if

U(FSUS,Y) © f C Ne UF,Y © f
An effect ¢ is thunkable if U(F.n,z) E n,ur,z for each Z € C. <

Note that an effect ¢ is thunkable if and only if for all X, Y, all morphisms f : X — U(F,Y)
are thunkable. This definition is based on the one given by Fithrmann [27], adapted to order-
enriched models.®

An example of a side-effect that is thunkable under this definition is undefined behaviour
(and the reasoning principle we give below can be used to show that, if side-effects are restricted
to undefined behaviour, call-by-value can be replaced with call-by-name). Nondeterministic
choice as we present it above (in which we can statically make nondeterministic choices) is not
thunkable, but it is if we reverse all of the orders on morphisms. This means we can use the
reasoning principle to replace call-by-name with call-by-value, but not the reverse, if we allow
nondeterministic choices to be made statically.

Assuming the effect ¢ is thunkable is enough to show we have a Galois connection in the
semantics (this theorem is a semantic version of Theorem 3.3.3).

Theorem 4.4.4 If the effect ¢ is thunkable, then for every source-language type 7 and ob-
ject X € C, the pair (U¢,, o — Y, o —) is a Galois connection from C(X,U(F[z]}))) to
CX, U]"). <

Recall that in Section 3.4 we state our reasoning principle that relates call-by-value and
call-by-name on open terms by composing the call-by-name translation with our maps between
evaluation orders, to obtain a computation with the same typing as the call-by-value translation:

(T); — (T); — ()7 — (a)(z);

n

We defined this formally by giving a substitution @r,g from terms in call-by-name contexts (I'))"

to terms in call-by-value contexts (I')}. The composition is then the term ¥, . ((e)? [é)rg])
Since in this section we reason using the denotational semantics, we can now say what

this means inside models of GCBPV. The interpretation of the substitution ®r, is a morphism

broe : [T]Y — [T]:, which is defined as follows (recall that ¢ is the empty typing context).

gzgo’g =id : 1> 1 gi;(r,xxf),g = g{;r,g X (U¢reomne) = [T x[z]} = [T]: x Ul =]

The interpretations of the computations we wish to relate are the two sides of the inequality
given as the following diagram. Assuming the model is adequate, to show that the two terms

8The (directed) definition of thunkable also appears in another form: an effect ¢ is thunkable if and only if
U o F, forms a Kock-Zoberlein monad [51].
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are related by the contextual preorder it therefore suffices to show that this inequality holds.

[rpf —2 s rp

O S =S

U(EdeE) <— Ul

Again we can show this is the case directly using the properties of Galois connections (see also
Lemma 3.4.1).

Lemma 4.4.5 Suppose that (U¢, . o —, /. o —) is a Galois connection from C(X, U(F[7']))
to C(X,U[7']7) for each 7. If T+ e : 7 and ops e C ¢ then

[ely € Yreolely o 951",5 <

We use this lemma to show the semantic version of our reasoning principle for relating
call-by-value and Levy-style call-by-name (see also Theorem 3.4.2):

Theorem 4.4.6 (Call-by-value and call-by-name) Suppose we given some GCBPV inequa-
tional theory containing a Gifford-style effect algebra, and an adequate model of it in which
the effect ¢ is thunkable. If ' - e : 7 and ops e C ¢ then

(e); <ctx ¥re ((]e[)? [(i)l",e] )

Proof. By Theorem 4.4.4, the maps between call-by-value and call-by-name computations form
Galois connections. Hence we can apply Lemma 4.4.5, which tells us that

|[e]]Z C Yreo [[e]]? ° §£F,s

The result follows from adequacy. ]

4.5 Related work

Effect-dependent transformations There is a long line of work on using denotational
semantics to verify the correctness of effect-dependent program transformations, for example
by Benton and Buchlovsky [5], Benton and Kennedy [8], Benton et al. [10, 9], Birkedal et al.
[13]. Here we differ in two major ways. We focus on giving a general framework (somewhat
similar to Kammar and Plotkin [42]) that incorporates several side-effects with little effort, and
instantiate it for examples. Second, we focus on noninvertible transformations, which are often
ignored in previous work. (For example, they are not mentioned at all in [11] but are briefly
considered in [6].)

Inequations and order-enriched semantics The inequations and orders we use are in-
duced by considering the possible behaviours of computations. Hoare and He [38] emphasize a
similar idea to this in the setting of process calculus.

Previous work on order-enriched semantics (such as Fiore [26]) has concentrated mainly
on fixed points and recursive types, using partiality as the order (the least element represents
nontermination). Goncharov and Schroder [30] also incorporate other side-effects, but again
use partiality for the order on morphisms. They also use a more general notion of order-
enrichment, where only certain sets of morphisms are required to be partially ordered, allowing
e.g. C = Set to be used with a non-trivial order. We do not use this approach, because it is
unclear how to extend it to a higher-order language (Goncharov and Schroder consider only
first-order).
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Relating syntax and semantics To prove adequacy we rely heavily on the fibrational
view of logical relations started by Hermida [36]. We also based our presentation somewhat
on Katsumata [44], who relates models of a monadic language similar to GMM. We obtain
adequacy as a direct consequence of the fundamental lemma. Plotkin and Power [87] and
Kammar et al. [40] instead prove termination first, then obtain adequacy as a corollary. We
expect our technique for proving adequacy to work even for languages with nontermination.

4.6 Summary

This chapter presents a general denotational semantics for GCBPV, and uses it to prove the
validity effect-dependent program transformations. This improves on Chapter 3, in which
we reasoned inside the syntax. Denotational models makes the proofs less cumbersome. We
include a discussion of various sources of models. In particular, we discuss monadic models to
allow us use previous monadic models of side-effects, such as local state [88, 40] and probability
[37], as the basis of models of GCBPV. We also include a general logical-relations-based method
for relating models of GCBPV, including proofs of adequacy.

We are careful to ensure that we allow noninvertible transformations, by using contextual
preorders and order-enriched models. This is important because there are various applications
that give rise to noninvertible transformations, as our examples show.






Chapter 5

Call-by-need and extended
call-by-push-value

We have developed a framework for reasoning about program transformations that supports call-
by-value, Moggi-style call-by-name and Levy-style call-by-name. Another common evaluation
order is call-by-need (which is sometimes also referred to as “lazy evaluation” when data
constructors defer evaluation of arguments until the data structure is traversed). So far we have
said nothing about call-by-need, and in fact CBPV (and GCBPV) do not enable us to reason
about call-by-need.

An intuitive reason is that call-by-need has “action at a distance” in that reduction of
one subterm causes reduction of all other subterms that originated as copies during variable
substitution. Indeed call-by-need is often framed using mutable stores (graph reduction [100],
or reducing a thunk which is accessed by multiple pointers [53]). CBPV does not allow these
to be encoded.

This chapter presents extended call-by-push-value (ECBPV), a calculus similar to CBPV,
but which can capture call-by-need reduction in addition to call-by-value and call-by-name.
Specifically, ECBPV adds an extra primitive M need x. N which runs N, with M being evaluated
the first time x is used. On subsequent uses of x, the result of the first run is returned immedi-
ately. The term M is evaluated at most once. We give the syntax and type system of ECBPV,
together with an equational theory that expresses when terms are considered equal. We then
give a compositional translation from a lambda calculus (specifically our source language in
Section 2.2) into ECBPYV for call-by-need reduction.

Initially we extend ordinary CBPV, which does not track the effects of computations in the
type system. As we will see, support for call-by-need (and action at a distance more generally)
makes tracking effects inside the type system more difficult, so we postpone the discussion of
grading until the end of the chapter.

ECBPYV can be used to reason about call-by-need and all of the other evaluation orders
captured by CBPV. Hence we can consider equivalences between call-by-need and other
evaluation orders. For example, if there are no side-effects at all in the source language' then
call-by-need, call-by-value and call-by-name should be semantically equivalent. If the only
effect is nondeterminism, then need and value (but not name) are equivalent. If the only effect
is nontermination then need and name (but not value) are equivalent. We show that ECBPV
can be used to prove such equivalences by proving the latter. We do this using a technique
similar to the one we used in Chapter 3 for call-by-value and call-by-name. The main difference

IWithout an effect system we have to restrict the side-effects of the entire source language. With an effect
system we can restrict individual expressions.

101
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is that we rely on Kripke logical relations of varying arity [39], which generalize ordinary logical
relations.
This chapter makes the following contributions:

« We describe extended call-by-push-value, a version of CBPV containing an extra construct
that adds support for call-by-need. We give its syntax, type system, and equational theory
(Section 5.1).

« We describe a call-by-need translation from our source language into ECBPV (Section 5.2).

« We show that, if the source language has nontermination as the only side-effect, then
call-by-need and Moggi-style call-by-name are equivalent (Section 5.3).

« We refine the type system of ECBPV so that its types also carry effect information
(Section 5.4). This allows equivalences between evaluation orders to be exploited, both
at ECBPV and at source level, without a whole-language restriction on side-effects.

5.1 Extended call-by-push-value

We describe an extension to call-by-push-value with support for call-by-need. The primary
difference between ordinary CBPV and ECBPV is the addition of a primitive that allows
computations to be added to the environment so that they are evaluated only the first time
they are used. Before describing this change, we take a closer look at how CBPV supports
call-by-value and call-by-name.

Recall that CBPV stratifies terms into values, which do not have side-effects, and computa-
tions, which might. Evaluation order is irrelevant for values, so we are only concerned with
how computations are sequenced. There is exactly one primitive that causes the evaluation of
more than one computation, which is M to x. N. This behaves in the same way as it does in
GCBPV. The evaluation order is fixed: M is always eagerly evaluated. This construct can be
used to implement call-by-value as in Figure 2.15: to apply a function, eagerly evaluate the
argument and then evaluate the body of the function.

Thunks let us implement call-by-name in CBPV: arguments to functions are thunked
computations. Arguments are used by forcing them, so that the computation is evaluated every
time the argument is used. Effectively, we simulate a construct M name x. N, which evaluates
M each time the variable x is used by N, rather than eagerly evaluating. (The variable x is
underlined here to indicate that it refers to a computation rather than a value: uses of it may
have side-effects.)

To support call-by-need, extended call-by-push-value adds another construct M need x. N.
This runs the computation N, with the computation M being evaluated the first time x is used.
On subsequent uses of x, the result of the first run is returned immediately. The computation
M is evaluated at most once. This new construct adds the “action at a distance” missing from
ordinary CBPV.

We observe that adding general mutable references to call-by-push-value would allow
call-by-need to be encoded. However, reasoning about evaluation order would be difficult, and
so we do not take this option.

5.1.1 Syntax

The syntax of extended call-by-push-value is as follows. The highlighted parts are new in
this chapter. The rest of the syntax is similar to CBPV and GCBPV. The type constructor F
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corresponds to (¢) in GCBPV (without the grading by the effect ¢). There are no coercions
because of the lack of grading.

AB :==b V,W == ¢|x
| unit | ()
| Ay X Ay | (Vi, Vo) | fstV | snd V
| empty | cases V of {}
| A1+ A, | inlg, V | inry, V | case V of {inl x;. Wy, inr x,. W,}
|uC | thunk M
C,D == unit M,N == A}
|C, xC, | A{1. M, 2. M} | I'M | 2°'M
|A—C | Ax:A. M| V'M
|FA lopV | (V)| Mtox.N

| force V | x | M need x. N

We assume two sets of variables: value variables x,y, ... (which are the same as the
variables in GCBPV) and computation variables x, y, . . .. While ordinary CBPV does not include
computation variables, they do not of themselves add any expressive power to it. The ability to
express call-by-need in ECBPV comes from the need construct used to bind them.?

The primary new construct is M need x. N. This term evaluates N. The first time x is
evaluated (due to a use of x inside N) it behaves the same as the computation M. If M returns
a value V then subsequent uses of x behave the same as (V). Hence only the first use of x
will evaluate M. If x is not used then M is not evaluated at all. The computation variable x
bound inside the term is primarily used by eagerly sequencing it with other computations. For
example,

M need x.x to y. x to z. {(y, z))

uses x twice: once where the result is bound to y, and once where the result is bound to z. Only
the first of these uses will evaluate M, so this term has the same semantics as M to x. ((x, x)).
The term M need x. (()) does not evaluate M at all, and has the same semantics as (()).

With the addition of need it is not in general possible to statically determine the order in
which computations are executed. Uses of computation variables are given statically, but not
all of these actually evaluate the corresponding computation dynamically. The set of uses of
computation variables that actually cause effects depends on run-time behaviour. This will be
important when describing the effect system in Section 5.4.

Typing contexts I' are ordered lists mapping value variables to value types A, and com-
putation variables to computation types of the form F A. The restriction to F A is due to the
fact that the only construct that binds computation variables is need, and this only sequences
computations of returner type. Allowing computation variables to be associated with other
forms of computation type in typing contexts is therefore unnecessary. Ground types are value
types that do not contain thunks:

G = b|unit| G X Gy | empty | G; + G,

The syntax is parameterized by a notion of signature identical to the one for GCBPV
(Definition 2.7.1), except for the omission of the effects e.

2Computation variables are not strictly required to support call-by-need (since we can use x : U (F A) instead
of x : F A), but they simplify reasoning about evaluation order, and therefore we choose to include them.
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Definition 5.1.1 A ECBPV signature consists of the following data:
+ A set B of base types.

+ A family of pairwise disjoint sets K4 of constants of type A, indexed by value types A.
+ A set X of operations.

« For each operation op € X, ground types car,, and ar,p, respectively called the coarity
and arity of op. <

(Recall from Definition 2.7.1 that the coarity is the type of the argument of the operation, and
the arity is the type of the result, not the other way around.)

The type system of extended call-by-push-value is a minor extension of the type system of
ordinary call-by-push-value: we add one typing rule for each of the two new constructs. The
rules are given in Figure 5.1. We again write the value typing judgment asI' - V : A and the
computation typing judgment as I' M : C, and follow our usual convention: rules that add a
new variable to the typing context implicitly require freshness.

ECBPV admits a substitution lemma similar to the one for GCBPV (Lemma 2.7.2). Substitu-
tions o are given by the following grammar:

o= ¢ |ox—V]ox—M

where ¢ is the empty substitution. The typing judgment I' - o : A for substitutions means in
the context I the terms in ¢ have the types given in the context A. It is defined as follows:

T'ro: A I'+V:A I'to: A T'tM:FA
F'ro:o 'k (o, x—V):(Ax:A) 't (o, x—M):(Ax:FA)

We write V[o]| and M|[o] for the (capture-avoiding) applications of the substitution o to the
value term V and to the computation term M, and x — V and x — M for the obvious
substitutions that are identities on all other variables. The substitution lemma for ECBPYV is:

Lemma 5.1.2 (Substitution) Suppose thatT'+ o : A.
1. (Values)If A+ V : BthenT + V[o] : B.

2. (Computations) f Ar M : CthenT + M[o] : C

<«

We define the call-by-name construct mentioned above as syntactic sugar for other CBPV
primitives:
M name x. N = thunk M ‘ Ay. N[x+> force y]

where y is not free in N.

5.1.2 Inequational theories for ECBPV

The behaviour of need is captured by the core axioms for ECBPV inequational theories, which
are listed in Figure 5.2. Each of these axioms is symmetric and holds when both sides of the
equation have suitable types. For example, the second axiom of the third group (M need x. N =
N) holds only if x is not free in N.

For the core axioms to capture call-by-need, we might expect computation terms that are not
of the form (V') to never be duplicated, since they should not be evaluated more than once. There
are two exceptions to this rule. Such terms can be duplicated in the axioms that duplicate value
terms (such as the f-laws for sum types). In this case, the syntax ensures such terms are thunked.
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——ifceKy —if(x:A) eT _
F'rc:A F'rx:A 'k () : unit
T'+Vi: A TrV,: A, 'tV :A XA 'tV :A XA, FI—V:empty
T (V, V) : A X Ay IF'1fstV:A; IF'tsndV : A, I'tcaseq Vof {}: A
't V:A I'rV:A
I'tinly, VA + A Frinry, V: A1+ A

THV:A +A Ixi : AW, : B I'xy: Ay W, : B
'+ case V of {inl x;. Wy, inr x,. W,} : B

remM:C
I'+thunkM :UC

LeM :C, LM :C, reM:C, x¢C, FeM:C xC,
't A{}: unit I'e M{1.M,2.Mp}: C, xC, F'e1'M:C, F'e2'M:C,
Ix:AeM:C TV A 'rM:A—-C
Tt Ax:AM:A—>C revm:C
['+V:carg r'rV:A F'eM:FA Ix:AeN:C rrv:ucC
I'kopV :Farg, F't(V):FA 'rMtox.N:C [t forceV :C
I'tM:FA ILx:FAEN:C
—  if(x:FA)eT = =
'tx:FA 'rMneedx.N:C

Figure 5.1: Extended call-by-push-value typing rules
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fst(Vi,V2) = snd (V1,V2) = V;
case inly, V of case inry, V of
{inl x;. W; = Wi[x;— V] {inl x;. W} = Wy[x,— V] =
, inr x,. W} , inr x,. W} ,%T
1‘/1{1.M1,2.M2} = Ml Z‘A{l.Ml,Z.Mz} = Mz @
V Ax:AM = M[x—V] (Vytox.M = M[x—V]
force (thunk M) = M (V)need x. M = M[x— (V)]
V=9 V = (fstV,sndV)
V = casey W of {} case W of
V = thunk (force V) Vlx—>W] = {inl y;. V[x+>inla,y] i'H
,inry,. V[x>inrg, y2]} [ =
M = A} M = AM1.1'M,2.2°M}
M = Ax:A.x'M M = Mto x.(x)
Mneedx.xtoy. N = Mtoy. N[x— (y)]
Mneed x. N = N
A{l.MtOX.Nl, Z.MtOX.Nz} = MtOX./l{l.Nl, 2N2} wn
Ay:AMtox.N = Mtox.Ay:A.N é
AM1. M need x. N, 2. M need x. N} = M need x. A{1. Ny, 2. N»} %
P
Ay:A.Mneed x. N = M need x. \y:A. N o
M; to x. M, need y. Ms = M, need y. M; to x. M g
(M; to x. My) toy. M3 = M to x. My to y. Ms
(M; need x. M,) toy. M5 = M need x. M, to y. Ms
(M; need x. M) need y. M5 = M; need x. M, need y. Ms

Figure 5.2: Core axioms of ECBPV inequational theories

The duplication is acceptable because we should allow these terms to be executed once in each
separate execution of a computation (and separate executions arise from duplication of thunks).
Only duplication within a single execution of a computation is problematic. Computations can
also be duplicated across both elements of a pair A{1. My, 2. M}. This is also correct, because
only one component of a pair can be used within a single computation (without thunking),
so the side-effects will still not happen twice. (There is a similar consideration for functions,
which can only be applied once.) The other axioms never duplicate need-bound computations
that might have effects.

We have seen the majority of the core axioms before: they are the same as the ones for
GCBPV and CBPV (see Section 2.7.2). Only the axioms involving need are new; these are
highlighted. The f-law for need parallels the usual p-law for to: it gives the behaviour of
computation terms that return values without having any side-effects. The interesting axioms
are those in the third group of Figure 5.2, which we call sequencing axioms.
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The first sequencing axiom is the crucial one. It states that if a computation will next
evaluate x, where x is a computation variable bound to M, then this is the same as evaluating
M, and then using the result for subsequent uses of x. It implies that

M need x.x = M need x.x to y. (y) (n law for returner types)
= Mtoy.(y)
=M (n law for returner types)

The second sequencing axiom does garbage collection [68]: if a computation bound by need
is not used (because the variable does not appear), then the binding can be dropped. This
equation implies, for example, that

M; need x,. M; need x,. --- M, need x,. (()) = (())

The next five sequencing axioms (two from CBPV and three new) state that binding a
computation with to or need commutes with the remaining forms of computation terms. These
allow to and need to be moved to the outside of other constructs except thunks. The final three
axioms (one from CBPV and two new) capture associativity involving need and to. Note that
associativity between different evaluation orders is not necessarily valid. In particular, we do
not have

(M to x. M) needy.Ms = M to x. (M need x. Ms)

(The first term might not evaluate M, the second always does.) This is usually the case when
evaluation orders are mixed [79].

These final eight axioms allow computation terms to be placed in normal forms where
bindings of computations are on the outside. (Compare this with the translation of source-
language answers in Section 5.2.)

An inequational theory again consists of two judgment forms, one for values and one for
computations:

r-V<w:A 't M<N:C

We require inequational theories to be closed under congruence, so define term contexts C[]
(value terms with a single hole) and C[] (computation terms with a single hole):

Cll = o[ (C[L.V2) | (Vi,C[]) [ fstC[] | snd C[] | case4 C[] of {}
| inlg, C[] | inrg, C[] | case C[] of {inlx;. W}, inr x,. Wy}
| case V of {inl x;. C[], inr x,. W5} | case V of {inl x;. W;, inr x,. C[]}
| thunk C[]
Cll == Ol M1 My2.Cl1} | A{1.ClI,2. My} | 1°CI1 | 2CI] | Ax:A.C[] | CI'M | V°CI]
lopCLI [ {C[]) | C[] to x. N | M to x. C[] | force C[]
| C[] need x. N | M need x. C[]

We also require closure under substitution, so define a judgment
Fto<o':A

on well-typed substitutions componentwise, using both judgments of the inequational the-
ory. The definition of ECBPV inequational theory is similar to the definition for GCBPV
(Definition 2.7.4):
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Definition 5.1.3 (Inequational theory) An inequational theory consists of a ECBPV signa-
ture and two judgments
rFV<W:A FreEMN:C
such that:
« Preorder:
— Values: if TV : AthenT+FV X V:A andif TFVi < Vs :AandTHV, < V3: A
thenT'+ V) < V3: A
— Computations: if TEM : CthenTEM < M : C,andif I' - My < M, : C and
TtM, <M :CthenTt M, < Ms:C.

+ Congruence: if ' - V < W : A then for term contexts with hole O

I'tC[V]:BAT'+C[W]:B = T'vC[V]<C[W]:B
It CIVI:DATECIW]:D = T'tC[VI<CIW]:D
IfT £ M < N : C then for term contexts with hole O
I'tC[M]:BAT'FC[N]:B = T'+C[M]<C[N]:B
't CIM]:DAT'LC[N]:D = I'tC[M]<CIN]:D
o Substitution: If '+ 0 < ¢’ : A then
Ar VSW:B = T+ V]o]<W[d]:B
AtM<N:C = TrM[o]<N[o]:C

« Core axioms:

— Values: if T+V : AandTFW : A,and V = W is an instance of an axiom in Figure 5.2,
thenT+HFVS<W:AandTHFW LKV : A

— Computations: if TF M : Cand ' N : C, and M = N is an instance of an axiom in
Figure 5.2, thenT'E M K N:CandTEN <M :C. <

To specify an inequational theory, one gives a collection of signature axioms and then closes
under the core axioms, reflexivity, transitivity and congruence. The signature axioms may
involve to (e.g. Figure 2.14), but we do not expect any examples to require signature axioms
involving need, because the behaviour of need is completely characterized by the sequencing
axioms.

We define the contextual preorder in the usual way (recall that ¢ is the empty typing
context).

Definition 5.1.4 (Contextual preorder) The contextual preorder consists of two judgment
forms.

1. Between value terms: TV <;xy W: AifT'FV : A, T+ W : A, and for all ground types G
and term contexts C[] with hole O such that o - C[V] : FG and ¢ - C[W] : FG we have

°bC[V] <C[W]:FG

2. Between computation terms: 'k M <¢x N: Cif ' M : C,T £ N : C, and for all ground
types G and term contexts C[] with hole O such that o - C[M] : FGand o C[N] : FG

we have
ok C[M] < C[N]:FG <
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Evaluation contexts &[] = O|op&[] | if &[] then e; else es | E[] e
| (Ax:7.8[x]) &[] | (Ax:1.E[]) ez

Values v u= true | false | Ax:7.e
Answers = v| (Ax:t.a)e
need need

if true then e, else e3 ~» ey e w e

. need d

if false then e, else e3 ~» e3 Ele] P Ele’]

need
need (Ax:t.a)ejes w (Ax:T.aes) e

(Ax:7.8[x])v » (Ax:7.&E[v]) v eed
(Ax:7.8[x]) ((Ay:tia)e) ~ (Ay:7’(Ax:7.8E[x])a)e

Figure 5.3: Call-by-need operational semantics

5.2 Call-by-need translation

Our goal with ECBPV is to use it to reason about call-by-need evaluation. To do this, we give a
call-by-need translation from our source language (Section 2.2) into ECBPV.

Most of the translation is similar to the Moggi-style call-by-name translation in Figure 2.16.
The critical difference is how functions are dealt with. We encode call-by-need functions as
terms of the form

Ax":UF A. (force x") need x. M

where x’ is not free in M. This is an ECBPV function that accepts a thunk as an argument.
The thunk is added to the context, and the body of the function is executed. The first time the
argument is used (via x), the computation inside the thunk is evaluated. Subsequent uses do
not evaluate the computation again.

Before defining the translation we give a call-by-need operational semantics for our source
language, based on Ariola and Felleisen’s [3]. The only differences between our source language
and Ariola and Felleisen’s calculus are the addition of booleans, operations, and a type system.
It is likely that we can translate other call-by-need calculi, such as those of Launchbury [53]

and Maraist et al. [68]. Call-by-need small-step reductions are written e Py e’; this is defined
in Figure 5.3.

The call-by-need semantics needs some auxiliary definitions. An evaluation context & |
is a source-language expression with a single hole O, picked from the grammar given in the
figure. (There is only one kind of reduction context and one kind of hole because the syntax of
the source language is not stratified into values and computations.) The hole in an evaluation
context indicates where reduction is currently taking place: it says which part of the expression
is currently needed. We write &[e] for the expression in which the hole is replaced with e. A
(source-language) value is the result of a computation (the word value should not be confused
with the value terms of ECBPV. An answer is a value in some environment, which maps
variables to expressions. Answers can be thought of as closures. The environment is encoded
in an answer using application and lambda abstraction: the answer (Ax : 7. a) e means the
answer a where the environment maps x to e. Encoding environments in this way makes
the translation slightly simpler than if we had used a Launchbury-style [53] call-by-need
language with explicit environments. In the latter case, the translation would need to encode
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(unit) = unit (o] = o

(bool)) := unit + unit (T,x:7) := (), x: F(7)

(t > ) =UU(F(z)) —» F('))

(T+e:carg) =M
(Trx:7) =x (Trope:ary) =Mtox. opx (T F () :unit) = (())

(T true : bool) := (inlynit()) (T F false : bool) = (inrypit())

(T + e; : bool) = M; (Trey:7) =M, (TFes:t)=Ms

(T + if e; then e, else e3 : 7)) = M; to x. case x of {inl _. My, inr _. M3}

(T,x:tre:7)=M
(TrAx:t.e: 7 — ') = (thunk (Ax":U(F (r)). force x" need x. M))

qu€12T—>T,D:M1 (]rl-ezi‘[[):Mz
(Treex:7') == M to f.(thunk M) ‘ (force f)

Figure 5.4: Call-by-need translation of call-by-need types (top left), contexts (top right), and
expressions into ECBPV.

the environments; here they are already encoded inside expressions. Answers are terminal
computations: they do not reduce.

The two axioms for reducing if-expressions are obvious. The congruence rule only allows
reducing the expression that is needed by the computation. The axiom on the bottom left of
Figure 5.3 is the most important: it states that if the subexpression currently being evaluated is
a variable x, and the environment maps x to a source-language value v, then that use of x can be
replaced with 0. Note that &[v] may contain other uses of x; the replacement only occurs when
the value is actually needed. This axiom roughly corresponds to the first sequencing axiom in
Figure 5.2. The two axioms on the bottom right of Figure 5.3 rearrange the environment into a
standard form. Both have a syntactic restriction to answers so that each expression has at most

one reduct (this restriction is not needed to ensure that B captures call-by-need).

The call-by-need translation from the source language to ECBPV is defined in Figure 5.4. We
assume that each operation op in the source-language signature is also included in the ECBPV
signature, and that if 7 and 7’ are respectively the coarity and arity of op in the source-language
signature then (7)™ and (7’)"**¢ are the coarity and arity in the ECBPV signature.

The translation of types is the same as the Moggi-style call-by-name translation in Fig-
ure 2.16 (ignoring the grading), so types 7 are translated into value types (z)"¢d. (We omit the
superscript in the figure.) On function types 7 — 7/, we use ECBPV function types that receive
thunks of computations as arguments (the argument is not evaluated before the function is
applied). The call-by-need translation differs only on typing contexts and expressions (since
there is no subeffecting, we do not have to be careful about the distinction between typing
derivations and well-typed expressions).

Source-language typing contexts I are translated into ECBPV typing contexts (I')"¢¢d,
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containing computations that return values. The computations in the context are all bound
using need. An expression I' - e : 7 is translated to a computation (e)"*°¢ that returns (z])"°°¢
in the context (I')"¢d. The key case is the translation of lambdas. These become computations
that immediately return a thunk of a function. The function places the computation given as
an argument onto the context using need, so that it is evaluated at most once, before executing
the body. The remainder of the cases are similar to the Moggi-style call-by-name translation.

Under the call-by-need translation, the expression (Ax: 7. e;) e, is translated into a term
that executes the computation (e;)"°°?, and executes (e;)"**¢ only when needed. This is the
case because, by the f rules for thunks, functions, and returner types:

((Ax:7.e1) eaneed = (e Dneed need x. qel[)need

As a consequence, translations of answers are particularly simple: they have the following
form (up to =):
M; need x,. M; need x,. - - - M, need x,_. (V)

which intuitively means the value V' in the environment mapping each x; to M;.
The call-by-need translation produces ECBPV computations of the correct type.

Lemma 5.2.1 If T+ e : 7 then ([ i (e)™eed : F (r)meed. <

We prove that the call-by-need translation is sound: if e "% ¢ then (e)meed = (e’)need. To
do this, we first look at translations of evaluation contexts. The following lemma says the
translation captures the idea that the hole in an evaluation context corresponds to the term
being evaluated.

Lemma 5.2.2 Define, for each evaluation context &[], the term context (E[])"¢ by:

(]DDneed .

(op &[]
(if &[] then e, else es)"? :

(@)
(E[1)"* to x. op x

(E[1)" to x. case x of
{inl _. thunk (e,)meed
, inr _. thunk (e3¢}

(E[1)"d to z. thunk (ez)™ * force z
(&'T1)" need x. (&[x])™
(]ezl)need need x. (]8[] Dneed

(]8[] eaneed .
((Ax:7.8[x]) ETI)" -
((Ax.&[]) ez :

For each expression e we have:
(&leld™ = (e)™ toy. (E[1)"[y]
(where y is fresh). <

This lemma omits the typing of expressions for presentational purposes. Soundness is now
easy to show:

Theorem 5.2.3 (Soundness) If e and e’ are closed, well-typed source-language expressions

d
then e r}\e’g e jmplies (]eDneed = (Ie/[)need. «
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5.3 Equivalence between call-by-name and call-by-need

Extended call-by-push-value can be used to prove equivalences between evaluation orders.
In this section we prove a classic example: if the only side-effect is nontermination, then
call-by-name is equivalent to call-by-need. We do this in two stages.
First, we show that call-by-name is equivalent to call-by-need within ECBPV. Specifically,
we show that
M name x. N =, M need x. N

(Recall that M name x. N is syntactic sugar for thunk M ‘ Ay. N[x — force y].)

Second, an important corollary is that the meta-level reduction strategies are equivalent.
We show that the call-by-need translation in Section 5.2 and the Moggi-style call-by-name
translation in Figure 2.16 (ignoring grading) give contextually equivalent ECBPV terms. We
expect the Levy-style translation in Figure 2.17 to work equally well, except that we would
have to define a more complicated Galois connection between the two evaluation orders (see
Chapter 3).

To model nontermination being the sole source-language effect, we choose the ECBPV
signature with no constants or base types, and a single operation:

Operation op  Coarity cary, Arity ar,,

diverge unit empty

We expect our proofs to work with general fixed-point operators, but for simplicity we do not
consider this here. The operation enables us to define a diverging computation Q¢ of each
computation type C, using the eliminator of the empty type:

Qc = diverge () to x. case_. x of {}

We use the smallest inequational theory with this signature. This inequational theory is
symmetric. We do not need any signature axioms to characterize nontermination; the core
axioms are sufficient. For example, associativity of to and the n-law for empty imply

Qpatox. M = Q¢

So diverging as part of a larger computation causes the entire computation to diverge.
We first show that
M name x. N =, M need x. N

As we did in Chapter 3 we use logical relations to get a strong enough inductive hypothesis
for the proof to go through. However, unlike the usual case, it does not suffice to relate closed
terms. To see why, consider a closed term M of the form

Qr4 need x. Ny to y. N,

If we relate only closed terms, then we do not learn anything about Nj itself (since x may be
free in it). We could attempt to proceed by considering the closed term Qp 4 need x. N;. For
example, if this returns a value V then x cannot have been evaluated and M should have the
same behaviour as Qr 4 need x. Nz [y+— V]. However, we get stuck when proving the last step.
This is only a problem because QF 4 is a nonterminating computation: every closed, terminating
computation of returner type has the form (V') (up to =), and when these are bound using need
we can eliminate the binding using the equation

(V)need x. Ny toy. N, = (Nytoy.N,)[x— (V)]
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The solution is to relate terms that may have free computation variables (we do not have to
consider free value variables). The free computation variables should be thought of as referring
to nonterminating computations, because we can remove the bindings of variables that refer to
terminating computations. We relate open terms using Kripke logical relations of varying arity,
which were introduced by Jung and Tiuryn [39] to study lambda definability.

We need a number of definitions first. We define Term}; as the set of equivalence classes
(up to =) of terms of value type A in context I', and similarly define Term}, for computation

types:
Term), = {[V]= |T+V:A}  Term} = {[M]=| T+ M:D}

A computation-type context A is an ECBPV typing context that contains only computation
variables x. In this section A ranges over computation-type contexts only, I' ranges over
arbitrary typing contexts. Variables in computation-type contexts refer to nonterminating
computations for the proof of contextual equivalence. A computation-type context A" weakens
another context A, written A’ » A, whenever A is a sublist of A’. Formally, this relation is
generated by the following rules:

N> A AN > A
o> o N,x:FA» Ax:FA N,x:FA» A

The type system of ECBPV admits a weakening lemma, so if A’> A we can weaken any A+V : A
to get A’ + V : A, and similarly for computations.

A Kripke relation is a family of binary relations indexed by computation-type contexts that
respects weakening of terms:

Definition 5.3.1 (Kripke relation) A Kripke relation R over a value type A (respectively
a computation type D) is a family of relations R® C Termﬁ X Termﬁ (respectively R® C
Termg X Termg) indexed by computation-type contexts A such that whenever A’ > A, we have

M e R? implies_M € RY (where M is weakened). <

We consider binary relations on equivalence classes of terms because we want to relate pairs
of terms up to =, as we did in Chapter 3 (to prove contextual equivalence).

First we observe that, because computation variables are bound to nonterminating compu-
tations, some computations can easily be seen to diverge:

Definition 5.3.2 A computation A v M : C is trivially diverging if
M = N1 to x. N2

for some value type A, computation N; € {x | (x : FA) € A} U {Qpa} and computation
ILx:FAEN,:C. <
If M is trivially diverging then we cannot necessarily show M = Q¢ because N; might be x.
However, we can show this once we bind all of the variables in the computation context A
to nonterminating computations. We need the Kripke relations we define over computation
terms to be closed under divergence. (For the rest of this section, we omit the square brackets
around equivalence classes.)

Definition 5.3.3 A Kripke relation R over a computation type C is closed under divergence if
it is transitive and each of the following holds:

1. IfAr M:Cand A+ M : C are trivially diverging, then (M, M’) € R".
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R unit]* = Term,, x Term,
R[A; x A, ]* = {(V, V) | (fstV,fst V') € R[A1]* A (snd V,snd V') € R[A,]*}
R[empty]* =0
R[A; +A2]* = {(inl,V,inl 4, V') | (V, V') € R[A;]*}U
{(inry, V,inra, V') | (V, V') € R[A:]%}
R[UC]” = {(V,V") | (force V, force V') € R[C]*}
R[[F A] := the smallest closed-under-divergence Kripke relation such that
(V.V) e RIA]" = ((V).(V")) € R[FA]"

L TA
R[unit]” :=Term . x Term .

R[C, x C,||" = (M, M) | 1M, 1°M) e R[C,]* A @M, 2:M) € R[C,]*}
R[A — C]2 = {(M, M) | YA'»A, (V,V') € RIA]Y. (V'M, VM) € R[C]*'}

Figure 5.5: Kripke logical relation for ECBPV with nontermination

2. fAEM:FAand Ar M’ : F A are trivially diverging, and (N, N’) € RAYFA then all four
of the following pairs are in R”:

(M need y. N, M’ need y. N') (N[y—M], N'[y—M'])
(N[y— M], M’ need y. N") (M need y. N, N'[y+— M']) <

This definition works because all of the trivially diverging computations are interchangeable in
the semantics. The second part of the definition is the most important. Since we are showing
that need is contextually equivalent to substitution, we want these to be related; this justifies
the two pairs at the bottom of the definition. We have to consider computation variables in the
definition (inside trivially diverging computations) only because of our use of Kripke logical
relations. For ordinary logical relations, there would be no free variables to consider.

The key part of the proof of contextual equivalence is the definition of the Kripke logical
relation R[[ -], which is a family of relations indexed by value and computation types. It is
defined in Figure 5.5 by induction on the structure of the types. In the figure, we again omit
square brackets around equivalence classes.

The definition on most of the type formers is standard, and similar to the equations required
to hold for GCBPV logical relations (Figure 3.1). For returner types, we want any pair of
computations that return related values to be related. We also want the relation to be closed
under divergence, in order to show the fundamental lemma (below) for to and need. We
therefore define R[[F A] as the smallest such Kripke relation. For function types, we require as
usual that related arguments are sent to related results. For this to define a Kripke relation,
we have to quantify over all computation-type contexts A’ that weaken A, because of the
contravariance of the argument. The computations M and M’ are weakened so that they are in
the context A’.

The relations we define are Kripke relations. Using the sequencing axioms of ECBPV
inequational theories, and the - and n-laws for computation types, we can show that R[C] is
closed under divergence for each computation type C. These facts are important for the proof
of the fundamental lemma.
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We define sets Subst? of equivalence classes of substitutions (where = is given component-
wise on substitutions), and extend the logical relation by defining R[T]* C Subst? x Subst?:

Subst? ={[o]=| A+ o :T}
R[] = {(o,0)}
R[T, x : A]* = {((0, x> V), (¢, x—>V)) | (5,0") € R[T]* A (V, V') € R[A]"}
R[T, x : FA]® = {((5, x> M), (¢, x—>M)) | (5,0") € R[T]* A (M, M) € R[FA]"}

As usual, the logical relations satisfy a fundamental lemma.

Lemma 5.3.4 (Fundamental) Suppose that (o, ¢”) € R[T]".
1. (Values) If T+ V : A then (V[o],V[c']) € R[A]]A.
2. (Computations) If T £ M : C then (M[c], M[¢’]) € R[C]".

Proof. By induction on the structure of the terms. For two of the cases we use lemmas given in
the appendix: Lemma B.3.3 for need and Lemma B.3.4 for to. For computation variables we
use the assumption about o and ¢’. For the operation undef, we use the fact that undef () is
trivially diverging. The rest of the cases are standard. ]

We also have the following two facts about the logical relation. The first roughly is that
name is related to need by the logical relation, and is true because of the additional pairs that
are related in the definition of closed-under-divergence (Definition 5.3.3).

Lemma 5.3.5 For all computation terms Tk M : FAandT,x: FAE N : C,if (0,0") € 7%[[1“]]A
then
((N[x+>M])[o], (M need x. N)[o']) € R[C]*

Proof. Apply the fundamental lemma (Lemma 5.3.4) to M, and then use Lemma B.3.5. O

The second fact is that related terms are contextually equivalent (similar to Lemma 3.1.5).

Lemma 5.3.6
1. For all value terms T+ V : Aand T+ V' : A, if (V[o],V’[¢’]) € R[A]" for all (5,¢") €
R[T]* then
FrV eV :A

2. For all computationterms T M : Cand T+ M’ : C, if (M[c],M'[d’]) € R[Q]]A for all
(0,0”) € R[T]" then
FEM=u M :C

Proof. The logical relation is closed under congruence (placing terms in contexts C[] and C[])
by a similar proof to the fundamental lemma (Lemma 5.3.4). Hence it suffices to show that if
N, N’ : FG are closed computations, with G a ground type, then (N, N’) € R[FG]° implies
N = N’. This is proved in the appendix as Corollary B.3.9. O

This gives us enough to prove the internal equivalence between call-by-name and call-by-
need:

Theorem 5.3.7 For all computation terms ' M : FAandI',x : FAE N : C, we have

[+ M name x. N =, M need x. N : C
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Proof. Apply Lemma 5.3.5 to show that the two computations are related to each other, and
then apply Lemma 5.3.6 to obtain the contextual equivalence. O

We now move on to the meta-level equivalence. Suppose we are given a (possibly open)
source-language expression I' + e : 7. Recall that the call-by-need translation uses a context
containing computation variables (i.e. (I')"¢°?) and the call-by-name translation uses a context
containing value variables, which map to thunks of computations. We have two ECBPV
computation terms of type F (7)) in context ([')"d: one is just (e)™¢¢d, the other is the call-
by-name translation (e))™°88! (defined in Section 2.4) with all of its variables substituted with
thunked computations. The theorem then states that these are contextually equivalent.

Theorem 5.3.8 (Equivalence between call-by-name and call-by-need) If e is a source-
language expression that satisfies x, : 71,...,x, : 7, + e : 7’ then

(]eDmoggi [x; — thunk XpseonsXp thul’lkxn] Setx quneed

Proof. By induction on the typing derivation of e. The interesting case is lambda abstrac-
tion, where we use the internal equivalence between call-by-name and call-by-need above
(Theorem 5.3.7). O

5.4 An effect system for extended call-by-push-value

The equivalence between call-by-name and call-by-need in the previous section is predicated
on the only side-effect in the language being nontermination. We discuss how to relax this
restriction so that only subterms need to be restricted to nontermination and the language
itself have other side-effects.

Call-by-need makes it difficult to statically estimate effects. Computation variables bound
using need might have effects on their first use, but on subsequent uses do not. Hence to
precisely determine the effects of a term, we must track which variables have been previously
used.

McDermott and Mycroft [69] show how to achieve this for a call-by-need effect system,
and we expect that this technique can be adapted to ECBPV. Here we take a simpler approach.
By slightly restricting the effect algebras we consider, we remove the need to track variable
usage information, while still ensuring the effect information is not an underestimate (an
underestimate would enable incorrect transformations). This can reduce the precision of the
effect information obtained, but for our use case (determining equivalences between evaluation
orders) this is not an issue, since we primarily care about which side-effects are used (rather
than e.g. how many times they are used).

If we do not track usage information and assume any use of a variable may have side-effects,
we might misestimate the effect of a call-by-need computation variable evaluated for a second
time (whose true effect is 1). To ensure this misestimate is an overestimate, we require that the
effect algebra is pointed.

Definition 5.4.1 (Pointed preordered monoid) A preordered monoid (&, <, -, 1) is pointed
ifforall e € & we have 1 < ¢. <

Many of our examples of effect algebras are pointed, including Gifford-style effect algebras
(Example 2.1.2).

In our example, where we wish to establish whether the effects of an expression are restricted
to nontermination, we use the two-element preorder {Q2 < T} with join for sequencing and Q
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TFV:A I'EM:(e)A ILx:AeN:C
T'E(V):(1)A I'eMtox. N:{e)C

F'eM: (e)A ILx:(e)AEN:C
't Mneedx.N:C T'kx:(e)A

if (x:(e)A) eT

TEM: (e)A

— ife < ¢
I' k coerce,<. M : (')A

Figure 5.6: Effect system modifications to ECBPV

as the unit 1. The effect Q2 means side-effects restricted to (at most) nontermination, and T
means unrestricted side-effects. Thus we would enable the equivalence between call-by-name
and call-by-need when the effect is Q, and not when it is T. This effect algebra is pointed.

The effect system is similar to GCBPV. The syntax is a minor modification of the syntax
for ECBPV in Section 5.1. We grade the returner types F A so that they have the form (¢)A,
where ¢ € &. The grammar of types is therefore identical to the one for GCBPV:

C.D == unit| €, xC, | A — C| (A

Typing contexts still assign returner types to computation variables, but they now also have
effects:
' i= o |,x:A|Lx:(e)C

We need to be able to overapproximate effects, and therefore add explicit subtyping to the
grammar of ECBPV terms:

M,N == M} | M1 M,2. My} | I°M | 2°M | Ax:A.M | V'M
|opV | (V)| Mtox.N | coerce.<, M | forceV | x | M need x. N

The syntax of value types and value terms is generated by the same grammar as before (in
Section 5.1). The ECBPV effect system is also parameterized by the same notion of signature as
for GCBPV (Definition 2.7.1).

We define the action of the preordered monoid of effects on computation types as for
GCBPV:

(¢)unit = unit (), X Cy) = (e)C, X (e)C,
(NA—=C)=A—(e)C () ((e)A) = (e:e)A

The typing judgments have exactly the same form as before (except for the new syntax of
types). The majority of the typing rules, including all of the rules for values, are also unchanged.

The only rules we change are those for computation variables, returning values, to and
need, which are replaced with the first four rules in Figure 5.6. We also add a subeffecting
rule, which is the last rule of the figure. The rules for return, to and coerce are the same as the
GCBPYV rules.

We also have to change the inequational theory to add axioms for coerce (e.g. transitivity
and commutativity with to), and also need to add coercions to the axiom

Mneed x.xtoy.N = Mtoy.N[xr— (y)]
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replacing it with
Mneed x.xtoy.N = M to y. N[x coerce;<, (y)]

where ¢ is the effect of M. This works because the effect algebra is pointed, so we have 1 < «.

5.4.1 Exploiting effect-dependent equivalences

Our primary goal in adding an effect system to ECBPV is to exploit (local, effect-justified)
equivalences between evaluation orders even without a whole-language restriction on effects.
We sketch how to do this for our example.

When proving the equivalence between call-by-name and call-by-need in Section 5.3 we
assumed that the only operation in the language was diverge. To relax this restriction, we use
the effect algebra with preorder {Q < T} described above, and assign the effect Q to diverge.
We can include other effectful operations (e.g. raise, put), and give them the effect T. The
statement of the internal (object-level) equivalence becomes:

fTEM:(Q)Aand T, x: (Q)AE N : C then
't M name x. N =, M need x. N : C

The premise restricts the effect of M to Q so that nontermination is its only possible side-effect,
but N is allowed to have any effect.

To prove this equivalence, we need a logical relation for the effect system, which means
we have to define a Kripke relation R[[ (¢)A]| for each effect €. For R (Q)A] we use the same
definition as before (the definition of R[FA]). The definition of R[(T)A] depends on the
specific other effects included (we could adapt the free lifting in Section 3.1.1).

To state and prove a meta-level equivalence for a source language that includes other
side-effects, we need to define a call-by-need effect system for the source language. This would
just be the same as the Moggi-style call-by-name effect system in Section 2.4, which is sound
for call-by-need for pointed effect algebras. The call-by-need translation of types is then the
same as the call-by-name translation of types. Just as for the object-level equivalence, the
statement of the meta-level equivalence requires the source-language expression to have the
effect 2. We omit the details here.

5.5 Related work

Reasoning about call-by-need The majority of work on reasoning about call-by-need
source languages has concentrated on operational semantics based on environments [53],
graphs [100, 96], and answers [4, 3, 17, 68]. However, these do not compare call-by-need with
other evaluation orders. The only type-based analysis of a lazy source language we know of
apart from McDermott and Mycroft’s effect system [69] is Turner et al.’s [97] (and its extension
[101]).

Polarized type theories (e.g. Zeilberger [102]) stratify types into several kinds (like values
and computations in CBPV) to capture multiple evaluation orders. Downen and Ariola [20, 21]
recently described how to capture call-by-need using polarity. They take a different approach
to ours, by stratifying the syntax according to evaluation order, rather than whether terms
might have effects. This means they have three kinds of type (call-by-value, call-by-need, and
call-by-name), resulting in a more complex language than ours. In their language, information
about evaluation order can be deduced from types, in ours it cannot (the call-by-need and
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call-by-name translations of types are identical). They also do not apply their language to
reasoning about the differences between evaluation orders, which was the primary motivation
for ECBPV. 1t is not clear whether their language can also be used for this purpose.

Multiple evaluation orders can also be captured in a Moggi-style language by using joinads
instead of monads [83]. There may be some joinad structure implicit in extended call-by-push-
value.

Logical relations Kripke logical relations have previously been applied to the problems of
lambda definability [39] and normalization [2, 25]. Previous proofs of contextual equivalence
relate only closed terms. We were forced to relate open terms because of the need construct.

Reasoning about effects using logical relations often runs into a difficulty in ensuring the
relations are closed under sequencing of computations. We are able to work around this due
to our specific choice of effects. It is possible that considering other effects would require a
technique such as Lindley and Stark’s leapfrog method [62, 61].

5.6 Summary

We have described extended call-by-push-value, a calculus that can be used for reasoning about
several evaluation orders. In particular, ECBPV supports call-by-need via the addition of the
construct M need x. N. This allows us to prove that call-by-name and call-by-need reduction
are equivalent if nontermination is the only effect in the source language, both inside the
language itself, and on the meta-level. We proved the latter by giving a translation from our
source language into ECBPV that captures call-by-need reduction. We also defined an effect
system for ECBPV. The effect system statically bounds the side-effects of terms, allowing us
to validate equivalences between evaluation orders without restricting the entire language to
particular effects. We end this chapter with a description of some possible future work.

Other equivalences between evaluation orders We have proved one example of an equiv-
alence between evaluation orders using ECBPV, but there are others that we might also expect
to hold. For example, we would expect call-by-need and call-by-value to be equivalent if
the effects are restricted to nondeterminism, allocating state, and reading from state (but not
writing). It should be possible to use ECBPV to prove these by defining suitable logical relations.
More generally, it might be possible to characterize when particular equivalences hold in terms
of the algebraic properties of the effects we restrict to, and give a reasoning principle similar to
the one we derived in Chapter 3.

Denotational semantics In Chapter 4 we emphasized the use of denotational semantics for
proving the validity of program transformations. Developing an ECBPV denotational semantics
would enable us to reason about ECBPV program transformations in this way. Composing the
denotational semantics with the call-by-need translation would also result in a call-by-need
denotational semantics for the source language.

Some potential approaches to describing the denotational semantics of ECBPV are Maraist
et al.’s [67] translation into an affine calculus, combined with a semantics of linear logic [71],
and also continuation-passing-style translations [82]. None of these consider side-effects
however.
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Conclusions

This thesis develops a general framework for proving the validity of effect-dependent program
transformations. We include an intermediate language in which such transformations can
be stated (graded call-by-push-value, defined in Section 2.7), a way to use this intermediate
language to reason about a source language (translations into GCBPV in Section 2.7.3), and
machinery for proving the instances of contextual preorders (logical relations and order-
enriched categorical semantics in Section 3.1 and Chapter 4).

Our framework supports various evaluation orders. The side-effects of programs depend
on the evaluation order used. Hence, to discuss effect-dependent transformations for some
evaluation order it is desirable to construct an effect system that is bespoke to that evaluation
order. It is well-known that we can do this for call-by-value; Chapter 2, we show how to do this
for two forms of call-by-name (Moggi-style call-by-name and Levy-style). We also describe
GCBPV, which augments Levy’s call-by-push-value with an effect system that generalises all of
these. We can therefore use the framework to prove the validity of effect-dependent program
transformations for source languages with any of these evaluation orders. This extends previous
work, which primarily supports only call-by-value.

We then applied the framework to program transformations that change the evaluation
order used inside programs. We proved two versions of a novel reasoning principle that
relates call-by-value and call-by-name evaluation in the presence of side-effects: one syntactic
(Chapter 3) and one semantic (Section 4.4). The reasoning principle arises because of the
existence of certain Galois connections between call-by-value and call-by-name computations.
We expect that our approach to relating evaluation orders will work more generally: we
can relate two evaluation orders by translating into a single intermediate language and then
defining similar Galois connections.

Chapter 4 deals with noninvertible program transformations. These have mostly been
neglected in previous work, which tends to consider only symmetric transformations. We gave
several examples, including for undefined behaviour, nondeterminism and concurrency, and
showed how to use our framework to validate them. These justify our use of order-enrichment
in the denotational semantics of GCBPV. We argue that order-enrichment is crucial for a
general framework for formal reasoning about program transformations.

Finally, we added call-by-need to our framework. Call-by-need is more difficult to reason
about than call-by-value or call-by-name because it involves action at a distance. In Chapter 5
we developed ECBPV, which extends CBPV with primitives that allow it to capture call-by-need
evaluation. We then discussed how to use ECBPV to reason about call-by-need. In particular,
we showed that call-by-name and call-by-need are equivalent when side-effects are limited to
nontermination. It turns out that ordinary logical relations do not suffice to do this, and so we
used Kripke logical relations of varying arity.

121



122 Chapter 6. Conclusions

6.1 Future work

There are many possible directions for future work. Some are obvious extensions of the
contributions of this thesis, others are open questions that should be solved to continue with
the aims of this thesis. We highlight just a few here.

Relating evaluation orders We have given two relationships between evaluation orders:
a general reasoning principle for call-by-value and Levy-style call-by-name in Chapter 3
and Section 4.4, and one instance of a relationship between call-by-need and Moggi-style
call-by-name in Section 5.3. An obvious question is whether we can develop the latter into
a more general reasoning principle that relies only on axiomatic properties of side-effects. It
would also be interesting to formulate reasoning principles for other pairs of evaluation orders.
In particular, it should be possible to give a reasoning principle that relates the two forms of
call-by-name.

Other side-effects We have considered a small number of example side-effects, such as
global state, nondeterminism, nontermination and undefined behaviour. There are many other
examples of side-effects that it should be possible to apply our framework to, such as local
state [88, 40] and probabilistic choice. Incorporating effect handlers [86] into our framework is
another obvious next step.

Semantics of call-by-need Throughout Chapter 4 we emphasized the (well-known) advan-
tages of denotational semantics for formal reasoning about program transformations, but when
adding call-by-need in Chapter 5 we did not consider denotational semantics at all. Deno-
tational semantics for call-by-need (in the presence of arbitrary side-effects) is still an open
problem, and it is not clear what a model of ECBPV would look like. Our use of Kripke logical
relations of varying arity suggests we might be able to model call-by-need in (Poset-)categories
of the form [Ctx, C], where Ctx is the category of typing contexts and weakenings, but we
have not pursued this.

How should models be graded? In Chapter 4 we construct a number of graded adjunc-
tions that we use as models of GCBPV. A question we might ask is which graded adjunctions
are useful as models. For example, we might expect each of the subeffecting morphisms
(e<€)@(—):e®(—) — £@(—) to be a full monomorphism (Definition 4.2.15), which corre-
sponds to coerce,<,» M < coerce,<.» N = M < N in the syntax. (This is the case for all of
our examples.) There are graded adjunctions that do not have this property, but it is not clear
whether any of them are useful for models. Are there any other properties we would expect to
hold for all side-effects? Constructing graded adjunctions also takes a lot of work, so it would
be useful to find a general technique for doing this. Kammar and McDermott [41] consider
such a technique for constructing graded monads for Gifford-style effect algebras.

Intermediate languages for program reasoning We have presented GCBPV as an inter-
mediate language that is useful for formal reasoning about programs. In particular, we chose to
base our intermediate language on CBPV partly because we can easily verify the correctness
of program transformations in CBPV. However, we do not claim that GCBPV is the best
possible intermediate language. More work is needed to settle the question of what the best
language is. If we are proving the validity of compiler optimizations then we might want to
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find an intermediate language that can be used both for formal reasoning and for applying
optimizations inside a compiler. There may be a tension between these two applications.

Practical effect systems There are very few instances of effect systems being used in
practice, and this thesis does not consider practical use of grading. One way to use effect
systems as a way to do effect-dependent optimizations inside a compiler would be to have the
compiler infer the effects of terms (rather than exposing the effect system to the programmer).
This would require effect inference, and to do inference we would probably want to include
effect polymorphism. Extending GCBPV (and related machinery, such as the denotational
semantics), with effect polymorphism, and then describing how to do effect inference on it,
would be interesting future work.

6.2 Final remarks

There are several key aspects of the approach used throughout this thesis that are worth
highlighting here.

The first is our use of a common intermediate language for stating and proving the validity
of program transformations, inspired by compiler design. Intermediate languages are useful
because they allow us to prove general results about program transformations. When relating
call-by-value and call-by-name in Chapter 3 and Section 4.4 we obtained a reasoning principle
that is not specific to the choice of side-effects in the language. This was aided partly by our use
of inequational theories for specifying the behaviour of side-effects (rather than e.g. operational
semantics). The structure of the translations into the intermediate language guided us in doing
this. Our results about the relationship between call-by-value and call-by-name, and between
call-by-name and call-by-need (Section 5.3) are also about open terms. We can relate open
terms because we use intermediate languages that capture all of these evaluation orders.

The intermediate languages approach also allows us to ignore considerations about the
design of source languages. We chose to base our intermediate languages on CBPV. Whether
CBPV is good for writing programs is irrelevant, as long as there are suitable translations from
source languages. On the other hand, the design of CBPV makes it is easy to reason about.
Crucially, there are no choices to make about evaluation order in CBPV. We therefore get
a separation of concerns: the translations from the source language specify the evaluation
order but are independent of the choice of side-effects, and the semantics of the intermediate
language specifies the behaviour of the side-effects, but is independent of the evaluation order.
This was particularly helpful in Chapter 4, where we barely had to consider evaluation orders.

Finally, the intermediate language can include features that may not be useful in source
languages. Call-by-name might be an example of this: even if we do not want to use call-
by-name in an effectful source language, we might still want to replace call-by-value with
call-by-name as an optimization inside the intermediate language.

Another important aspect of our approach is the use of grading to specify restrictions on
side-effects. This is crucial for considering effect-dependent program transformations without
restricting the side-effects that can appear in the language itself. It allows us to consider
languages with a variety of effects (I/O, mutable state, nontermination, nondeterminism,
probabilistic choice, etc.) even though most transformations are only correct for subterms that
do not use most of them. Another advantage of grading is that we can use it to obtain stable
semantics [16], where side-effects can be added without changing the denotations of existing
programs.
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We also emphasize the use of axiomatic properties of side-effects (such as thunkable effects
in Chapter 3), which we used to give general reasoning principles for program transformations.
These aspects of our approach, especially our use of intermediate languages, may turn out

to be helpful more widely in program semantics.



Bibliography

[1]

(6]

[10]

Martin Abadi, Anindya Banerjee, Nevin Heintze, and Jon G. Riecke. 1999. A Core
Calculus of Dependency. In Proceedings of the 26th ACM SIGPLAN-SIGACT Symposium
on Principles of Programming Languages. ACM, 147-160. https://doi.org/10.1145/
292540.292555

Thorsten Altenkirch, Martin Hofmann, and Thomas Streicher. 1995. Categorical Recon-
struction of a Reduction Free Normalization Proof. Lecture Notes in Computer Science
953, 182-199. https://doi.org/10.1007/3-540-60164-3_27

Zena M. Ariola and Matthias Felleisen. 1997. The call-by-need lambda calculus. Journal
of functional programming 7, 3, 265-301.

Zena M. Ariola, John Maraist, Martin Odersky, Matthias Felleisen, and Philip Wadler.
1995. A Call-by-need Lambda Calculus. In Proceedings of the 22nd ACM SIGPLAN-
SIGACT Symposium on Principles of Programming Languages. ACM, 233-246. http:
//doi.acm.org/10.1145/199448.199507

Nick Benton and Peter Buchlovsky. 2007. Semantics of an Effect Analysis for Exceptions.
In Proceedings of the 2007 ACM SIGPLAN International Workshop on Types in Languages De-
sign and Implementation. ACM, 15-26. https://doi.org/10.1145/1190315.1190320

Nick Benton, Martin Hofmann, and Vivek Nigam. 2016. Effect-dependent Transfor-
mations for Concurrent Programs. In Proceedings of the 18th International Sympo-
sium on Principles and Practice of Declarative Programming. ACM, 188-201. https:
//doi.org/10.1145/2967973.2968602

Nick Benton, John Hughes, and Eugenio Moggi. 2002. Monads and Effects. In Applied
Semantics. Springer, 42-122. http://dl.acm.org/citation.cfm?1d=647424.725798

Nick Benton and Andrew Kennedy. 1999. Monads, Effects and Transformations. Elec-
tronic Notes in Theoretical Computer Science 26, 3—20. https://doi.org/10.1016/
S1571-0661(05)80280-4

Nick Benton, Andrew Kennedy, Lennart Beringer, and Martin Hofmann. 2009. Rela-
tional Semantics for Effect-based Program Transformations: Higher-order Store. In
Proceedings of the 11th ACM SIGPLAN Conference on Principles and Practice of Declarative
Programming. ACM, 301-312. https://doi.org/10.1145/1599410.1599447

Nick Benton, Andrew Kennedy, Martin Hofmann, and Lennart Beringer. 2006. Reading,
Writing and Relations: Towards Extensional Semantics for Effect Analyses. In Proceedings
of the 4th Asian Conference on Programming Languages and Systems. Springer, 114—130.
https://doi.org/10.1007/11924661_7

125


https://doi.org/10.1145/292540.292555
https://doi.org/10.1145/292540.292555
https://doi.org/10.1007/3-540-60164-3_27
http://doi.acm.org/10.1145/199448.199507
http://doi.acm.org/10.1145/199448.199507
https://doi.org/10.1145/1190315.1190320
https://doi.org/10.1145/2967973.2968602
https://doi.org/10.1145/2967973.2968602
http://dl.acm.org/citation.cfm?id=647424.725798
https://doi.org/10.1016/S1571-0661(05)80280-4
https://doi.org/10.1016/S1571-0661(05)80280-4
https://doi.org/10.1145/1599410.1599447
https://doi.org/10.1007/11924661_7

126

[11]

[13]

[15]

[17]

[18]

[19]

[21]

[22]

[23]

Bibliography

Nick Benton, Andrew Kennedy, Martin Hofmann, and Vivek Nigam. 2016. Counting
Successes: Effects and Transformations for Non-deterministic Programs. In A List of
Successes That Can Change the World: Essays Dedicated to Philip Wadler on the Occasion
of His 60th Birthday, Sam Lindley, Conor McBride, Phil Trinder, and Don Sannella (Eds.).
Springer, 56-72. https://doi.org/10.1007/978-3-319-30936-1_3

Nick Benton, Andrew Kennedy, and George Russell. 1998. Compiling Standard ML to
Java Bytecodes. In Proceedings of the Third ACM SIGPLAN International Conference on
Functional Programming. ACM, 129-140. https://doi.org/10.1145/289423.289435

Lars Birkedal, Filip Sieczkowski, and Jacob Thamsborg. 2012. A Concurrent Logical
Relation. In 26th International Workshop/21st Annual Conference of the EACSL (Leibniz
International Proceedings in Informatics), Patrick Cégielski and Arnaud Durand (Eds.),
Vol. 16. Schloss Dagstuhl-Leibniz-Zentrum fiir Informatik, 107-121. https://doi.
org/10.4230/LIPIcs.CSL.2012.107

Anna Bucalo, Carsten Fithrmann, and Alex Simpson. 2003. An equational notion of
lifting monad. Theoretical Computer Science 294, 1,31-60. https://doi.org/10.1016/
S0304-3975(01)00243-2

Aurelio Carboni, Stephen Lack, and R.F.C. Walters. 1993. Introduction to extensive and
distributive categories. Journal of Pure and Applied Algebra 84, 2, 145-158. https:
//doi.org/10.1016/0022-4049(93)90035-R

Robert Cartwright and Matthias Felleisen. 1994. Extensible Denotational Language Speci-
fications. In Proceedings of the International Conference on Theoretical Aspects of Computer
Software. Springer, 244-272. http://dl.acm.org/citation.cfm?1d=645868.668496

Stephen Chang and Matthias Felleisen. 2012. The call-by-need lambda calculus, revisited.
In Proceedings of the 21st European Conference on Programming Languages and Systems.
Springer, 128-147. http://dx.doi.org/10.1007/978-3-642-28869-2_7

Pierre-Louis Curien and Hugo Herbelin. 2000. The Duality of Computation. In Proceedings
of the Fifth ACM SIGPLAN International Conference on Functional Programming. ACM,
233-243. https://doi.org/10.1145/351240.351262

Marco Devesas Campos and Paul Blain Levy. 2018. A Syntactic View of Computational
Adequacy. In Foundations of Software Science and Computation Structures, Christel Baier
and Ugo Dal Lago (Eds.). Springer, 71-87.

Paul Downen and Zena M. Ariola. 2018. Beyond Polarity: Towards a Multi-Discipline
Intermediate Language with Sharing. In 27th EACSL Annual Conference on Computer
Science Logic. 21:1-21:23. https://doi.org/10.4230/LIPIcs.CSL.2018.21

Paul Downen and Zena M. Ariola. 2019. Compiling With Classical Connectives. arXiv
e-prints, Article 1907.13227.

Anatolij Dvurecenskij and Sylvia Pulmannova. 2000. New trends in quantum structures.
Mathematics and its Applications, Vol. 516. Kluwer Academic Publishers.

Andrzej Filinski. 1989. Declarative Continuations and Categorical Duality. Master’s thesis.
University of Copenhagen.


https://doi.org/10.1007/978-3-319-30936-1_3
https://doi.org/10.1145/289423.289435
https://doi.org/10.4230/LIPIcs.CSL.2012.107
https://doi.org/10.4230/LIPIcs.CSL.2012.107
https://doi.org/10.1016/S0304-3975(01)00243-2
https://doi.org/10.1016/S0304-3975(01)00243-2
https://doi.org/10.1016/0022-4049(93)90035-R
https://doi.org/10.1016/0022-4049(93)90035-R
http://dl.acm.org/citation.cfm?id=645868.668496
http://dx.doi.org/10.1007/978-3-642-28869-2_7
https://doi.org/10.1145/351240.351262
https://doi.org/10.4230/LIPIcs.CSL.2018.21

Bibliography 127

[24]

[25]

[27]

(28]

[29]

[31]

[34]

[35]

[36]

[37]

Andrzej Filinski. 1996. Controlling Effects. Ph.D. Dissertation. Carnegie Mellon University.

Marcelo Fiore. 2002. Semantic Analysis of Normalisation by Evaluation for Typed Lambda
Calculus. In Proceedings of the 4th ACM SIGPLAN International Conference on Principles
and Practice of Declarative Programming. ACM, 26-37. https://doi.org/10.1145/
571157.571161

Marcelo Pablo Fiore. 1996. Axiomatic Domain Theory in Categories of Partial Maps.
Cambridge University Press.

Carsten Fihrmann. 1999. Direct models of the computational lambda-calculus. Electronic
Notes in Theoretical Computer Science 20, 245-292.

Soichiro Fujii, Shin-ya Katsumata, and Paul-André Melliés. 2016. Towards a Formal
Theory of Graded Monads. In Foundations of Software Science and Computation Structures,
Bart Jacobs and Christof Loding (Eds.). Springer, 513-530.

Marco Gaboardi, Shin-ya Katsumata, Dominic Orchard, Flavien Breuvart, and Tarmo
Uustalu. 2016. Combining Effects and Coeffects via Grading. In Proceedings of the 21st
ACM SIGPLAN International Conference on Functional Programming. ACM, 476-489.
https://doi.org/10.1145/2951913.2951939

Sergey Goncharov and Lutz Schroder. 2013. A Relatively Complete Generic Hoare Logic
for Order-Enriched Effects. In Proceedings of the 28th Annual ACM/IEEE Symposium on
Logic in Computer Science. IEEE Computer Society, 273-282. https://doi.org/10.
1109/LICS.2013.33

Colin S. Gordon. 2017. A Generic Approach to Flow-Sensitive Polymorphic Effects. In
31st European Conference on Object-Oriented Programming, Peter Miiller (Ed.), Vol. 74.
Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik, 13:1-13:31. https://doi.org/10.
4230/LIPIcs.ECOOP.2017.13

Jean Goubault-Larrecq, Slawomir Lasota, and David Nowak. 2002. Logical Relations for
Monadic Types. In Computer Science Logic, Julian Bradfield (Ed.). Springer, 553-568.

Jennifer Hackett and Graham Hutton. 2019. Call-by-need is Clairvoyant Call-by-value.
Proceedings of the ACM Programming Languages 3, Article 114, 23 pages. https://doi.
org/10.1145/3341718

John Hatcliff and Olivier Danvy. 1997. Thunks and the A-calculus. Journal of Functional
Programming 7, 3, 303-319. https://doi.org/10.1017/50956796897002748

John Mark Hatcliff. 1995. The structure of continuation-passing styles. Ph.D. Dissertation.
Kansas State University.

Claudio Hermida. 1993. Fibrations, Logical Predicates and Indeterminates. Ph.D. Disserta-
tion. University of Edinburgh.

Chris Heunen, Ohad Kammar, Sam Staton, and Hongseok Yang. 2017. A convenient
category for higher-order probability theory. In Proceedings of the 32nd Annual IEEE
Symposium on Logic in Computer Science. IEEE Computer Society Press, 1-12. https:
//doi.org/10.1109/LICS.2017.8005137

C.AR. Hoare and He Jifeng. 1998. Unifying Theories of Programming. Prentice Hall.


https://doi.org/10.1145/571157.571161
https://doi.org/10.1145/571157.571161
https://doi.org/10.1145/2951913.2951939
https://doi.org/10.1109/LICS.2013.33
https://doi.org/10.1109/LICS.2013.33
https://doi.org/10.4230/LIPIcs.ECOOP.2017.13
https://doi.org/10.4230/LIPIcs.ECOOP.2017.13
https://doi.org/10.1145/3341718
https://doi.org/10.1145/3341718
https://doi.org/10.1017/S0956796897002748
https://doi.org/10.1109/LICS.2017.8005137
https://doi.org/10.1109/LICS.2017.8005137

128

[39]

[41]

[43]

[44]

[45]

[47]

[51]

[52]

Bibliography

Achim Jung and Jerzy Tiuryn. 1993. A New Characterization of Lambda Definability. In
Proceedings of the International Conference on Typed Lambda Calculi and Applications.
Springer, 245-257. http://dl.acm.org/citation.cfm?id=645891.671429

Ohad Kammar, Paul B. Levy, Sean K. Moss, and Sam Staton. 2017. A monad for full
ground reference cells. In Proceedings of the 32nd Annual ACM/IEEE Symposium on Logic
in Computer Science. IEEE Press, 49:1-49:12. http://dl.acm.org/citation.cfm?id=
3329995.3330044

Ohad Kammar and Dylan McDermott. 2018. Factorisation Systems for Logical Relations
and Monadic Lifting in Type-and-effect System Semantics. Electronic Notes in Theoretical
Computer Science 341, 239 — 260. https://doi.org/10.1016/j.entcs.2018.11.012
Proceedings of the Thirty-Fourth Conference on the Mathematical Foundations of Pro-
gramming Semantics (MFPS XXXIV).

Ohad Kammar and Gordon D. Plotkin. 2012. Algebraic Foundations for Effect-dependent
Optimisations. In Proceedings of the 39th Annual ACM SIGPLAN-SIGACT Symposium
on Principles of Programming Languages. ACM, 349-360. https://doi.org/10.1145/
2103656.2103698

Shin-ya Katsumata. 2005. A Semantic Formulation of T T-lifting and Logical Predicates
for Computational Metalanguage. In Proceedings of the 19th International Conference on
Computer Science Logic. Springer, 87-102. https://doi.org/10.1007/11538363_8

Shin-ya Katsumata. 2013. Relating Computational Effects by T T-lifting. Inf. Comput.
222, 228-246. https://doi.org/10.1016/j.ic.2012.10.014

Shin-ya Katsumata. 2014. Parametric Effect Monads and Semantics of Effect Systems. In
Proceedings of the 41st ACM SIGPLAN-SIGACT Symposium on Principles of Programming
Languages. ACM, 633-645. https://doi.org/10.1145/2535838.2535846

Shin-ya Katsumata and Tetsuya Sato. 2015. Codensity Liftings of Monads. In 6th Con-
ference on Algebra and Coalgebra in Computer Science, Lawrence S. Moss and Pawel
Sobocinski (Eds.), Vol. 35. Schloss Dagstuhl-Leibniz-Zentrum fiir Informatik, 156-170.
https://doi.org/10.4230/LIPIcs.CALCO.2015.156

G.M. Kelly and A.J. Power. 1993. Adjunctions whose counits are coequalizers, and
presentations of finitary enriched monads. journal of Pure and Applied Algebra 89, 1, 163
~179. https://doi.org/10.1016/0022-4049(93)90092-8

Max Kelly. 1982. Basic concepts of enriched category theory. Cambridge University Press.

Anders Kock. 1971. Bilinearity and cartesian closed monads. Math. Scand. 29, 2, 161-174.
https://doi.org/10.7146/math.scand.a-11042

Anders Kock. 1972. Strong functors and monoidal monads. Archiv der Mathematik 23,
113-120.

Anders Kock. 1995. Monads for which structures are adjoint to units. Journal of Pure
and Applied Algebra 104, 1, 41-59.

Jakov Kucan. 1998. Retraction Approach to CPS Transform. Higher-Order and Symbolic
Computation 11, 2, 145-175. https://doi.org/10.1023/A:1010012532463


http://dl.acm.org/citation.cfm?id=645891.671429
http://dl.acm.org/citation.cfm?id=3329995.3330044
http://dl.acm.org/citation.cfm?id=3329995.3330044
https://doi.org/10.1016/j.entcs.2018.11.012
https://doi.org/10.1145/2103656.2103698
https://doi.org/10.1145/2103656.2103698
https://doi.org/10.1007/11538363_8
https://doi.org/10.1016/j.ic.2012.10.014
https://doi.org/10.1145/2535838.2535846
https://doi.org/10.4230/LIPIcs.CALCO.2015.156
https://doi.org/10.1016/0022-4049(93)90092-8
https://doi.org/10.7146/math.scand.a-11042
https://doi.org/10.1023/A:1010012532463

Bibliography 129

[53]

[54]

[55]

[56]

[57]

[58]

[60]

[63]

[65]

John Launchbury. 1993. A Natural Semantics for Lazy Evaluation. In Proceedings of the
20th ACM SIGPLAN-SIGACT Symposium on Principles of Programming Languages. ACM,
144-154. https://doi.org/10.1145/158511.158618

Julia L. Lawall and Olivier Danvy. 1993. Separating Stages in the Continuation-passing
Style Transformation. In Proceedings of the 20th ACM SIGPLAN-SIGACT Symposium on
Principles of Programming Languages. ACM, 124-136. https://doi.org/10.1145/
158511.158613

Juneyoung Lee, Yoonseung Kim, Youngju Song, Chung-Kil Hur, Sanjoy Das, David
Majnemer, John Regehr, and Nuno P. Lopes. 2017. Taming Undefined Behavior in LLVM.
In Proceedings of the 38th ACM SIGPLAN Conference on Programming Language Design
and Implementation. ACM, 633-647. https://doi.org/10.1145/3062341.3062343

Paul Blain Levy. 1999. Call-by-Push-Value: A Subsuming Paradigm. In Typed Lambda
Calculi and Applications, Jean-Yves Girard (Ed.). Springer, 228-243. https://doi.org/
10.1007/3-540-48959-2_17

Paul Blain Levy. 2001. Call-by-push-value. Ph.D. Dissertation. Queen Mary, University
of London, UK.

Paul Blain Levy. 2003. Adjunction Models For Call-By-Push-Value With Stacks. Elec-
tronic Notes in Theoretical Computer Science 69, 248-271. https://doi.org/10.1016/
S1571-0661(04)80568-1 CTCS’02, Category Theory and Computer Science.

Paul Blain Levy. 2006. Call-by-push-value: Decomposing call-by-value and call-by-name.
Higher-Order and Symbolic Computation 19, 4, 377-414. https://doi.org/10.1007/
s10990-006-0480-6

Paul Blain Levy. 2017. Contextual Isomorphisms. In Proceedings of the 44th ACM SIGPLAN
Symposium on Principles of Programming Languages. ACM, 400-414. https://doi.org/
10.1145/3009837.3009898

Sam Lindley. 2005. Normalisation by Evaluation in the Compilation of Typed Functional
Programming Languages. Ph.D. Dissertation. University of Edinburgh, UK.

Sam Lindley and Ian Stark. 2005. Reducibility and T T-lifting for Computation Types. In
Proceedings of the 7th International Conference on Typed Lambda Calculi and Applications.
Springer, 262-277. https://doi.org/10.1007/11417170_20

J. M. Lucassen and D. K. Gifford. 1988. Polymorphic Effect Systems. In Proceedings of the
15th ACM SIGPLAN-SIGACT Symposium on Principles of Programming Languages. ACM,
47-57. https://doi.org/10.1145/73560.73564

Christoph Liith and Neil Ghani. 1997. Monads and modular term rewriting. In Category
Theory and Computer Science, Eugenio Moggi and Giuseppe Rosolini (Eds.). Springer,
69-86.

QingMing Ma and John C. Reynolds. 1992. Types, abstraction, and parametric polymor-
phism, part 2. In Mathematical Foundations of Programming Semantics, Stephen Brookes,
Michael Main, Austin Melton, Michael Mislove, and David Schmidt (Eds.). Springer,
1-40.


https://doi.org/10.1145/158511.158618
https://doi.org/10.1145/158511.158613
https://doi.org/10.1145/158511.158613
https://doi.org/10.1145/3062341.3062343
https://doi.org/10.1007/3-540-48959-2_17
https://doi.org/10.1007/3-540-48959-2_17
https://doi.org/10.1016/S1571-0661(04)80568-1
https://doi.org/10.1016/S1571-0661(04)80568-1
https://doi.org/10.1007/s10990-006-0480-6
https://doi.org/10.1007/s10990-006-0480-6
https://doi.org/10.1145/3009837.3009898
https://doi.org/10.1145/3009837.3009898
https://doi.org/10.1007/11417170_20
https://doi.org/10.1145/73560.73564

130

Bibliography

Saunders Mac Lane. 1998. Categories for the working mathematician (second ed.).
Springer.

John Maraist, Martin Odersky, David N. Turner, and Philip Wadler. 1995. Call-by-Name,
Call-by-Value, Call-by-Need, and the Linear Lambda Calculus, In Proceedings of the
Eleventh Annual Mathematical Foundations of Programming Semantics Conference.
Electronic Notes in Theoretical Computer Science, 370-392.

John Maraist, Martin Odersky, and Philip Wadler. 1998. The call-by-need lambda cal-
culus. journal of Functional Programming 8, 3, 275-317. https://doi.org/10.1017/
S0956796898003037

Dylan McDermott and Alan Mycroft. 2018. Call-by-need effects via coeffects. Open
Computer Science 8, 93—-108. https://doi.org/10.1515/comp-2018-0009

Dylan McDermott and Alan Mycroft. 2019. Extended Call-by-Push-Value: Reasoning
About Effectful Programs and Evaluation Order. In Programming Languages and Systems,
Luis Caires (Ed.). Springer, 235-262.

Paul-André Mellies. 2009. Categorical semantics of linear logic. In Interactive Models of
Computation and Program Behaviour, Panoramas et Synthéses 27, Société Mathématique
de France.

Paul-André Mellies. 2010. Segal Condition Meets Computational Effects. In 25th Annual
IEEE Symposium on Logic in Computer Science. 150-159. https://doi.org/10.1109/
LICS.2010.46

A Melton, D A Schmidt, and G E Strecker. 1986. Galois Connections and Computer
Science Applications. In Proceedings of a Tutorial and Workshop on Category Theory and
Computer Programming. Springer, 299-312. http://dl.acm.org/citation.cfm?id=
20081.20099

José Meseguer. 1980. Varieties of chain-complete algebras. Journal of Pure and Applied
Algebra 19, 347-383. https://doi.org/10.1016/0022-4049(80)90106-1

Albert R. Meyer and Mitchell Wand. 1985. Continuation semantics in typed lambda-
calculi. In Logics of Programs, Rohit Parikh (Ed.). Springer, 219-224.

Stefan Milius, Dirk Pattinson, and Lutz Schroder. 2015. Generic Trace Semantics
and Graded Monads. In 6th Conference on Algebra and Coalgebra in Computer Sci-
ence, Lawrence S. Moss and Pawel Sobocinski (Eds.), Vol. 35. Schloss Dagstuhl-Leibniz-
Zentrum fir Informatik, 253-269. https://doi.org/10.4230/LIPIcs.CALCO.2015.
253

Eugenio Moggi. 1989. Computational lambda-calculus and monads. In Proceedings of
the Fourth Annual Symposium on Logic in Computer Science. IEEE Press, 14-23. http:
//dl.acm.org/citation.cfm?id=77350.77353

Eugenio Moggi. 1991. Notions of Computation and Monads. Inf. Comput. 93, 1, 55-92.
https://doi.org/10.1016/0890-5401(91)90052-4

Guillaume Munch-Maccagnoni. 2014. Models of a Non-associative Composition. In
Foundations of Software Science and Computation Structures, Anca Muscholl (Ed.). Springer,
396-410.


https://doi.org/10.1017/S0956796898003037
https://doi.org/10.1017/S0956796898003037
https://doi.org/10.1515/comp-2018-0009
https://doi.org/10.1109/LICS.2010.46
https://doi.org/10.1109/LICS.2010.46
http://dl.acm.org/citation.cfm?id=20081.20099
http://dl.acm.org/citation.cfm?id=20081.20099
https://doi.org/10.1016/0022-4049(80)90106-1
https://doi.org/10.4230/LIPIcs.CALCO.2015.253
https://doi.org/10.4230/LIPIcs.CALCO.2015.253
http://dl.acm.org/citation.cfm?id=77350.77353
http://dl.acm.org/citation.cfm?id=77350.77353
https://doi.org/10.1016/0890-5401(91)90052-4

Bibliography 131

[80]

[81]

(82]

[83]

[84]

[85]

[86]

(87]

[90]

Alan Mycroft, Dominic Orchard, and Tomas Petricek. 2016. Effect Systems Revisited—
Control-Flow Algebra and Semantics. In Semantics, Logics, and Calculi: Essays Dedicated
to Hanne Riis Nielson and Flemming Nielson on the Occasion of Their 60th Birthdays.
Springer, 1-32. https://doi.org/10.1007/978-3-319-27810-0_1

Flemming Nielson and Hanne Riis Nielson. 1999. Type and Effect Systems. In Correct
System Design, Recent Insight and Advances. Springer, 114-136. http://dl.acm.org/
citation.cfm?id=646005.673740

Chris Okasaki, Peter Lee, and David Tarditi. 1994. Call-by-need and continuation-
passing style. LISP and Symbolic Computation 7, 57-81. https://doi.org/10.1007/
BF01019945

Tomas Petricek and Don Syme. 2011. Joinads: A Retargetable Control-flow Construct for
Reactive, Parallel and Concurrent Programming. In Proceedings of the 13th International
Conference on Practical Aspects of Declarative Languages. Springer, 205-219. http:
//dl.acm.org/citation.cfm?id=1946313.1946336

G.D. Plotkin. 1975. Call-by-name, call-by-value and the A-calculus. Theoretical Computer
Science 1, 2, 125-159. https://doi.org/10.1016/0304-3975(75)90017-1

Gordon Plotkin and John Power. 2003. Algebraic Operations and Generic Effects. Applied
Categorical Structures 11, 69-94. https://doi.org/10.1023/A:1023064908962

Gordon Plotkin and Matija Pretnar. 2009. Handlers of Algebraic Effects. In Proceedings
of the 18th European Symposium on Programming Languages and Systems: Held As Part
of the Joint European Conferences on Theory and Practice of Software. Springer, 80—94.
https://doi.org/10.1007/978-3-642-00590-9_7

Gordon D. Plotkin and John Power. 2001. Adequacy for Algebraic Effects. In Proceedings
of the 4th International Conference on Foundations of Software Science and Computation
Structures. Springer, 1-24. http://dl.acm.org/citation.cfm?id=646793.704708

Gordon D. Plotkin and John Power. 2002. Notions of Computation Determine Monads.
In Proceedings of the 5th International Conference on Foundations of Software Science and
Computation Structures. Springer, 342-356. http://dl.acm.org/citation.cfm?id=
646794 .704856

John C. Reynolds. 1974. On the Relation Between Direct and Continuation Semantics. In
Proceedings of the 2nd Colloquium on Automata, Languages and Programming. Springer,
141-156. http://dl.acm.org/citation.cfm?id=646230.681878

John C. Reynolds. 1997. The Essence of Algol. In Algol-like Languages, Peter W. O’'Hearn
and Robert D. Tennent (Eds.). Birkhduser Boston, 67-88. https://doi.org/10.1007/
978-1-4612-4118-8_4

Amr Sabry. 1998. What is a Purely Functional Language? journal of Functional Program-
ming 8,1, 1-22. https://doi.org/10.1017/S0956796897002943

Amr Sabry and Matthias Felleisen. 1992. Reasoning About Programs in Continuation-
passing Style. In Proceedings of the 1992 ACM Conference on LISP and Functional Program-
ming. ACM, 288-298. https://doi.org/10.1145/141471.141563


https://doi.org/10.1007/978-3-319-27810-0_1
http://dl.acm.org/citation.cfm?id=646005.673740
http://dl.acm.org/citation.cfm?id=646005.673740
https://doi.org/10.1007/BF01019945
https://doi.org/10.1007/BF01019945
http://dl.acm.org/citation.cfm?id=1946313.1946336
http://dl.acm.org/citation.cfm?id=1946313.1946336
https://doi.org/10.1016/0304-3975(75)90017-1
https://doi.org/10.1023/A:1023064908962
https://doi.org/10.1007/978-3-642-00590-9_7
http://dl.acm.org/citation.cfm?id=646793.704708
http://dl.acm.org/citation.cfm?id=646794.704856
http://dl.acm.org/citation.cfm?id=646794.704856
http://dl.acm.org/citation.cfm?id=646230.681878
https://doi.org/10.1007/978-1-4612-4118-8_4
https://doi.org/10.1007/978-1-4612-4118-8_4
https://doi.org/10.1017/S0956796897002943
https://doi.org/10.1145/141471.141563

132

[93]

[94]

[100]

[101]

[102]

Bibliography

Amr Sabry and Philip Wadler. 1996. A Reflection on Call-by-value. In Proceedings of the
First ACM SIGPLAN International Conference on Functional Programming. ACM, 13-24.
https://doi.org/10.1145/232627.232631

Ross Tate. 2013. The Sequential Semantics of Producer Effect Systems. In Proceedings
of the 40th Annual ACM SIGPLAN-SIGACT Symposium on Principles of Programming
Languages. ACM, 15-26. https://doi.org/10.1145/2429069.2429074

Andrew Tolmach. 1998. Optimizing ML using a hierarchy of monadic types. In Types in
Compilation, Xavier Leroy and Atsushi Ohori (Eds.). Springer, 97-115.

D. A. Turner. 1979. A new implementation technique for applicative languages. Software:
Practice and Experience 9, 1, 31-49. https://doi.org/10.1002/spe.4380090105

David N. Turner, Philip Wadler, and Christian Mossin. 1995. Once Upon a Type. In Pro-
ceedings of the Seventh International Conference on Functional Programming Languages and
Computer Architecture. ACM, 1-11. http://doi.acm.org/10.1145/224164.224168

Philip Wadler. 1998. The Marriage of Effects and Monads. In Proceedings of the Third ACM
SIGPLAN International Conference on Functional Programming. ACM, 63-74. https:
//doi.org/10.1145/289423.289429

Philip Wadler. 2003. Call-by-value is Dual to Call-by-name. In Proceedings of the Eighth
ACM SIGPLAN International Conference on Functional Programming. ACM, 189-201.
https://doi.org/10.1145/944705.944723

C.P. Wadsworth. 1971. Semantics and Pragmatics of the Lambda-calculus. University of
Oxford.

Keith Wansbrough and Simon Peyton Jones. 1999. Once Upon a Polymorphic Type. In
Proceedings of the 26th ACM SIGPLAN-SIGACT Symposium on Principles of Programming
Languages. ACM, 15-28. http://doi.acm.org/10.1145/292540.292545

Noam Zeilberger. 2009. The Logical Basis of Evaluation Order and Pattern-matching. Ph.D.
Dissertation. Carnegie Mellon University.


https://doi.org/10.1145/232627.232631
https://doi.org/10.1145/2429069.2429074
https://doi.org/10.1002/spe.4380090105
http://doi.acm.org/10.1145/224164.224168
https://doi.org/10.1145/289423.289429
https://doi.org/10.1145/289423.289429
https://doi.org/10.1145/944705.944723
http://doi.acm.org/10.1145/292540.292545

Appendix A

Order-enriched category theory

We give a brief introduction to the concepts of order-enriched (specifically Poset-enriched)
category theory that we use for the denotational semantics of GCBPV in Chapter 4. A more
comprehensive introduction to enriched category theory in general is given by Kelly [48]
(though note that restricting to Poset-enrichment simplifies the definitions significantly). We
assume some basic (ordinary) category theory (e.g. Mac Lane [66]).

A Poset-category is like an ordinary category, except that morphisms form partially ordered
sets and composition of morphisms is monotone.

Definition A.0.1 (Poset-category) A Poset-category C consists of a collection of objects and,
for each pair of objects X, Y, a poset C(X,Y) of morphisms, together with:
« For each triple of objects X, Y, Z, a composition function o : C(Y, Z)XC(X,Y) — C(X, Z).
Composition is required to be monotone (in both arguments) and associative.

« For each object X, an identity morphism idy € C(X, X) that is the unit for composition.
<

We identify each poset (including objects of Poset below) with its underlying set, and
always use the symbol C for the order on morphisms in a Poset-category. Every Poset-category
has an underlying ordinary category, by forgetting the order on morphisms. We give several
examples, all of which are useful for constructing models of GCBPV.

Example A.0.2 Every locally small category (in particular, the category Set of sets and func-
tions) forms a Poset-category by using equality for each of the partial orders. In these cases,
all of the Poset-enriched definitions coincide with the ordinary ones. <

Example A.0.3 The prototypical example of a Poset-category is Poset itself, which has par-
tially ordered sets (X, C) as objects and monotone functions as morphisms. Morphisms are
ordered pointwise (i.e. f E g if f x £ gx for all x). When we use Poset as a Poset-category,
this is the order on morphisms we use. <

Example A.0.4 We also restrict Poset to a smaller category. A poset X is pointed if it has
a least element L, and a monotone function f : X — Y between pointed posets is strict if
f L = L. The Poset-category Poset is formed by restricting Poset to pointed posets and strict
monotone functions. <

Example A.0.5 A poset (X,C) is an w-complete partial order if every w-chain xo CE x; E ...
has a least upper bound | | x, and a monotone function between two wcpos is continuous if it
preserves least upper bounds of w-chains. The Poset-category wCpo has wcpos as objects and
continuous functions as morphisms. The order on morphisms is pointwise. <
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As these examples show, each ordinary category may have more than one possible order-
enrichment. When using Poset-categories as models of GCBPV, the order on morphisms
must be chosen based on the side-effects being modelled. The order on morphisms is the
only extra structure required in Poset-category theory compared to ordinary category theory.
The remaining definitions are the same as the ordinary ones, except that wherever there is a
function on morphisms it is required to be monotone.

To model various type formers, we require Poset-categories C that come with some given
extra structure. A terminal object 1 of a Poset-category is just a terminal object in the underlying
ordinary category. We write ()x : X — 1 for the universal morphisms. Binary products are
also the same as in the underlying category, except that the pairing operations (—, —) on
morphisms are required to be monotone (if f C f/ : X — Yiand f, C f] : X — Y,
then (fi, o) E (f{,f,) : X — Y1 X Y3). For each X, Y, Z, there is a canonical associativity
morphism assoc : (X X Y) X Z — X X (Y x Z). Similarly, binary coproducts (with copairing
morphisms [fi, f2] : X; + X — Y) are the same as in the underlying ordinary category,
except that the copairing operations are required to be monotone. Exponentials in Poset-
categories are just exponentials in the underlying category, except that the currying operations
AN:C(ZxX,Y) = C(Z,X = Y) are required to be monotone. This implies that uncurrying
A1:C(Z,X =Y) - C(ZxX,Y) is also monotone.

We say that a Poset-category C is cartesian if it has chosen finite products (terminal object
and binary products). It is bicartesian if it is cartesian and has chosen finite coproducts (initial
object and binary coproducts). It is distributive if it is bicartesian and, for all X, Y, Z € C, the

morphism
(y,inlomy), (1 inrom,)]

(XXY) +(XXZ) X x (Y +2)

has an inverse distxyz : X X (Y +Z) = (X XY) + (X X Z). A Poset-category C is (bi)cartesian
closed if it is (bi)cartesian and has chosen exponentials. Every bicartesian closed Poset-category
is distributive.

Example A.0.6 The Poset-categories Set, Poset and wCpo are bicartesian closed. For Set, the
terminal object is the singleton {x}, and the binary product X; X X, is the usual cartesian
product. The initial object is the empty set, and the coproduct X; + X, is the disjoint union.
For Poset and wCpo each of these is the same as in Set, with the obvious orderings. In Set
exponentials are sets of functions, in Poset they are sets of monotone functions, ordered
pointwise, and in wCpo they are sets of continuous functions, ordered pointwise.

The Poset-category Poset is cartesian; finite products are the same as in Poset. (It is also
bicartesian, but not distributive or closed.) <

For models of GCBPV we also need Poset-adjunctions. To define these we first consider
Poset-enrichment of functors. This is property of functors, not some additional structure that
must be chosen: each ordinary functor either does or does not Poset-enrich.

Definition A.0.7 (Poset-functor) If C and D are Poset-categories, a Poset-functor F : C — D
is a functor between the underlying ordinary categories, such that each function F : C(X,Y) —
D(FX, FY) is monotone. Natural transformations between Poset-functors are just natural
transformations in the ordinary sense. <

The identity Idc : C — C is a Poset-functor for every Poset-category C, and the composition
G o F of two Poset-functors is also a Poset-functor.

A Poset-adjunction is then the same as an ordinary adjunction, except that the two functors
are required to Poset-enrich.!

IThroughout we use the name @ for counits of adjunctions, reserving ¢ for effects.
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Definition A.0.8 (Poset-adjunction) Suppose that C and D are Poset-categories. A Poset-
adjunction F 4 U consists of two Poset-functors: the left adjoint F : C — D and the right
adjoint U : D — C, together with two natural transformations

n:ldc > UoF ®:FoU — Idp
such that the two triangle laws U@ o ny = idy and @f o Fn = idF hold. <
Example A.0.9 There is a Poset-adjunction between posets and pointed posets:

()1
/N

Poset L Poset |

o~

U

The left adjoint (—) , sends each poset X to the pointed poset X, formed by freely adding a least
element, and each monotone function f to its strict extension f, (so fiL =L and fix = fx
for x # 1). The right adjoint is the forgetful functor, which sends each pointed poset to itself,
and each strict monotone function to itself. The unit nx : X — X is the monotone function
that maps x € X to itself, and the counit ox : X; — X is the strict monotone function that
merges the least elements. <

As in the ordinary case, there is an equivalent definition of Poset-adjunction in terms of
bijections between hom-posets:

Definition A.0.10 (Poset-adjunction (alternative definition)) Suppose that C and D are
Poset-categories. A Poset-adjunction F 4 U consists of two Poset-functors: the left adjoint
F : C — D and the right adjoint U : D — C, together with a family of bijections

0:C(FX,Y) - D(X,UY)
naturalin X e Cand Y € D. <

This definition does not explicitly require the functions 6 (or their inverses) to be monotone,
but this follows from naturality: given f E f’ : FX — Y we have

0f = Ufolidy T Uf o0idy = 0Of

We also need tensorial strengths [50] for denotational semantics. The following definition is
exactly the same as the ordinary one, except we additionally require the functor to enrich.

Definition A.0.11 (Strong Poset-functor) Suppose that C is a cartesian Poset-category. A
strong Poset-functor (F, str’) on C consists of a Poset-functor F : C — C and a natural
transformation strf(’y : X X FY — F(X x Y) called the (tensorial) strength, such that the
following diagrams commute:

F
Stryvy,z

tF
IXFX — %5 F(AxX) (XXY)xFZ y F((XXY) X Z)

\ \LFT[Z aSSOC\L \LFassoc
T2
FX

XX(YXFZ) W) XXF(YXZ) —— F(XX(YxZ))
Y.Z

SIrx yxz
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A strong natural transformation « : (F, str’) — (G, str®) between strong Poset-functors is
a natural transformation « : F — G such that

str)F{Y
XxFY —= F(X xY)

X X(Zy\L \LOCXXY

XXGY — G(XXY)
strX’Y

commutes. <

Examples include the identity strong Poset-functor (Idc, id) on C (which we sometimes write
as Idc), and the composition (G, str®) o (F, str’) := (GoF, G strfostr®) of strong Poset-functors.
Strong functors are required in models of programming languages when we interpret open
terms. For example, models of the monadic metalanguage [78] use strong monads. We can use
the definitions above to give a succinct definition of order-enriched strong monads:

Definition A.0.12 (Strong Poset-monad) Suppose that C is a cartesian Poset-category. A
strong Poset-monad on C consists of a strong Poset-functor (7, str) and two strong natural
transformations

n:Ildc — (T, str) p: (T, str) o (T, str) — (T, str)

such that the monad laws hold:

" T Ty ToToT — S ToT
N A !
ToT —— T 45— ToT TolT ——— T <



Appendix B

Additional proofs

B.1 Erasing coercions in GCBPV terms

Recall the following lemma about graded call-by-push-value.

Lemma 2.7.5 Suppose that the effect algebra (&, <, -, 1) is a partially ordered monoid with
bounded binary joins.

1. Given two value terms Vi, V, such that '+ V; : Aand T+ V, : A, if [V;| = | V5] then

TrVi =V, A
2. Given two computation terms M, M, such that TE M; : Cand e M, : C,if [ My | = [ M3 ]
thenT F M; = M, : C. <

We give the proof of this lemma in this section.

B.1.1 Conjectured counterexample

Before giving the proof, we note that Lemma 2.7.5 does not appear to hold when the condition
that the effect algebra has bounded binary joins is dropped. Consider the partial order (&, <)
with Hasse diagram

by b,
XD
ay as

This does not have bounded binary joins: the pair (ay, a;) has two upper bounds (b; and b,),
but neither is less than the other. We define the multiplication so that 1 is the unit and ¢-¢ = ¢
for ¢, ¢’ # 1. Using this as an effect algebra, we define a typing context I' and two computation
terms M; and M, such that ' v M; : (c)unit for i € {1, 2}:

r

M; = ytoz.case z of {inl . coerce, <p, y;, inr _.coerce,,<p, Y2}

x : {c)(unit + unit), y; : (a;)unit, y, : (a;)unit

The terms M; are identical apart from the coercions (| M; | = | Mz ]), but we conjecture that
['t M; £ M, : {c)unit. The situation would be different if a; and a, had a join a; V a,: we would
be able to reason as follows:
M; = y to z. coerce,,yq,<p, case z of {inl _. coerce,, <4,vq, Y1, inr _. coerceq, <4 va, Y2}

= y to z. case z of {inl _. coerce,, <4,vq, Y1, inr _. coercey,<q,va, Y2}
(to commutes with coerce)
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and hence M; = M,. We use similar reasoning in the proof of Lemma 2.7.5.

B.1.2 Proof of Lemma 2.7.5

To prove Lemma 2.7.5, we first define a stronger notion of subtyping for GCBPV in which
contravariant subtyping is not allowed. The judgments A <" B and C <:” D are given by the
rules on the left of Figure 2.12 (which generate the usual notion of subtyping), except that the
rule for function types is replaced with

C<'D
(A-0C)<'(A—> D)

Clearly A <’ B implies A <: B, and we have coercions coerce.p from type A to type Bif A<:’B
holds, as in Figure 2.12.

We have partial binary operations V on value and computation types. When it is defined
AV B is the join of the value types A and B with respect to <:’, and similarly for computation
types. In the definition, eV ¢” denotes the join of the effects ¢, ¢’ if it exists. The cases are not
exhaustive; the join is undefined if no case applies. The left-hand side of a case is undefined if
any part of the right-hand side is.

bvb =0b unit V unit = unit (Al X Az) \Y (B1 X Bz) = (Al \ Bl) X (A2 \Y Bz)
empty V empty = empty (Ai+Ay) V (Bi+By) = (A1 VBy)+(AyV By)
UCV UD = U(CVD)

unit V unit = unit (Q1 ﬁgz) v (21 522) = (g1 N 21) X (Qz v Qz)
(A=OV(A—-D) = A= (CVD)  ()AV (B = (eve)(AV B)

Not allowing contravariant subtyping means we do not have to consider meets. Bounded
binary joins lift from the effect algebra to types:

Lemma B.1.1 Suppose that the effect algebra is a partially ordered monoid with bounded
binary joins.
1. If there is some B such that A <’ Band A’ < B then A vV A’ is defined and is the join of
Aand A’

2. If there is some D such that C <’ D and C’ <’ D then C V C’ is defined and is the join of
CandC'.

Proof. The proof is by induction on the structure of Band D. If B=bthen A = A’ = b and
bVvb = bis clearly the join. Similarly for B = unit, for B = empty and for D = unit. If B = B;XB,
then A = A; X Ay and A’ = A} X A), for some A;, A| <: B; and Ay, A} <: By. Then A; V A and
A, VA, are defined, and are joins. Hence AXA" = (A} XAy) V (A|XA)) = (A;VA))x(AVA)),
which is an upper bound. It is the least because if B’ is an upper bound then B’ = B| x B,
for some B/, B), such that B} is an upper bound of A; and A!. Then because they are joins,
A; V A} <: B]. Similar reasoning can be applied for B = By + By, for B=UB’,for D =D, X D,
and for D = A — D’. The latter uses the fact that subtyping is not allowed on A. Finally, if
D = (¢”")BthenC = (¢)Aand C’' = (¢’)A’ for some ¢, ¢’ < ¢’ and A, A’ <: B. Then eV ¢’ is defined
because we assume bounded binary joins, and so is AV A’. Hence (¢)AV (¢')A" = (eVe ) (AVA')
is defined, and is the join. O
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We use this notion of subtyping to give typing judgments '+ V : Aand I' -, M : C for
terms that do not have explicit coercions. These are generated by the same rules as the usual
typing judgments (Figure 2.11), except that there is no rule for coerce, and the rules for case
expressions on sum types and for function application are replaced with:

F'te VA + A, I,x;: A ke Wp 2 By T,x9: Ay ke Wo : By Blszdeﬁned
I' . case V of {inl x;. Wy, inr x,. W5} : B; V B,

TreV:A 't M:B—>C  A<'B
TL VM:C

Note that these are syntax directed. Given I and V, if there is some A such that '+, V : A
then it is unique, and derivations are unique. Similarly for computations. For each term that
is well typed under these judgments, we can add explicit coercions to get terms that are well
typed under the original judgments. Given a typing context I' and value term V such that
'+ V : Afor some A, we have a value term [ V| such that T'+ [V : A. Similarly, given I" and
M such thatT' k. M : C for some C we have [ M| such that 'k [M] : C. These are defined
by induction on the structure of M and V. Most of the cases just apply [—] to subterms. The
interesting cases correspond to the new typing rules:

case V of case [V of Lre VA +A;
{lIll x1. Wi = {ll’ll X1.CO€rcep, <:B,VvB, [V\/l-ll",xl;Al if I, x: A1 Fe W1 : By
,inrx;. Wo} |; , inr x;. coercep, <5, [ W2 Ir 4,4, T,xy: Ay ke Wy : By
e V:A
VM]r = (coerceacn[V]r) [M if
[VM]r = ( A< [Vr) " [M]r {FteM:B—>Q
These terms clearly have the correct types.
We also extend subtyping to typing contexts. Given two typing contexts I = x; : A}, ..., x, :
Al and T =x; : Ay, ..., x, : A, of the same length and with the same variable names, we write

I" </ T if A] <’ A; for each i, and also write coercer.r for the substitution
X1 P> COETCeA A, X1, .., Xp F> COETCEA; <:A, Xn
IfT+HV:AthenI"F V[coercer«r| : A,and if ' - M : C then I  M|[coercer'«.r] : C.

Lemma B.1.2 Suppose that the effect algebra is a partially ordered monoid with bounded
binary joins.

1. fT+V :Aand IV <’T then there is some A’ <" Asuch thatI" . | V] : A" and
I+ coerceqr<:a [V ] = V]coercer«r] : A

2. fTEM:Cand I’ <'T then there is some C’ <’ C such that ", [ M : C’ and
I b coercec'<.c [ [ M] T = M[coercer <] : C

Proof. By induction the derivations of ' -V : Aand 't M : C.

« Constants ¢, and the unit terms () and A{} are trivial.

« For variables x, we have (x : A) € T, and (x : A”) € I” for some A’ <" A. Then we have
x| = x and coercesr.4 [ | x| ] = coercea<.a x = x[coercer/r].
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o For pairs ' - (V4,V3) : A; X A, by the inductive hypothesis we have

ke LVi] 2 A I+ coercear<.a, [LVi]Tr = Vi[coercer <r] : A;
for some A} < A;. Hence A] X A}, <" Ay X A, I" v [ (V1,V3) | : A} X A, and

coercea’xa,<:Axa, | L (Vi, V2) [

(coercea<:a, [ V1], coerceas<.a, [LV2]1r) (B laws for products)

= (Vi[coercer «.r], Va[coercer ..r])

= (V1, V)[coercer «.r]

The cases for inl, inr, thunk, pairs of computation terms, and (—) are similar.

ForT+ fstV : A; we have I' - V : A; X A;. By the inductive hypothesis there is some
subtype of A; X A,, which necessarily has the form A| x A for A} <’ A;, such that

"k V] A X A, I+ coercea xa; <A xa, [ LV]1r = V([coercer <r] : A} X Az

We have I +. [ fstV | : A] and

coerceqr <, [ LfstV ]| = fst(coerceaxas<axa, [LV]1r) (8 for products)
fst (V[coercer/.r])

(fst V) [coercer’<.r]

The cases for snd, projections for products of computations and force are similar.

ForT'+ casey V of {} : A we have I' + V : empty. By the inductive hypothesis there is
some subtype of empty, which can only be empty itself, such that I +. | V| : empty. We
have A < A,T" . | cases V of {}] : A, and

coerces.4 [ casey V of {} || = casey V[coercer.r] of {}  (nlaw for empty)

(casey V of {})[coercer 1]

ForTEAx:A - M:A— Cwehavel',x: A M : C. Applying the inductive hypothesis to
IM,x: A</T,x: A, there is some C’' <’ C such that

I'x:Ar, [ M]:C I',x : At coercec'.c [ LM |1 .4 = M[coercer x.a<rx:al : C

We have (A > C') </ (A — C'), T" k. |[Ax:A.M]:A— C',and

coerce(ac'y<:(A—c) | LAx:A. M|
Ay:A. coercecrc.c (y " Ax:A. [ LM] T ,.4) (coerceg.a W = W)

Ax:A.coercec’<.c [ LM |11 .a (B law for functions)

Ax:A. M[coercer’ y.a<r Al
(Ax:A. M)[coercer .r] (coercep.a W = W)

« ForT'kopV : (eff,,)ar,, we have I' H V' : caryp,. Since cargp, is a ground type, its only

subtype is car,p, itself. Hence by the inductive hypothesis we have

I" ke | V] : cargp '+ COETCecar,, <:cary [LV ] = V[coercer:r] : cargp
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We have (eff,,)arop <:’ (effop)arep, I k. op V = (effp)arg,, and

Coerce(effop>arop<:(effop)arop |- |_0P VJ -lr’
op[ V]l (coercec<.c N = N)
op (coercecarop<:Carop [LVI1l) (coerceq.a W = W)

op (V[coercer/.r])
= (opV)[coercer/<r]

e« ForTEMtox.N : {(e)CwehaveT'r M : (¢)Aand T, x : Ax N : C. There is some subtype
of (¢)A, which necessarily has the form (¢’)A’ for ¢’ < ¢ and A’ <’ A such that

ke [M]: (YA T’k coercenacina [LM] T = M[coercer 1] : (€)A
Now IV, x : A’ </ T, x : A, so there is some C’ <: C such that
IMx: Ak, [IN]:C" T',x:Akcoercec'c.c [|N] T 1.4 = N[coercer x.ar<rxal : C
We have (¢')C" </ {(e)C, T" k. [Mtox. N : {¢')C’, and

coerce (. yc'<:(eyc [ LM to x. N |1

(coercey <. [ M]]r/) to x. coercec<.c [LN |11 x.ar

(coercey <. [ | M]]1/) to x. N[coercer x.a'<:Tx:A]

(coercenar<:(eya [ LM]11/) to x. N[coercer .r]

M{[coercer <] to x. N[coercer <]
= (M to x. N)[coercer:..r]

« ForT't coerce/<. M : (e)Awehave 'k M : (¢/)A and ¢’ < ¢. By the inductive hypothesis
there is some subtype of (¢’)A, which necessarily has the form (¢”)A’ for some ¢” < ¢’
and A’ <’ A, such that

I"Ee IM]: (€")A” T’k coerceryarc.eya [ LM ] = M[coercer <] : (¢)A
We have (¢”)A’ <’ (e)A,and Ik, | coerce, <. M | : (¢”)A’ because | coerce, <. M| = | M].

The required equation also holds:
coerce(.a< (A | | coerces <. M|

coerce(ya<:(s)a (coerceenarcenya [ LM 1r)
(coercep”..p N = coercep'«.p (coercep”.p N))

coerce.ya<:(s)A (M[coercer <.r])

(coerce. <, M)[coercer/..r|

« ForT'+ case V of {inl x;. Wy, inr x,. W5} : Bwe have I' - V : A; + A,. By the inductive
hypothesis there is a subtype of A; + A, which necessarily has the form A’ + A, for
Al <" A;, such that

"k V] AL+ A) "+ coercear+as<:a+a, [ LV |11 = V[coercer r] : A1 + A,

Fori € {1,2} wehaveI',x; : A;+ W, : Band I, x; : A} <'T, x; : A;, so there exists B <’ B
such that

I, x; : Al ke [W;] : B;

I", x; : Aj + coercep <. [ Wi | Tpx,.a) = Wil coercer xar<rxia,] « B
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Since B} and B;, have an upper bound, by Lemma B.1.1 (1) their join B] VB, <: B is defined.
We therefore have I +. | case V of {inl x;. Wy, inr x,. W,} | : B} V B; and

COETCeR! vE)<:B [ Lcase V of {inl x;. Wj, inr x,. W} | 11

case [ |V ]]p of
{inl x;. coercepvp;<p (coerceg <.pvp; [ L Wil 11 x.a7) (B and p laws for sums)
, inr x;. coercep)vp; <:p (coerceg <.gyvpy [ L Wa lprx,a7) }

case [ V] ] of {inlx;.coercep <. [| W] -|r’,x1:A;a inr x;. coercep; <5 [ | W2 ] ]r',xzzA;}
(coerceq .oV = coercea .4 (coercesr .4 V))
=case [V |1 of {inlx;. Wi[coercer x,.47<rx:4,], Inr x2. Wy [coercer v,.a; <1 x,:4,] }

= Case COETCEA’ A, <A, +4, [LV ] of {inl x;. W [coercer/..r], inr x,. W, [ coercer <.r]}
(B and n laws for sums)

= (case V of {inl x;. W, inr x,. W, })[coercer/<.r|

e« ForTEV'M:Cwehavel'FV : AandT'k M : A — C. By the inductive hypothesis, there
exist A" <" A and a subtype of A — C that necessarily has the form A — C’ for C' <: C
(recall that we do not allow subtyping on arguments), such that

[Mbe [V]:A [’ + coerceqar<a [LV ] = V]coercer <r] : A
e [IM]:A—C I b coercesc'<.ac [ LM ] = M[coercer<r] : A — C

We therefore have '+, [ V'M] : C" and

coercec’'<.c [[V'M]]r = coercec'«.c ((V[coercer «.r]) [ M]]r)

(V[coercer:..r]) “coercea,c'<.ac [ LM |11
(B law for function types)

(VM) [coercer: ] O

We obtain Lemma 2.7.5 as a corollary.

Proof (of Lemma 2.7.5). We give the proof for the first part of the lemma (values). The proof of
the second part (computations) is similar.

Suppose that '+ V; : Aand '+ V, : A. We have I' <’ T, so by Lemma B.1.2 (1) there are
value types A} <" A such that '+, [ V;] : A} and

I'+ coercear<.a [LVi]1r = Vi[coercer<r] : A
forie {1,2}. If [ V1| = | V2] then A} = A}, and we have:
Vi = Vilcoercerr] = coercen <4 [LVi]Tp = coerces, <.a [LVa Ty = Va[coercerr] = V;

where we use the fact that the inequational theory is closed under substitution. ]

B.2 Logical relations and the free lifting

This section contains proofs related to the free lifting defined in Section 3.1.1.

Lemma 3.1.6 If (¢, c) € RpeeA] for each constant ¢ € Ky, then R -] is a logical relation.
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Proof. We show that the free lifting meets each requirement in the definition of logical relation.

The equations in Figure 3.1 hold by definition.

For closure under operations we note that

opV =opV tox.(x)

op vV = op V' to x. (x) ({x), (x)) = Rfree[[x : arop]] - Rfree[[<1>arop]]

and apply the final case in the definition of Rfree[[ﬂ)arop]].
Closure under pure computations is one of the cases in the definition of R[] (¢)A].

For closure under to suppose that (M, M’) € Rgee[ (6)A] and (N, N”) : Rree[[x : A] >
Riree[ (¢')B]]. We show that

(M to x.N,M tox.N’) € R[[(e-¢')B]

by induction on (M, M’) € Ryl (¢)A]. For the ({(V),(V’)) case use the assumption
about (N, N’) and

(VYtox.N = N[x—V] (VYtox.N' = N'[x—>V’]
For (coerce, <, M, coerce,»<. M) use the inductive hypothesis and

(coerce, <, M ) to x. N = coerce,../<;..r (M tox.N)

(coerce, <, M’) to x. N’ = coerce,../<;.. (M to x. N')
For (op V to y. M, op V'’ to y. M’), note that the inductive hypothesis implies
(Mtox.N, M tox.N’) : Rfree[[y : arop]] = Riree| (¢:€)B]
and then use

(opV toy.M)tox.N =opV toy.(M tox.N)
(opV'toy.M)tox. N =opV’'toy. (M tox.N’)

Closure under coerce is one of the cases in the definition of Ry..[ (¢)A].

Each constant is related to itself by assumption. ]

Lemma 3.1.7 Suppose that R[[—] is a logical relation and Ry..[b] = R[[P] for all base types
b. Then Reee[A]] € R[A] implies Reee[[ ()A] € R[(e)A].

Proof. By induction on the definition of Ry.c[ (¢)A]]. Each case uses the closure properties of
the logical relation R[—]. For the ({V),(V’)) case use Rgee[A] € R[A] and closure under
pure computations. For (coerce.<. M, coerce.<.» M) use the inductive hypothesis and closure
under coerce. The (opV to x. M, opV’ to x. M’) case is the most difficult. Suppose that
(V,V’) € Rfreeﬂcarop]] and (M, M’) : Rfreeﬂx : arop]] = Rireel (€)A]]. By the assumption on
base types, we have Rgee| G| = R[G] for all ground types G, in particular for the coarity
and arity of op. Hence the inductive hypothesis implies (V,V’) € R[[carop]] and (M, M’) :

R[[x :

to.

arep | = R[ (e)A]), and the result follows by closure of R[] under operations and under
O
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Lemma 3.1.8 For each value type A and effect ¢ C 3,

Rt{ree[<g>A]] = Rfree[<€>A]]

Proof. (C): For a fixed effect ¢, we have R} [(€)A]] € Riree] ()A] by a trivial induction.
(2): First, a trivial induction shows that if ¢ C ¢’ then

(M,M") e R;._[[{(e)A] = (coerce.<» M, coerce.<.» M) € R [()A]

free free

We then show by another induction that for all ¢ and (M, M’) € Ryee[ (¢)A]] we have (M, M’) €
R!__[{e)A]. For the ({(V), (V")) € Reee] (1)A] case use

free
(V) = coercep<q (V) (V'Y = coerceg<p (V')
For (coerce.<.s M, coerce,<.s M) € Ryee[ (¢')A] use the above implication. Finally, for
((opV to x. M), (op V' to x. M")) € Rireel ({op} U €)A]|
we assume that

(M> M/) : Rfree[[x : arop]] - Rfree[[<g>A]] (Vs V/) € Rfree[[(:arop]]

By the inductive hypothesis, the above implication, and the fact that Rgee and R}, coincide
on ground types, we have

(Coercess{op}ug M, CO€TCE. < {op}ue M) : Rfree[[x : arop]] - R} [[<{Op} U €>A]]

free

so by the definition of R} [{{op} U £)A],

((op V to x. coerce,<(opyue M), (op V' to x. coerce,<(opyu: M) € R [({op} U e)A]

free

The result follows because
opV to x. coerce.<(opjusr M = opV tox. M

and similarly for op V’ to x. M’. ]

B.3 Call-by-name and call-by-need

This section contains lemmas that are used to relate call-by-name and call-by-need evaluation
Section 5.3.
First, we give two lemmas that are useful in later proofs in this section.

Lemma B.3.1 The relations R[A]"* and R[C]" are partial equivalence relations (symmetric
and transitive).

Proof. By induction on A and C. Most of the cases are trivial. For returner types, transitivity

comes from the definition of closed under divergence. The proof that (M, M) € R[F A]]A
implies (M’, M) € R[FA]" is a simple induction on (M, M’) € R[FA]". O

Lemma B.3.2 The Kripke relation R[C] is closed under divergence for every computation
type C.
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Proof. By induction on C. We already have transitivity (by Lemma B.3.1), so in each case we
only consider the other requirements.

« For returner types this holds by definition.
« For C = unit, this is trivial because R[[unit]” is the total relation.
« For C = C, X C, we check each of the requirements individually.
- IfAEM:C XC,and Ar M : C, X C, are trivially diverging then we have
M = Ptox.P, M = Pjtox'.P,
for some
Py e{z]| (z:FB) € A} U{Qpp} Ple{z|(z:FB) e Ay U{Qpp}

and Py, P;. For each i € {1,2} we have i‘M = Pj to x.i'P,, and similarly for M".
Hence i'M and i'M’ are both trivially diverging, so are related. This implies that

M, M) e R[C, xC,]*.
— For the second case of the definition of closed under divergence (Definition 5.3.3)
we give the proof for the pair

(M needy.N, N'[y— M'])

where M and M’ are trivially diverging and (N, N’) € R[[Q L X Qz]]A’y:FA (the other
three pairs are similar). For each i € {1, 2}, we have

i‘(Mneedy.N) = Mneedy.i'N I'(N'[y—»M']) = (i'N") [y~ M']

So it suffices to show that (M need y.i'N, (i'N")[y—>M']) € R[[Qi]]A. This follows
from the inductive hypothesis.

« For C = A — D we again check each requirement individually.

- IfAEM:A— Dand Ar M’ : A — D are trivially diverging then we have
M = Ptox.P, M = Pjtox'.P,
for some
Pref{z|(z:FB) € A}U{Qrp}  Pe{z]|(z:FB) €A} U{Qrp}

and Py, P,. For each A’ > A and (V,V’) € R[A]* we have V‘M = P, to x. V'P,, and
similarly for M". Hence V'M and V’*M’ are both trivially diverging, so are related.
This implies that (M, M’) € R[A — D]".

— For the second case of the definition of closed under divergence (Definition 5.3.3)
we give the proof for the pair

(M need y. N, N'[y+— M'])

where M and M’ are trivially diverging and (N, N’) € R[A — D]***4 (the other
three pairs are similar). For each A’»> A and (V,V’) € R[[A]]A, we have

V(M needy.N) = Mneedy.V‘N V*(N'[y—>M']) = (V'N")[y—M’]

So it suffices to show that (M need y. V'N, (V'N’)[y+— M']) € R[Q]]AI. This
follows from the inductive hypothesis, using the fact that R[[ D] is a Kripke relation
to weaken N and N’. ]
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We next turn to the proof of the fundamental lemma. As usual, this is by induction on the
structure of the terms. Most of the cases are completely standard, so in this section we only
give the cases for need and to, which involve the definition of the logical relation on returner
types. These are the next two lemmas.

Lemma B.3.3 IfI',x : FAr M : C satisfies
(M[o].M[o']) € R[C]"

forall A and (0,0”) € R[[T, x : FA]]A, then for all (N, N’) € 7([[FA]]A and (0,0’) € R[I‘]]A, we
have
(N need x. M[c], N’ need x. M[o']) € R[C]*

Proof. By induction on the derivation of (N, N’) € R[FA]".
« For transitivity, use the inductive hypothesis and transitivity of R[C]* (Lemma B.3.1).

« If N = (V) and N’ = (V') with (V, V) € R[A]" then the pair we are considering is the
same up to = as
(M[o,x = (V)], M[o’,x = (V')])
The result therefore follows from the assumption about M.

« If N and N’ are trivially diverging, the result follows from the fact that R[C] is closed
under divergence (Lemma B.3.2).

« For the second case of the definition of closed under divergence (Definition 5.3.3), the
pair (N, N’) can have one of four forms. We give the proof for one of them (the other
three are similar). Suppose that

N = Nineedy. N, N = Ny[y— N{]
where N; and N7 are trivially diverging and (N,, N,) € R[FA] AUFE We have

N need x. Mo |
N’ need x. M[o’]

Ni need y. N, need x. M[o]
(N need x. M[o/]) [y N{]

Since R[C] is closed under divergence (Lemma B.3.2), it therefore suffices to show that
(N, need x. M[o] , N} need x. M[c"]) € R[C] 4P

This follows from the inductive hypothesis, using the fact that Kripke relations respect
weakening (o and o’ are weakened). O

Lemma B.3.4 IfI,x : Ar M : C satisfies

(M[o], M[o']) € R[C]"
for all A and (o, 0”) € R[T, x : A]%, then for all (N, N’) € R[FA]" and (0, 0") € R[T]" we
have

(N to x. M[c], N’ to x. M[c’]) € R[C]"

Proof. By induction on the derivation of (N, N’) € R[FA]".
« For transitivity, use the inductive hypothesis and transitivity of R[[C ]]A (Lemma B.3.1).
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« If N = (V) and N’ = (V') with (V, V) € R[A]” then the pair we are considering is the
same up to = as
(M[o,x = V)], M[d',x — (V')])

The result therefore follows from the assumption about M.

« If N and N’ are trivially diverging then for some
Pye{y| (y:FB) € A} U{Qpp} Ple{y|(y:FB)eAtU{Qpp}

and P,, P, we have
N = Pitoz. P, N = PitoZ.P]

Hence
N tox.M[o] = P; to z. P, to x. M[o] N’"to x. M[o’] = P toz'. P, tox. M[d']

so the two computations we wish to relate are both trivially diverging, and we can use
the fact that R[[C] is closed under divergence (Lemma B.3.2).

« For the second case of the definition of closed under divergence (Definition 5.3.3), the
pair (N, N’) can have one of four forms. We give the proof for one of them (the other
three are similar). Suppose that

N = Njneedy.N, N’ = N;[y— Nj]
where N; and Nj are trivially diverging and (N, N;) € R[FA] AUFB e have

N tox. Mo ]
N’ to x. M[c’]

Ni need y. N, to x. M| o]
(Nj to x. M[o’]) [y Ni]

Since R[[C] is closed under divergence (Lemma B.3.2), it therefore suffices to show that
(N, to x. M[c] , N} to x. M[o']) € R[C]*¥4F®

This follows from the inductive hypothesis, using the fact that Kripke relations respect
weakening (o and ¢’ are weakened). O

At this point, we know that the fundamental lemma holds. We next show that call-by-name
and call-by-need are related by the logical relation:

Lemma B.3.5 IfT,x : FAtr M : C then for all (N, N’) € R[FA]" and (s,0’) € R[T]", each
of the following pairs is in R[C]*:

(N need x. M[c], N' need x. M[c']) (M[o][x+— N], M[d’][x+— N'])
(M[o][x+— N], N’ need x. M[c']) (N need x. M[c], M[d'][x+— N'])

Proof. For the two pairs on the top row, we apply Lemma B.3.3 and the fundamental lemma
(Lemma 5.3.4). The remaining two require more effort. We give only the proof for

(M[o][x+— N], N’ need x. M[d’])

The other is similar. The proof is by induction on the derivation of (N, N’) € R[FA]".
« For transitivity, use the inductive hypothesis and transitivity of R[[C ]]A (Lemma B.3.1).
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« If N = (V) and N’ = (V') with (V, V) € R[A]” then the pair we are considering is the

same up to = as
(M[a,x = (V)], M[o’,x = (V')])

The result therefore follows from the fundamental lemma (Lemma 5.3.4).

If N and N’ are trivially diverging, the result follows from the fact that R[[C] is closed
under divergence (Lemma B.3.2).

For the second case of the definition of closed under divergence (Definition 5.3.3), suppose
that AL Ny : FBand Ak Nj : F B are trivially diverging, and that (N;, N;) € R[FA] AUFB,
We consider each of the four forms of pair (N, N’) in turn. In each case, we use the fact
that the logical relation is a partial equivalence relation (Lemma B.3.1), and that o is
related to itself (which follows from the fundamental lemma). We also weaken terms,
and therefore use the fact that we have Kripke relations.

- If (N,N’) = (N; need y. N,, N need y. N,) then

M[o][x—N] = MJo,x — (N; need y. N,)]

R Mo, x — Nz[y— Ni]] (5.3.4, closure under divergence)
M[o,x = Na] [y Ni]

R Nj need y. N; need x. M[o’] (IH, closure under divergence)

N’ need x. M[o’]

~ If (N,N') = (Na[y= Nil, Ny[g+>N{]) then

M[o][x—=N] = M[o,x = No|[y>Ni]
R (N, need x. M[o’])[y+— Nj] (IH, closure under divergence)
N’ need x. M[o’]

- If (N,N’) = (N2[y+ Ni], Nj need y. N,) then

M[o][x—>N] = M[o,x — Na][y+> Ni]
R Nj need y. N; need x. M[o’] (IH, closure under divergence)
= N’ need x. M[d’]

- If (N,N’) = (N; need y. N,, N,[y+> Nj]) then

= M[o,x — (N;need y.N,)]

R Mo, x — Nz[y— Ni]] (5.3.4, closure under divergence)
= Mlo,x o Nol[ye Ni]

R (N; need x.M[c'])[y+—> Nj] (IH, closure under divergence)
= N’ need x. M[o’] |

Finally, we show that we can use the logical relation to prove contextual equivalences. First

we note that closed, trivially diverging computations actually diverge:

Lemma B.3.6 If o+ M : C is trivially diverging then M = Qc.

Proof. There are no free computation variables, so M = Qg4 to x. N for some N. The result
then follows from the n-law for the empty type. ]
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Next, we note that on ground types the logical relation matches the equational theory:

Lemma B.3.7 If G is a ground type and (V,V’) € R[[G]]A, then V = W = V' for some closed
value W.

Proof. By induction on G.
« If G = unit then V = () = V’ by the n-law for unit.

« IfG = Gi X Gy then
V = (fstVy,sndV;) = (W, W,) = (fstV/,sndV)) = V’

where W) and W, come from applying the inductive hypothesis.
« If G = empty then we have a contradiction (7%[[empty]]A is empty).

+ If G = G; + G; then there are two cases to consider. If V' = inlg, V; and V' = inlg, V] with
(1, V}) € R[G1]", then
V = inlg,V; = inlg,W = inlg,V; = V’

where W comes from applying the inductive hypothesis. The inr case is similar. ]

We also show that closed returners of ground type either return a result or diverge. To do
this, we also need to consider computations with free computation variables. The next lemma
is where it is important that computation variables are only bound inside the definition of the
logical relation to trivially diverging computations.

Lemma B.3.8 If G is a ground type and (M, M’) € R[F G]]A then one of the following holds:
1. M = (V) = M’ for some closed value V.

2. M and M’ are both trivially diverging.
Proof. By definition, R[[F A] is the smallest closed-under-divergence relation such that
(V.V') e RIA]® = ((V).(V") e R[FA]" (B.1)

so we can proceed by induction on the derivation of (M, M’) € R[FA]". If this holds because
of Equation (B.1) then the result follows immediately from Lemma B.3.7. Transitivity is trivial
(using transitivity of =). Otherwise, we consider each of the cases in the definition of closed
under divergence (Definition 5.3.3).

« In the first case of the definition, both computations are required to be trivially diverging.

« For the second case we have two trivially diverging computations, which necessarily
have the form

M=Ptox.P, M =P tox". P,
for some

Pyefz|(z:FB) e AyU{Qrp}  Pie{z|(z:FB) e A U{Qrp}

and also have some (N, N;) € R[FA] AuFA By the inductive hypothesis, there are two
cases to consider:
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— We have N, = (V) = N for some closed V. Then for each of the pairs in the second
case of Definition 5.3.3 we have
M=Vy=M

where we use the garbage collection rule and the fact that V is closed to remove
the need bindings.

— Both N, and N, are trivially diverging, which implies that
Ny = Q1t0z.Q; N,;=Qit02. 0y
for some
Qie{z] (z:FBy) e AYU{Qrs) Q€ {z] (z:FB) € A} U{Qrp)
We show that M is trivially diverging (M’ is trivially diverging by an identical proof).
By looking at the four pairs in the second case of Definition 5.3.3, we know that M
has one of two forms. The first is
M = (P;tox.P;) need y.Qq to z. O,
In this case, if Q; # y then

M = Q;toz. (P, tox.P;) need y. O,

and if Q; = y then
M = Pjtox.P,toz Qx[y—(z)]

both of which are trivially diverging. The second form of M is
M = (Q1t0z.Qz)[y— Py to x. Py]
In this case, if Q; # y then
M = Q1 toz. (Qz[y— (P to x. Pp)])
and if Q; = y then
M = Pytox.Pytoz.Qz[y— (P to x. Py)]
both of which are again trivially diverging. O

Finally, we can put the last few lemmas together to show that the logical relation matches
the equational theory on closed returners of ground type.

Corollary B.3.9 If G is a ground type and (M, M’) € R[FG]° then M = M’

Proof. Applying Lemma B.3.8 gives us two cases to consider:
« If we have M = (V) = M’, then we are done.

« If both M and M’ are both trivially diverging, then we apply Lemma B.3.6. ]
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