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This paper introduces a new higher-order typed constructive predicate logic for
fixpoint computations, which exploits the categorical semantics of computations
introduced by Moggi (in “Proceedings, 4th Annual Symposium on Logic in
Computer Science,” pp. 14-23, IEEE Comput. Soc. Press, Washington, 1989) and
contains a version of Martin-L6f’s “iteration type” (in “Proceedings, Workshop
on Semantics in Programming Laguages,” Chalmers University, 1983). The type
system enforces a separation of computations from values. The logic contains a
novel form of fixpoint induction and can express partial and total correctness
statements about evaluation of computations to values. The constructive nature of
the logic is witnessed by strong metalogical properties which are proved using a
category-theoretic version of the “logical relations” method (Plotkin, unpublished
lecture notes from CSLI Summer School, 1985).  © 1992 Academic Press, Inc.

1. INTRODUCTION

It is well known that primitive recursion at higher types can be given a
categorical characterisation in terms of Lawvere’s concept of natural
number object (Lambek and Scott, 1986). We show that a similar charac-
terisation can be given for general recursion via fixpoint operators of higher
types, in terms of a new concept—that of a fixpoint object in a suitably
structured category. This notion was partly inspired by contemplation of
Martin-Lof’s non-standard “iteration type” in his domain theoretic inter-
pretation of type theory (Martin-Lof, 1983). However, the key ingredient
which allows the formulation of the concept of fixpoint object is the treat-
ment of computations using monads introduced by Moggi (1989), where
there is a distinction between the elements of a type « and computations of
elements of that type—the latter being grouped into a new type Tu.
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Moggi’s computational metalanguage AML, (Moggi, 1991) contains the
following formation rules:

atype
To type
M:o
Val(M): T«
[x:a]
E: T F(x):TB
Let(E, F): TP

Note. These rules, and the others which appear in this paper, are
presented in natural deduction style. In this section, we present some rules
with discharged hypotheses in square brackets. In later sections, rules will
be written using intuitionistic sequents in context, where contexts are lists
of typed variables. Since there are several unfamiliar variable binding
operations in the syntax, we will also adopt Martin-Lof’s theory of expres-
sions and arities. For us this will be a afin-lambda calculus over ground
types TYPE, TERM, and PRoP, with abstraction denoted x.e, application
denoted f(e), substitution denoted e[e'/x], and a multiple application such
as (f(e))(e’') abbreviated to f{e, e'); see (Nordstrom, Petersson, and Smith,
1990), for example. This system will be referred to as the meta-A-calculus.
Finally, it should benoted that our syntax is a slight variant of Moggi’s.

Intuitively, Val(M) is the value M regarded as a trivial computation
which immediately evaluates to itself; and Let(E, F) denotes the computa-
tion which first tries to evaluate E to some value M:a and then proceeds
to evaluate F(M). These intended meanings are captured by three equa-
tional axioms:

Let(Val(M), F)= F(M)
Let(E, x.Val(x))=E
Let(Let(E, F), G) = Let(E, x.Let(F(x), G)).

In addition, AML , extends the simply typed lampda calculus: there are
function types o — § with lambda abstractions Ax:a.F(x) and applications
MN satisfying the usual f and 5 equalities. The system also contains
product types ax f with (surjective) pairing (M, N) and projections
Fst(M), Snd(M); and it contains a type unitr with unique element { ):
unit.

The categorical counterpart of this basic formal system is the notion of
a “cartesian closed category equipped with a strong monad 7~ (Moggi,
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1989, Sect. 2). We refer to such structures as let cartesian closed categories,
or just let-ccc’s.

DeFpNITION 1.1. A let-ccc, %, is a cartesian closed category which
enjoys the following properties:

» For each object A4 in ¥, there is an object T4,
« for each object 4 in €, there is a morphism #,: 4 » T4, and
« for each morphism f: A x B— TC, there is a morphism

lift(f): AxTB—- TC,
such that the following conditions are satisfied:
1. Given f:4—> A" and g: 4’ x B— TC, then
lift (go(fxidg))=1lift(g)e (f Xidrp).

2. Given f: Ax B— TC, then lift(f)- (id xng)=f.
3. liftngom,)=m: AxTB—>TB.
4. Given [1AxB—-TC, g: AxC— TD, then

lif(lift(g) o {my, f5)=1lift(g)= (my, ift(f)).

The above structure is equivalent to specifying a monad (7, #, x) in
the usual sense (see MacLane, 1971, Chap. VI) together with a strength,
oy 5: AXxTB—>T(Ax B) (namely lift(n,,.5)). It is possible to give a
presentation of this variety of category in terms of categorical combinators,
extending Curien’s ccc combinators for the simply typed lambda calculus
(Curien, 1986). We will not make direct use of such combinators here, but
refer the interested reader to Crole and Pitts (1990).

We complete this introduction by discussing the contents of the rest of
the paper. In Section 2 we introduce the so called fixpoint type, together
with some examples. We describe informally an extension of the system
AML; associated with the fixpoint type, and also how the fixpoint type
gives rise to the notion of a fixpoint object in a suitably structured
category. We describe how the formal system may be used to give denota-
tions to recursively defined programs. In Section 3, we embed the computa-
tional lambda calculus, now enriched with fixpoint types and terms,
natural numbers and finite coproducts, in a fragment of an intuitionistic
predicate calculus with equality. This new logic is tailored for reasoning
about evaluations of computations to values, and within it one is able to
express certain partial and total correctness statements. We end the section
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by stating versions of the existence and disjunction properties for full intui-
tionistic predicate calculus which are adapted to our logic, and formalise
the standardness of the natural numbers. In Section 4, we give a categorical
semantics for the logical system, and prove the usual categorical-logic
correspondence. Finally, in Section 5, we present a particular model of our
logical system, and use its internal logic to prove the theorems from
Section 3.

2. THE FixpOINT TYPE
We begin by discussing the categorical notion of a fixpoint object.

DeriNITION 2.1. In a let-cce, a fixpoint object is specified by the
following data:

» An initial algebra ¢:7Q — Q for the functor 7. Thus for any
fi TA— A there is a unique morphism it(f): 2 > A satisfying the com-
mutative diagram

—250

T(ir(f))l 1 i f)

« A global element w:1— TQ which is the equaliser of #o and the
identity on TQ. In other words w is the unique fixed point of
Noo:TQ - TQ; for any f: A—> TQ, f=ngaf if and only if f=w! (where
1: A — 1 is the unique morphism from A4 to the terminal object 1).

The usual category-theoretic considerations imply that the structure
Q, 6, v is determined uniquely up to isomorphism, within the given let-ccc,
by the above properties. One should also note that o, being the structure
morphism for the initial algebra of an endofunctor, is itself an
isomorphism. A fixpoint object has some characteristics which are
reminiscent of a natural numbers object. In particular, if one simply has a
category with finite products and a strong monad, the definition of fixpoint
object should be strengthened to a parametrised form. This leads to the
following lemma:

LeMMA 2.2. In a let-ccc, €, the above definition of a fixpoint object is
equivalent to the following: There is a morphism o: TQ — Q, such that given
objects A and C in €, and a morphism [: Cx TA — A, then there is a unique
morphism it(f): Cx Q — A such that the following diagram commutes:
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id
CxTQ—2,(Cx8
e liftin - mf)))l lir(_ﬁ

In addition, there is also a global element w: 1 — T with the same proper-
ties as in Definition 2.1.

The basic domain-theoretic example of such a let-ccc with fixpoint object
is the category of predomains, w%o, whose objects are posets possessing
joins of countably infinite chains, and whose morphisms are Scott-
continuous functions, i.e., monotonic functions preserving joins of countably
infinite chains. The objects of w%ze are not required to possess a least
element; we will refer to them as wcpo’s in this paper. The operation of
adjoining a least element to an wcpo D to give the lifted wcpo D, =
{[d]|deD}u {L} gives a strong monad on w%e, called the lift monad.
There is a fixpoint object in w%ze for the lift monad, namely the wcpo

Q=0clc. - =T},

with ¢: Q| — Q the continuous function sending L to 0, [r] to n+ 1, and
[T]toT; and with o=[T]ef,.

Some other monads on w%ze that Moggi (1991) points out as arising
in denotational semantics also possess fixpoint objects. For example the
exceptions monad T(D)= (D + E), (with E some fixed discrete wcpo of
exceptions) and the side-effects monad T(D)=S - (D x §), (with S some
fixed discrete wcpo of states) both possess fixpoint objects. This follows
from the general theory of solving recursive domain equations in the “O-
category” setting of Wand and of Smyth and Plotkin (1982). For suppose
that 7'is a strong monad on w%/« that is locally Scott-continuous (i.e., the
action of T on hom wcpo’s is continuous) and that maps wcpo’s to pointed
wcpo’s (ie., wecpo’s with least elements). To obtain a fixpoint object for
such a 7, one constructs the initial fixed object for T in the category of
pointed wcpo’s and embedding-projection pairs by iterating T starting at
the one-element wcpo, yielding an isomorphism o: 7(£2)~ Q. Then (£, 0)
is an initial algebra for T: w$se — w%pe, and dually (2,07") is a final
coalgebra for that functor. The initial algebra property gives us the first
part of the definition of fixpoint object; and Freyd (to appear) has observed
that the second part of Definition 2.1 is implied by the coalgebra property.
We record this latter observation as a lemma.

LEmMMa 2.3 (Freyd, 1991). Given a let-ccc, suppose that 6: TQ2 — Q is an
initial algebra for the functor T (so that in particular, ¢ is an isomorphism).
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Suppose further that ¢~ ': Q —» TQ is a final coalgebra for T. Then there is
a global element w: 1 — TQ making Q, o, w a fixpoint object for T.

Proof. The final coalgebra property means that for any g: 4 — T4
there is a unique morphism g: 4 » Q satisfying ¢~ '¢ = T(g)g.

Define w: 1 - TQ to be ¢ ~',. From the defining property of 7, and the
naturality of n we get

w=0"', =T, =neh, = (Ngo)w.

If f: A— TQ is any other morphism satisfying f = (n,0)f, we have to see
that f=w!. But from f=(no06)f and the naturality of # one has

o~ af ) =f=nglaf)=T(af ) n,.

Hence by the uniqueness part of the coalgebra property, of =1, and thus
f=0"'n,. The same argument applies equally well with w! for f.
Therefore f=0"'n,=w!. |

Using the correspondence between equational AML -theories and
let-ccc’s, one can translate the definition of a fixpoint object into a corre-
sponding extension of the system AML,. This entails adding a new type
fix, together with certain term-forming and equality rules, namely

[xeT«]
EeTfix F(x)ea Nefix
we Tfix o(E)e fix it (F,N)ea
E=Val(o(E))
o = Val(o(w)) E=w

[xeTa]
F(x)ea Ee€Tfix
It (F, o(E))= F(Let(E, n.Val(It (F, n))))
[xeTa] [ne fix] [ee Tfix]
F(x)ea G(n)ea G(o(e))=F(Let(e, n.Val(G(n)))) Nefix
G(N)=It,(F, N) '

(The final rule, expressing the uniqueness of It (F), will be subsumed in the
next section in an induction rule for the fixpoint type.)

Fixpoint objects are so called because they enable one to define fixpoint
terms at all types of the form o« — Tf. If one views the denotation of a
program of type § with input data of type o as a term of type o — TB, then
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we have a method for interpreting all recursively defined programs. Indeed,
we have

ProrosiTioN 2.4 (Definability of Fixpoint Combinators). In the presence
of a fixpoint object, one may define a term

Y, (x> TB) o~ Th) » o~ TP

which satisfies Y, g F=F(Y, zF) for all F:(a— TB)— o — TB. Indeed, if we
define

Y, p=AF: (0> Th)>a— Tﬁ.ltm_,rﬂ(ﬁ, ag(w)),
where F is e.(1,(Let(e, f.Ffx))), then

[fio—Th, x:a]
Ffx: TP
Y, pFia—> T8

and
[fra—>TH, x:0]
Ffx:Tp M: o
Y, ;FM=F(Y, ;)M

are derived rules.

Proof. 1t is easy to see that the first rule is derivable. For the second
rule we have

YFM = t(F, o(0)) M
= F(Let(w, n.Val(It(F, n)))) M
= Let(Let(w, n.Val(It(F, n))) f.FfM)
= Let(Let(Val(a(w)), n.Val(It(F, n))) f. FfM)
=FIt(F, o(w) M
=F(YF)M. |

The definition of an initial algebra ¢: TQ — Q for a functor T contains
both an existence and a uniqueness part. The uniqueness part leads to the
initial T-algebra induction principle (Lehmann and Smyth, 1981, Sect. 5.2):
to show that a subobject i: S G Q is the whole of £, it suffices to show that
the composition ¢7(i): TS — Q factors through i: S5 Q.

When the functor T is () + 1 on the category of sets, the initial algebra



178 CROLE AND PITTS

is the natural numbers and the initial T-algebra induction principle is
equivalent to the usual principle of mathematical induction. What about
when the functor is lifting on w%z < ? Restricting attention to subobjects of
domains which are specified by inclusive subsets (those subsets of an wcpo
which are closed under taking joins of countable chains), we can use the
fact that whenever i: S @ is an inclusive subset of the wcpo

RQ=0clc...cT}
then (i}, : §, = Q is just the inclusive subset of £, given by
{eecQ,  |VneQ.[n]=e>neS}.

Then the initiality property of 2 yields the following form of the induction
principle, with S < Q inclusive:

Vee2,.(VheQ.[n]=eo>neS)ooa(e)es
VneQ.neS ’

Just as least fixed points are definable using the universal property of the
initial (-)  -algebra £, so is Scott’s induction principle for least fixed points
(Scott, 1969) derivable from the above rule.

3. THE FIX LoGICAL SYSTEM

How can we enrich the system which we were discussing in Section 27
One obvious approach is to add a fixpoint type, coproduct types « + f, and
a natural number type nat to the system AML;; we refer to this extension
as FIX _. Then we would arrive at a system which extends Godel’s system
T (Girard, 1989, Chap.7) but which also admits sound translations of
Plotkin’s PCF (Plotkin, 1977) with either a call-by-value or a call-by-name
operational semantics (Moggi, 1988, Sect. 5)). It is essentially the logical
system FIX_ with which we shall concern ourselves for the rest of the
paper. However, we are aiming for a constructive logic which enables us to
reason directly about evaluations of computations to values: the logic
FIX_ only captures certain computational intuitions indirectly, by
containing equations which model the most basic properties one would
expect computations to obey. This does not provide a system which allows
on-the-nose reasoning about evaluations of computations, and we achieve
this aim by embedding FIX _ in a fragment of a first order (intuitionistic)
predicate calculus with equality. An intuitionistic system is defined, rather
than a classical system, as such a logic captures more closely the
behavioural properties of computations. For example, the proposition
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—VY(®P) is classically identified with 3(— (&)); however, if we know that a
certain proposition @(x) is not always true this does not imply that we can
calculate when it is not true. Within this new predicate calculus, there are
forms of proposition directly tailored for expressing properties of
evaluations of computations.

The fragment we consider has conjunction and universal quantification
(over elements of a given type), together with certain predicate construc-
tors which implicitly contain forms of implication, disjunction and existen-
tial quantification. In order to set up a formal system for our logic, we
begin by defining a signature for the types, terms and propositions.

A FIX signature, denoted by Sg, is specified by:

« A collection of types. The types are built up in the following way.
We are given a collection of basic ground types, together with the dis-
tinguished ground types unit, null, nat, and fix. The types are now specified
by the grammar

au=ylaxa|ata|a—al Ty,

where y denotes any ground type.

« A collection of basic function symbols, together with the following
distinguished function symbols: { », {_,_>, Fst, Snd, Inl,, Inrg, { },,
{—, —} 4., App, Val, Let, O, Suc, ItNat, v, o, It,.

« A sorting for each of the basic function symbols, which is a list of
n+ 1 types, and will be written

N TR P T

In the case where n is zero, we write f: o. We say that f is an n-ary basic
function symbol when its sorting consists of n+1 types.

e A collection of basic relation symbols, together with the following
distinguished relation symbols: =, true, false, &, V,, U, O, +.

« A sorting for each of the basic relation symbols, which is a list of n
types, and will be written

Rioyy s 0.

In the case where n is one, we shall write R:«. We say that R is an n-ary
basic relation symbol when its sorting consists of n types.

We use the signature Sg to define the types, terms and propositions of
our logic. Each type is to be regarded as a metaconstant of arity TYPE, each
n-ary basic function symbol as a metaconstant of arity TERM" — TERM, and
each n-ary basic relation symbol as a metaconstant of arity TERM” — PROP.
The distinguished function and relation symbols are metaconstants; the
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function symbols representing the simply typed lambda calculus with
products and natural numbers have their usual arities, as do the relation
symbols representing equality, truth, falsity, conjunction and universal
quantification. The remaining metaconstants have the following arities:

{ },: TERM - TERM
{—, —}: (TERM — TERM) — (TERM — TERM ) —> TERM — TERM
Inl,: TERM — TERM
Inr;: TERM — TERM

Let: TERM — (TERM — TERM ) — TERM
: TERM

1

2

3

4

5. Val: TERM — TERM
6

7

8. ©0: TERM — TERM
9

. It,: (TERM — TERM) — TERM — TERM
10. [J: TERM — (TERM — PROP) —> PROP
11. <:TERM — (TERM — PROP) — PROP
12.  +:(TERM — PROP) — (TERM — PROP) — TERM — PROP

Remark 3.1. We make the following abbreviations: write FM for
App(F, M) and F"(M) for ItNat(F, N, M).

Associated with a FIX signature is a collection of raw terms and raw
propositions. In addition to the metaconstants described above, the meta-A-
calculus contains metaconstants which are viewed as object level variables
of arity TERM. The raw terms are exactly (afin equivalence classes of) the
closed terms of the meta-A-calculus which are of arity TERM and the raw
propositions are the closed terms of the meta-A-calculus which are of arity
PROP.

A context, I', 1s a finite list

[xii00, 00 X001,

where the variables x,, ..., x,, are distinct. An empty context will be denoted
by white space. We use the (self explanatory) notation I, x:a, and I, I'’
for the concatenation of contexts (where of course x does not occur in I').
We write

I'-M:«

for the judgement that given the context I, the raw FIX term M is well
formed and has type a. These judgements are generated by the usual type
assignment rules for the basic function symbols and the simply typed
lambda calculus with products, together with the following rules:
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Note. Tt will be assumed in all rule schemes that both the hypothesis
and conclusion are well formed. This, together with the use of the theory
of expressions and arities, alleviates the need for any side conditions.

Null Type

I'—M: null
I'H{ J(M):

Binary Coproduct Type
I'-M:a I'~N:p
I'Inlg(M):oa+f I'l-Inr (N):a+8

Ix:abFlx):y IyB-G(y):y THC:a+p
I'={F,G}(C):y

Computation Type

I'-M:uo I'HE:Ta I,x:ap F(x):TP
I'Val(M): T I'—Let(E, F):TB

Natural Number Type

I M:nat
I' -0 :nat I' - Suc(M):nat

I'-M:a I x:apF(x):a I} N:nat

I'FYM):«
Fix Type
I'-E:Tfix I'x:Ta |- F(x):a I} N:fix
I'ow:Tfix I'oa(E): fix I'-1t,(F, N):a
We write
'\~ prop

for the judgement that given the context I, the raw proposition @ is well
formed. These judgements are generated by the usual rules for intuitionistic
predicate calculus with equality excluding implication and existential quan-
tification, but augmented by the following rules:

Universal Modality

I x:al®(x)prop I'E:Tu
I' - O(E, @) prop
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Existential Modality
I' x:a -®(x)prop ' E:Ta
' C(E, @) prop

Coproduct

Ixab-®x)prop Iy p-¥Y(y)prop T'HCa+p
I'—(D+ ¥)C)prop

Given a context I, a FIX term (in context I') is any raw FIX term M
satisfying I" - M: o for some (necessarily unique) type a. We refer to a as
the fype of the FIX term M. A FIX proposition is defined similarly. Now
that we have the syntax for our FIX logical system, we present rules for
deducing the validity of the propositions. These rules will be presented in
a sequent natural deduction style. We use an intuitionistic sequent in
context as our basic judgement, which takes the form

[AL®.

Here, A is a finite list of propositions. The intended meaning of a judge-
ment is that one has a deduction of @ which involves a certain number of
undischarged hypotheses, each of which must occur in the list 4. In the
case that A is empty, we simply omit the symbol A from the judgement. A
FIX theory, Th, is specified by a FIX signature, together with a specific
collection of sequents in context, which are called the axioms of Th. The
theorems of Th consist of the least collection of sequents in context which
contains the axioms of Th, and which is closed under the usual rules of
equational logic and lambda calculus with surjective pairing (modulo p
and # conversion), augmented by the following rules:

Null Type Falsity
Null Type Equations
Iox:null - F(x):o I’ M:null
I'=F(M)=,{ }(M)

Binary Coproduct Type Equations
Ix:ta-Fx)y Ly pEG(y)y THM:u
I+ {F, G}(nl,(M)) =, F(M)
Nxia-Fx)y Iy:BEG(y):y TTN:B
I+ (F, G}(Inr,(N)) =, G(N)
Izia+BHH(z):y T'C:a+p
' {x.H(Inly(x)), y. H(Inr (y)) }(C) =, H(C)
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Computation Type Equations
I'bM:o I, x:oabFx):TB I'-E:Ta
I'Let(Val(M), F) =, F(M) I'-Let(E, x.Val(x))=, F
T'HE:To Ix:ab-Fx:TB I, y:B-G(y): Ty
I' |- Let(Let(E, F), G) =, Let(E, x.Let(F(x), G))

Natural Number Type Equations
Mo I, x:o b F(x):a
I'-FO(M)=_M

I't-M: I'x:alF(x):a I'l-N:nat
I"I-—Fs“c(N)(M)=,F(FN(M))

Fix Type Equations
I\ E=rj, Val(a(E))
't 0 =1, Val(o(®)) TFE=rpo
Ix:Ta - F(x):a I'HE:Tfix
't (F, o(E)) =, F(Let(E, n).Val(It (F, n)))

Universal Modality Propositions
I, x4, Val(x)=,, E - ®(x)
I AFLIE, @)

ARD(E @) INARValM)=,E
I A-D(M)

Existential Modality Propositions
ArValM)=r,E I, A} ®(M)
I, A O(E, @)

Ix:a, A Val(x)=5, E, ®x) =¥ I,A4- O, ®)
ALY

Coproduct Prepositions
AR (@+¥)C0)
I x:o, A, Inly(x) =, , 5 C, D(x) |- O(F(x))

F’ y:BsA’Inra(y)=a+ﬁ C’ W(J’) }_@(G(y))
I A+ 6({F, G}(C))
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IAR®M) I, y:B+ ¥(y)prop
I, A= (D+ P)Inly(M))

I ARY(N) I,x:oF®(x)prop
I AR (D + %)Inr (N))

Mono Condition

I, A Val(M)=,, Val(M')
NAFEM=,M

Disjoint Sum Condition

A, Inlg(M)=_, glInr (N) |- false

Modality Condition

I', A+ Let(E, F)=,, Val(M)
I, A+ O(E x. F(x)=4 Val(M))

Nat Induction

I A®(0) I,n:nat 4, &(n) | &(Suc(n))
I, n:nat, A |- d(n)

Fix Induction

I e:Tfix, A, O(e, @) - ®P(o(e))
I, n:fix, A |- ®(n)

This completes the rules for deriving sequents; we refer to the system as the
FIX logic.

Remark 3.2 (Informal Explanation of the FIX Propositions). The FIX
logic has many features in common with intuitionistic predicate calculus;
for the latter see Dummett (1977). However, it introduces propositions of
the forms (@ + ¥)(z), O(e, @), O(e, @), and so we describe informally the
intended meaning of this syntax.

For coproduct propositions, (& + ¥)(z), the intended meaning is

Gx:a.z=1Inlg(x) & B(x)) v 3y:B.z=Inr (y) & P(y)),

which we read as “either it is the case that z is provably equal to Inlg(x)
and that @(x) holds, or it is the case that z is provably equal to Inr,(y)
and that ¥(y) holds.”
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For the universal modality, U (e, @), the intended meaning is
Vx:a.(Val(x)=e> @(x)),

which we read as “for all x of type «, if it is the case that e is provably
equal to the value of x then necessarily @(x) holds.”
For the existential modality, © (e, @), the intended meaning is

Ix:x.Val(x)=e & ®(x),

which we read as “it is possible that e is provably equal to Val(x) and that
@(x) holds.”

These modalities are special cases of the notion of “evaluation modality”
introduced in Pitts (1991). Here we equate “evaluation to a value x” with
“equal to Val(x)” and as a result proof-theoretically stronger properties of
the modalities are postulated in the FIX logic than are considered in Pitts
(1991). This enables us to derive the pleasant properties of the FIX logic
given in Theorems 3.9, 3.11, and 3.12.

Remark 3.3. Each of the terms FY(M) and It (F, N) is unique up to
provable equality in the FIX logic. If one just considers the computational
lambda calculus enriched with fixpoint types and terms, as we did at the
beginning of Section 2, then it is necessary to impose a rule making unique-
ness explicit. However, in the full FIX logic, this uniqueness is derivable
from the rules for Nat and Fix Induction.

The FIX logic can be presented using rules which are closely related to
the categorical semantics given in Section 4. The new system is given by
substituting the following rules for their counterparts in the FIX logic:

Equality Propositions
Iixio,xta, A, x=_x" @
I oxa, A Fd[x/x']

Conjunction Propositions
I A-Q ALY
rA-o& Y

Universal Quantification Propositions
I, x4 ®(x)
I ARV, (P)
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Universal Modality Propositions
I, x:a, A[Val(x)/e] | &(x)
I'e:Ta, A (e, @)

Existential Modality Propositions
I, x:a,A[Val(x)/e], ®(x) - ¥[Val(x)/e]
leTu A Ole, ) -V

Coproduct Propositions

I, xia, A[Inlg(x)/z], @(x) |- O(F(x)) T, y:B,A[Inr,(p)/z], ¥(y) - O(G(y))
T, z:a+B, 4, (®+ P)z) F O({F, G}(2))

THEOREM 3.4. The original FIX logical system and the system defined by
the collection of adjoint rules are equivalent.

Proof. The proof is by routine manipulation of the logical rules. |

Now that we have defined the FIX logical system, we state a proposition
which we make use of in Section 5.

ProposiTION 3.5. Within the FIX logical system, the following birules
are derivable:

IA+-®(M) A+ o(M)
I, A O(Val(M), ) I A O(Val(M), @)
LLA-®M) I, y:p, A ¥(y)prop
I A (D + P)Inl (M))

I AFY(N) I, x:0 A} ®(x)prop
I A (D4 P)(Inrg(N))

The proof of this proposition involves simple manipulations of the logi-
cal rules and is omitted. It is worth remarking that in fact the first two of
the above birules are equivalent to the Mono Condition rule of the FIX
logic, modulo the other rules. Similarly, the Modality Condition rule is
equivalent modulo the others to each of the birules

I, A O(E, x. O(F(x), ®))
T, A O(Let(E, F), ®)
I A O(E x. O(F(x), ®))
T, A - O(Let(E, F), d)
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Remark 3.6. The induction rule for nat is just the usual principle of
mathematical induction. The induction rule for fix can be rendered infor-
mally as: to prove that a property @(n) holds of all elements » in fix, it is
sufficient to prove for all computations e of an element of fix that d(a(e))
holds if whenever e evaluates to a value, that value satisfies @. This prin-
ciple is consistent (see Theorem 4.7), but only because the FIX proposi-
tions have limited forms. In fact, extending the FIX logic with unrestricted
intuitionistic negation, implication, or existential quantification renders it
inconsistent. We call to mind at this point the admissible predicates of LCF
(Paulson, 1987); predicates of LCF which contain implication and existen-
tial quantification are not necessarily admissible.

PROPOSITION 3.7. Extending the FIX logic with intuitionistic implication
renders the system inconsistent.

Proof. Since FIX contains falsity (false), adding implication (22> ¥)
means that one also has negation (—1® = (& > false)). So consider the
proposition

@(n)=1(a(w)=n)

about n:fix. We sketch the essential details of the proof in an informal
fashion.

@(n) satisfies the hypotheses of Fix Induction. For if Vn <=¢. 1 (6(w)=n)
holds then —1(w=e), since otherwise we could deduce Vn<=w.—
(o(w)=n), which is false because Val(n) = w holds for n = ¢(w). However,
o is provably a bijection and so from —1(w = ¢) we deduce 1 (o(w) = a(e)),
that is @(a(e)). So the induction principle for fix entails that @(n) holds
of all ne fix, and in particular of o(w), which is a contradiction. |

PropoSITION 3.8. Extending the FIX logic with intuitionistic existential
quantification renders the system inconsistent.

Proof. This proof mimics the ideas which show that the category w%se
together with inclusive subsets does not model standard intuitionistic
predicate calculus (Dummett, 1977). Recall that in w%fo, Beck—Chevalley
conditions fail for left adjoints to projections; for if this is not the case we
can deduce that such left adjoints take inclusive subsets to inclusive subsets
by unravelling Beck-Chevalley at a global element in w%ze. Then con-
sidering the wcpoNxQ and inclusive subset {(m, n)imeN&ne
\{T} &n<m} we can deduce that {n|neQ\{T}} is inclusive in Q.
This is not so.

Consider the term L & It; . (e.Let(e, x.x), 6(w)): T fix and set

def

®(n) = 3, (m.(u.a(Val(u)))"(o(L))) =7 n.

643/98/2-4
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Using the usual rules for intuitionistic existential quantification together
with the FIX rules we may deduce e, n,e=Val(n), U(e, ®) |- D(n) |-
@(o(Val(n))) and from (fixin) we have n:fix - @(n). In particular this
means that

30 (m. (u.0(Vak()))"(a( L)) = o(@).

Using (mono) and that ¢ is an isomorphism we conclude - L =w. |

We will see that the our logic of fixpoint computations is consistent in
the next section when we come to consider models. We next state some
metatheorems that witness the constructive nature of the FIX logic and
suggest its potential as a programming logic.

THEOREM 3.9 (“Existence Property”). If E is a closed term of type T
then b 3A(E, D) is derivable in FIX if and only if there is a closed term M of
type o for which - E=,,Val(M) and | ®(M) are derivable. (In other
words, a formal proof that E evaluates to a value satisfying @ necessitates
the existence of a term denoting that value.)

Remark 3.10. The deduction that |- E= Val(M) captures in an exten-
sional manner the idea that the computation E evaluates to the value M.
We refer the reader to Section 6 for further comments.

THEOREM 3.11 (“Disjunction Property”). If E is a closed term of
coproduct type o+ B, @ and ¥ are properties of « and f§ and | (D + ¥)(E)
is derivable in FIX, then either - E=,, 4 Inl(M) and - ®(M) are derivable
for some closed term M of type a, or -E=_, ,Inr(N) and |- ¥(N) are
derivable for some closed term N of type B.

The Existence Property enables one to produce closed terms of type nat
from a computation of a number (i.e., a closed term of type Thnar) together
with a proof that the computation converges. There remains the possibility
that a closed term of type nat is not a value, i.e.,, a standard numeral.
However, this is not so:

TuroreM 3.12 (Standardness of nat). Every closed term N of type nat
in the logic FIX is provably equal to a standard numeral Suc”(0); that, is
one may derive - N =,,, Suc”(0) in FIX. (The number n is uniquely deter-
mined by N, because the consistency of FIX (Theorem4.7) implies that
Suc”(0) and Suc™(0) are not provably equal when n# m.)

These theorems are proved in Section 5.
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4. CATEGORICAL SEMANTICS

In proving Theorems 3.9, 3.11, and 3.12, we use the fact that FIX
theories correspond, in a way to be made precise, to a certain categorical
structure. This correspondence is very similar to that between intuitionistic
predicate calculus and a particular variety of hyperdoctrine, for example,
see Seely (1983). Indeed, there is a natural equivalence between FIX
theories and FIX hyperdoctrines; thus we begin by giving the definition of
this variety of hyperdoctrine.

DEFINITION 4.1. A FIX category is a let-ccc with finite coproducts,
natural numbers object, and fixpoint object, for which each component of
the unit of the monad is a monomorphism. A FIX hyperdoctrine is specified
by a FIX-category ¥ (referred to as the base category) together with a
%-indexed poset, €: €°° > Poses, where if f: A — B is a morphism in the
base category %, then we denote the corresponding pullback function by
[*:¥(B) — €(A), with the fibre at an object 4 denoted by #(A4).

We adopt the following notational convention. If
S

A—— B

l lh

C—D

is a commuting square in ¥ then right Beck—Chevalley conditions are said
to hold, which will be abbreviated to RBC, if f*:4(B)—> %¥(A4) and
k*:4(D)—> %(C) have right adjoints, which will often be denoted by Vf
and Yk, and these adjoints satisfy the identity Vfo g* =h*Vk. We use a
dual convention for left Beck—Chevalley conditions, LBC.

The indexed poset satisfies the following conditions:

1. The fibres are pointed meet semi-lattices, where in particular the
fibre over the initial object of the base category is a singleton. The top ele-
ment is denoted by T, the bottom element by L, and the meet of elements
xe%(A) and ye¥(A) by x A ye¥(4). The pullback functions are
required to preserve meets and top and bottom elements.

2. RBC holds for all squares of the form
CxA——>C
fx id[ Jf
CxAd——>C

where the morphisms 7 and =’ are product projections.
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3. RBC and LBC hold for all squares of the form

CxA—"  CxTA
fxml lfxm
C”X;4——7;:rﬁ C”XZTA

Also, the hyperdoctrine enjoys a form of Frobenius Reciprocity, namely
given xe 4(CxTA) and ye G(C x A) we have

I(id x n)((id x n)*(x) A y)=x A I(idxn)(p).

These conditions ensure the soundness of the rules for deducing validity of
universal and existential modality propositions in the FIX logic.

4, There is an operation + on fibres
+:1B(CxA)yxE(C+B)—»E(Cx(A+B))
which is natural in C. Suppose we are given elements
Xxe€(CxA) ueb(Cx(A+B))
ye¥€(CxB) zeb(Cx D)
and morphisms f: Cx 4 — Dg:Cx B— D. Then we demand that

(ide x )*(U) A xS (g, [2*(2) (dex J)*(u) A y < <Tp, 82*(2)
un(x+y)<<m {f1g}>*)

where i: A— (A+ B) j: B— (A + B) are coproduct insertions,

(Cx A)+(CxB)—%5 Cx(4+B)

is the obvious isomorphism, and

n,:CxA-C Tg:CxB->C n:Cx(A+B)—-C

are product projections. Finally, {f| g}=""[f, g]o¢ ', where [/, g]
arises from the coproduct structure of ¢. Note that if x + y exists, it is
determined uniquely. These requirements ensure the soundness of the rules
for deducing validity of coproduct propositions.

5. LBC holds for

Cx A CxAxA

HAJ l(ﬂg,nh>

A ——d——’AXA

idx 4
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The left adjoint to id x 4 satisfies the Frobenius Reciprocity condition
3(idx Ao (idx A)*(x)=x A I(idx 4)o n:(T),

where xe4(Cx A x A) and n: Cx A - C. (Recall that the pullback func-
tion n¥ preserves the top element by definition.) These conditions ensure
the soundness of the rules for equality.

6. We demand the inequalities

(nxn)y*=34(T 7,) < 34(T ,)
and
i jy*edA(T 4, 5) =1,
where T ,€4(4), Tr,€%(TA) and T, ge €(A + B) are the top elements
of the fibres and i: 4 > (A + B)j: B— (A+ B) are coproduct insertions.

This guarantees the soundness of the mono condition and the disjoint sum
condition.

7. Given the morphism
fiCxTAxBxA—>TB

we demand the inequality
Klift(f), nrey »* 0 34(T) < 3id x i) o (f, nmy p* 0 34(T),
where T e ¢(TA) is the top element of the fibre and
n,:CxTAxBxTA— B M, CxTAXxBxA—B

are product projections. This ensures the soundness of the modality
condition.

Finally, to complete the definition of the FIX hyperdoctrine, there are two
fibrewise induction conditions and a coherence condition. The induction
conditions ensure soundness of the induction rules in the logic and the
coherence condition guarantees that semantic equality of terms coincides
with derivable equality in the FIX logic.

8. Given elements
xe¥€(C), ye¥(CxN),

we demand that
x<d, 0015%(y) n*(x) A y<(idxs)*(y)
*(x)<y
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where n: C x N —» C is a product projection and 0: 1 - N s: N > N are
given as part of the structure of the natural numbers object in the base
category.

9. Given elements
xe¥4(C), yeF(CxQ),

we demand that
n*(x) A V(idxn)(y) < (idx a)*(y)
T*x)<y

where n:CxTQ->C n':CxQ-C are product projections and
o: TQ — Q is given as part of the structure of the fixpoint object in the base
category.
10. Given morphisms f, g: B— A, and the diagonal 4: 4 - A x 4,
we ask that
(S, g>*e34(M)=T
f=gin¥

This completes Definition 4.1.

A morphism of FIX categories is a functor which preserves the categori-
cal structure up to isomorphism. A morphism of FIX hyperdoctrines ¥ and
%’ is specified by a FIX-category morphism between the base categories
(referred to as the base functor), say F:% — %', together with an indexed
collection of monotone functions, called fibre morphisms, F,:€(4)—
€'(FA)YA € 0b¥. These monotone functions are required to preserve the
structure of the fibres in a canonical fashion. For example, the pullback
functions are preserved by the fibre morphisms in the sense that given a
morphism f: A — B in ¥, the following square commutes:

G(A) —= €' (FA)

/*I I(F(f))*

(K(B)—Fr» €'(FB)

Also, the structure of the fibres is preserved by the fibre morphisms; for
example

« given T € 4(A4), then F (T)=T e € (FA),
o given x, ye€(A4), then F,(x A y)=F (x) A F (y),
e given xe ¥(Cx A) and ye 4(C x B), then

F(‘x(A+B)(x+y)=FC><A(x)+FC><B(y)s
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« and as a final example, given projections
n:CxA->C and hence F(n): F(Cx A) - FC,

then the following diagram commutes:

(A x C) —Z— €(C)

Feua l IF(

C(FCXFA)~— ¢'(FC)
The remaining structure of the fibres is preserved in a similar way; we leave
the details to the reader.
The definition of a FIX hyperdoctrine is quite involved, and so the first
task is to give an example.

ExampPLE 4.2. The category of predomains, w%ze, equipped with the
lifting monad as described in Section 2, is a FIX category. There is a 0%fe-
indexed poset, .# : wEpo P —» Fossd, where S takes an wepo D to the set of
inclusive subsets of D, which are ordered by inclusion, and .# takes each
continuous function f: D — D’ to its inverse image function f~' restricted
to inclusive subsets. It is trivial to check that f~': #(D’) — #(D) is well
defined and indeed monotone, and that .# is a functor. We define the
operations that make w%zes a FIX hyperdoctrine, but omit detailed
verifications.

1. With meet given by intersection of inclusive subsets, it is clear that
each fibre is a pointed meet semi-lattice. It is easy to see that each pullback
function is a morphism of pointed meet semi-lattices.

2. The right adjoint to projection is given by restriction of the dual
image functions to inclusive subsets; that RBC holds is trivial. Finally
(D)= {H} is a singleton.

3. The existence of left adjoints is well known, given by restriction of
the set theoretic direct image functions to inclusive subsets. The right
adjoint to

(idx1)" ' F(Cx D, )—> F(CxD)
is given by

V(idx1): #(CxD)->F(CxD ),
where for e .#(C x D) we define

{

V(id x 1)(I) £ (idx 1)(I)u {(c, L):VceC}.
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It is easy to see that this is a good definition and yields the required
adjoint. Checking RBC and LBC is easy; Frobenius Reciprocity is virtually
immediate.

4. let i:D>D+D' and j:D' — D+ D' be coproduct insertions.
Given

Ie F(Cx D) and Je F(Cx D),
we define
+:F(CxD)x F(CxD'y—> F(Cx(D+ D))
by

def

1+ J € 3(id % i)(I) U 3(id x j)(J).

Note that the fibrewise induction conditions are satisfied because any
inclusive subset of an wcpo is an wcpo.

Remark 4.3. Some other strong monads on w%ze (such as those for
side-effects and exceptions) were shown in Section 2 to possess fixpoint
objects. Thus we get other FIX categories based on wcpo’s by changing
from lifting to one of these other monads. However, the w%so-indexed
poset of inclusive subsets will not yield a FIX hyperdoctrine over these FIX
categories. This is because the notion of FIX hyperdoctrine is tailored to fit
the FIX logic which treats “evaluation to a value x’ as meaning “equal to
Val(x).” Such a strict interpretation of evaluation is appropriate for
a (constructive) treatment of the termination/nontermination aspects of
computation; but for other aspects, weaker notions of hyperdoctrine
are needed. (For example, Pitts (1991) gives hyperdoctrine over w%ze
possessing appropriate evaluation modalities for the side-effects monad.)

Next we give the categorical semantics of the FIX logic in a FIX hyper-
doctrine €. A structure, M, in € for a given FIX-signature Sg is specified
by the following data:

o An object [y] for each basic ground type y of Sg, and

« for each basic function symbol f: ., .., &, = «, 2 morphism in € of
the form [f]:[e,] % -+ % [a,] = [«], and

« for each basic relation symbol R: «, .., 2, an element [R] of a fibre
of €, where [R] € €([o,] % -+ x [e,]).

For each term in context, we assign a meaning in the base category € in
the following way. The types are interpreted as objects in the category,
where the interpretation of a type « is denoted by [a]. Set
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o [unit] &' 1, where 1 is the terminal object.
o [null] & 0, where 0 is the initial object.
e [nat] © N, where N is the natural numbers object.

« [fix] = Q, where Q is the fixpoint object.
» [exB1 < [o] < [B].
def
 [a+ Bl = [of + 8]
def
* [o—B] = [o] = [A].
e [T2] & TTa].
Given a context I'=[x:a,, .., X,:a,], we let [I] o [oy ] x < x [a,].
Then for each context I, term M, and type o for which /" |- M:x is a valid
judgement we give a morphism

[F'-M:a]:[I'] - [a].
Note that when M:a is a valid judgement, because the type « is uniquely

determined by M and I, we abbreviate [I" - M:a] to just [I.M]. The
semantics of terms-in-context is defined by a structural induction on terms:

e [5xo I x] € [F] x [o] <[] = [a]
« Let fray, .., 2, — « be a basic function symbol; then

[T f(My, ... M,)] < [f]

o (LT M1, oy DM = [, ] % -+ % [,] = [o]

[ OTE L] -1

« [F{ M) E 1 [FM]:[T] >0 [«]

o [F(M,NY)E (T M1, [T-N] [T - [o] x [A]

« [[.Fst(P)] € no[I.P]:[I] - [a] x [B] = [«]

o [.Snd(P)] € no [I.P]:[T] — [«] x [8] — [B]

s [1{F, GO = {1, x:a. F(x)} | [T, y:-G(x)] }
o id, [1.CY: (1 - L7 x ([o] + [8]) ~ [y]

o [0l (M)] € ie [L.M]:[1] - [a] - [o] + [8]

o [FLinr(N)] Z jo [F.N]:[TT - [8] - [«] + [B]

« [MAB]E cur([1, x:0. F(x)]):[1] - ([«] - [8])
o [F.FM] = ape ([TF], [T.M]Y: [T~ ([a] - [8]) x [2] - [8]
- [I.Val(M)] = 1o [I.M]:[T] - [o] - Tx]
« [I.Let(E, F)] € lift([T, x:0. F(x)])
> Cid, [T E]y:[I'] =[] x T[a] - T[]
01 E 0[] > 1N
o [I.Suc(N)] & so[F.N):[T]>N->N

def

« [ FY(M)] = ho<id [F.N]):[1] - [ITx N - [e],
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where £ is the unique morphism arising from the initiality property of the
natural numbers object together with the morphism

[ xo. F(x)]oid, [T.M]>:[I']— [I'] x[a] — [a]

e [Mo]Ewt:[I-1-TQ
« [Fo(EY] € oo [lE]:[I]>TQ-Q

o [PA(F, N E foCid, [F-NT>: [T~ [T x 2 > [al,
where f is the unique morphism arising from the initiality property of the
fixpoint object together with the morphism

[F.x:To. F(x)]:{I] x T[] = [«].

Finally, for each context I” and proposition @ for which we can derive
' & prop, we specify an element of a fibre

[r.elee([),

where we adopt a similar notation to that for terms in context. The
semantics of propositions in context is defined using the structure of the
propositions:

o [I.true] € Tew([I])
. [I.false] £ Le%([I])

« [I.M=,N] £ ([I.M], [I.N])>*34(T), where T e ¢([a])
c [FO& V) E[I.®] A [I.¥]
def

o [TY(D)] = Vr ([, x:a.8])
o [I.O(E, ®)] £ (id, [T.E] Y* o ¥(id x n)([], x:0.D(x)])
def

o [I.O(E, @) E <id, [T.E] >*o3(id x n)([, x:00.D(x)])

o [T+ ¥)MIE (id, [I ML, xS+ [T y: 8. P(»)]).
The categorical semantics interprets substitution of terms in terms, and
terms in propositions in the usual manner. Indeed we have the following

two lemmas which make this precise. The first lemma deals with substitu-
tion of terms for variables in another term:

LEMMA 44. The categorical semantics interprets the substitution of a
term for a variable in a term via composition in the category. More precisely,
ifr=M; o fori=1,.,nandalso I |- N:f, where I' =[x, ..., X,:0, ],
we have

[C.N[M/Z1}=[I".N]-<{[-M], . [I.M,],

where the notation N[ M/%] indicates a simultaneous substitution.
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The next lemma tells us how substitution of terms for variables in
propositions is modelled.

LEmMMA 4.5. Let I =@ be a FIX proposition in context, where the
context is I''=[x,:0y, .., X, %, ], and let I' - M:a; for i=1,..,n be FIX
terms in context. Then

[r.o[M/Z1]=<[-M], ... [T.M]>*([I"".®]),

where the notation ®[ M/X] indicates a simultaneous substitution.

If A is a finite list of propositions, each of which is well formed in the

context I', then let
def

[r.4a1% A [r.en.

e

A structure M is a FIX hyperdoctrine ¥ satisfies a sequent in context
LAR®If
[ A)<[].P]

holds in the fibre €([I']). Given a FIX theory, Th, then M is called a
model of the theory if it satisfies all the axioms of Th.
The categorical semantics of the FIX logic is sound; indeed we have

PROPOSITION 4.6. Let € be a FIX hyperdoctrine, Th a FIX theory, and

M a model of Th in €. Then M satisfies any sequent in context which is a
theorem of Th.

Proof. We need to check that the collection of sequents in context
which are satisfied by M is closed under the rules for generating sequents
in context. The proof uses Lemmas 4.4 and 4.5. |

Taking € to be the FIX hyperdoctrine of inclusive subsets over the FIX
category of w¥%se equipped with the lifting monad, and taking Th to be the
empty thery in the above proposition, we have:

THEOREM 4.7. The FIX logical system is consistent, in the sense
that |- false is not provable from the rules given in Section3. ||

Now that the definition of the semantics is complete, we establish that
there is a natural equivalence between the syntax and the semantics. We
need some notation.

PROPOSITION 4.8. For each FIX theory Th over some FIX-signature Sg,
we can construct a syntactic FIX hyperdoctrine, which we denote by €(Th)
or sometimes just F .
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Proof. The base category is constructed from the types and terms of the
FIX theory:

« the objects of & are the types of the signature Sg,

+ and the morphisms are equivalence classes of terms with at most one
metavariable, where the equivalence relation is given by provable equality
in the FIX logic.

Composition is given by the usual substitution of terms; it is a tedious but
straightforward task to check that this does define a FIX category.

We now define an #-indexed functor to the category of meet semi-
lattices. We also use & to denote the functor. For each object xe #, the
underlying set consists of equivalence classes of propositions in a single
variable context, x:a | @(x). We often omit the context itself; with this
convention we define the equivalence relation by

D(x)~ P(p)iff @(x) |- ¥(x)and ¥(x) - &(x).

Then referring to equivalence classes by representatives, we order this set
by

D(x) < P(y)iff D(x) - P(x).

Given a morphism F:a—f, in %, then the pullback function
F*:.F ()~ F(a) is defined by substitution: F*(®(y))= @(F). The
remaining details are routine verifications. ||

We also have the following

PROPOSITION 4.9. Given a FIX hyperdoctrine €, then we can define a
FIX theory which we denote by Th(%).

Proof. The basic ground types are the objects of 4, and basic function
symbols copies of the morphisms of 4. The basic relation symbols are
copies of the elements of the hyperdoctrine fibres. This yields a FIX
signature, and there is an evident canonical structure for this in 4. The
axioms of the theory are exactly those sequents in context which are
satisfied by the canonical structure. The theorems of Th(¥) are generated
by the usual rules. |

We state the categorical logic correspondence:

THEOREM 4.10. Let 6 be a FIX hyperdoctrine; then there is an
equivalence of hyperdoctrines

Eq: 6(Th(%)) ~ ¢,



FIXPOINT COMPUTATIONS 199

where Eq is a FIX hyperdoctrine morphism, in the sense that there is a
categorical equivalence of base categories, and each fibre morphism

Eq,: €(Th(%))(a) —> €(Eq,(x))

is an isomorphism of posets.

5. CATEGORICAL LoGicaL RELATIONS

Now that we have formalised the correspondence between FIX theories
and FIX hyperdoctrines, we define a new FIX hyperdoctrine and use it,
together with its corresponding logic, to prove the theorems which we
stated at the end of Section 3.

Remark 5.1. The hyperdoctrine construction which is detailed below
provides a proof of the Existence and Disjunction properties of FIX in
much the same way that Freyd’s gluing construction may be used to see
the existence and disjunction properties of standard intuitionistic predicate
calculus. Our construction, in essence, packages the technique of logical
relations, as Freyd's glued topos packages the techniques of realizability.

Let % be the syntactic hyperdoctrine constructed from the pure FIX
logic (that is to say the FIX theory with no extralogical axioms) and let
I': # - w%6pe denote the functor which assigns to each object ae # its
set I'(a) of global elements equipped with the discrete partial order. We
construct a new FIX hyperdoctrine, denoted by £r(I'), using a construc-
tion that is closely allied to the theory of logical relations. An object
of Zr(I') is a triple (D, <a, «), where D is an object of w% e, a is an
object of # and < is an inclusive subset of D x I'(a). A morphism
(D,<a,a)—> (D’ <1, a') in #r(I') is a pair (f, F), where f:D—> D’ in
wbpe, Fra— o’ in F, satisfying the following condition:

Vde D.VMe I'(a).d<a M implies f(d) <’ (FM).

Finally we need to define an #r(I')-indexed poset. We denote the fibre
at an object (D, <a, a) by #r(D, <a, a). The elements of the fibre consist of
all triples (S, <=, ®(x)), where

Se . #(D), ie, S runs over the inclusive subsets of the wcpo D,
2. @(x)e F(n), where D(x) is a representative,
3. 2 eJ(SxTy(a)n<a), where

def

Fyo(a) = {Mel(a) | - d(M)},
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and the ordering is specified coordinatewise. Given a morphism
(fi F):(D,<',a')> (D, <, a)
in £r(I'), we define the pullback function
(f, FY*: ¥r(D,=,a)> £r(D', <’ o)
by

def

(L FY*(S, =, @(x)) = (f~1(S), =2*, &(F)),
where
=* € {(d, M)e [~ (S)x Topmfa') n<'| fld)aFM).
PROPOSITION 5.2. The above recipe produces another FIX hyperdoctrine
&Lr(I).

Proof. We write just #r for £r(I'). We check that we have defined a
base FIX category; most of the details are simple calculations, once it is
clear how one defings the various categorical constructs. The terminal
object is

(%, < > URIL),

where x <1, id,,.... The binary product is given by

unit*
B , def ,
(D, <,a)yx(D,<’,a')=(DxD',< ,,axa’),
where (with the obvious notation),

(d, d')<, Niffd< Fst(N)and d’ <’ Snd(N).

It is clear that < _ is inclusive, and easy to check the remaining details.
Exponentials of objects are defined by

(D', <’,a') > (D,<,2) £ (D' » D, <, & —a),

ap>
where

f<uMifivd' e D' VL e I'(«').d" <’ L' implies f(d') < apo (M, L")
and ap is the evaluation morphism in % . The transpose rule is given by

(LF):(DxD,<, ,axa)> (D", <", a"
(cur(f), cur(F)): (D, <a,a)> (D' > D", <

’ "
ap,a —>
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and the evaluation morphism is (ap, ap). Finite coproducts are also defined
in the same (hopefuilly now familiar) coordinatewise/logical relations
manner. The natural numbers object of #r is specified by

(N, <a,,,, nat),
where

h<a

N iff N=Suc"(0),

and the zero and successor morphisms are the expected coordinatewise
ones. We now show for a particular choice of monad, our category #r
does indeed become a FIX category. The action of the monad on objects
is specified by
T(Da <5 a) ‘i_ir (Di3 < T Ta),
where
e<arEiff Vde D.[d]=eimplies IM e (o). d<t M and n, M =E,

and n="(1,1,):(D,<,a) > (D, <, Ta), with 1: D — D, the canonical
inclusion. Finally the lifting rule is
(LF):(DxD,< ,axa' )= (D, <%, Ta")
(fL, lift(F):(Dx D' ,<af,axTa')—> (D", <1y, Ta")

where f,(d, [d'])="f(d,d’) and f,(d, L)=2 L.

Now we show that .#r does indeed possess a fixpoint object. This will be
determined up to isomorphism; thus as for the previous constructs we
exhibit a candidate and show that it satisfies the required properties. The
expected candidate for the fixpoint object would be (2, <., fix), with
structure morphism (o, o). By definition of the action of the monad on
objects, in the relation </ one has L </ M, for any M e I'(T fix). As
(0, o) must preserve the relation, then 0 <1, oM must hold, and the action
of the monad yields [0] </~ noM. Once again (o, o) preserves this, so we
must have 1 <1;, onoM. In general we are forced to have n <, (on)'oM.
Finally, considering that the relation <1, has to be a certain inclusive sub-
set, we are led to the following definition:

(2, <., fix) is a fixpoint object for T over #r, where

» n=<a,, N iff IM e I'(fix). N= (on)"M, and
e T, Niff Yne\{T}.n<, N.

We check that the relation <1, is inclusive. Let 8: N — © be a function
satisfying 6(r)<6(r+1). Set n,=0(r), so a chain in <, is given
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by a sequence n,<1;, N where Nel(fix). We need to check that
Viewn? <9z N. If \/n, is not T we are done. Otherwise, given any
ne\{T}, we can choose reN such that n,>n. As n,<;, N, we get
N=(on)"M = (an)"(en)" "M, and so n <, N. As n was arbitrary, we are
done. Now we check that (o,06) is a morphism in %r, where
(6,0):(R,, <} Tfix) > (L, <14, fix). We have three cases to cover.

1. If L </ N then o(L)=0<,, oN.

2. Suppose that [T]</*nN. Then T<, N and hence Vne
Q\{T}.n<a;, N. In particular, we have n—1 <, N, and so there is some
Me I'(fix) for which N=(on)"~'M, giving anN= = (6yN = (on)"M. So
we have Vne Q\{T}.n <1, onN, thatis T <1, onN.

3. This is immediate from the definition of <.

Finally, we have to verify that our definition yields an initial T-algebra in
Zr. Take

(f’ F):(DLa<]T’ Toz)—»(D,<l,oc).

The unique mediating morphism for (o,0) has to be (f, F)=2
(it(f), it(F)), whose coordinates are the mediating morphisms in w%se and
& . First we check that it is a morphism in £r. Suppose that n <1, N. Then
for some M we get N=(on)"M. From the definition of the <1, relation, we
get

L < liftnFye—'M
and so

f(L)y< FliftnF) e~ 'M=FM.

Now suppose that f7(L) <1 F(an) ~'M, where r <n— 1. Clearly
[/ (L)1 <rnFlon)y~'M,
and so
S < Fony M.
Inductively we have
"t N(L)< Flon)"M =FN,

which is what we had to prove. Last, if T <1, N we need

\/ /(L)< EN,
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which follows from inclusivity of <o. We leave the reader to verify that the
morphisms

(T, ©): (%, <, unit) - (Q*, <, T fix),

and
(G 0') (QJ_’<1¥¥’ Tﬁ’( Q </znﬁx‘

constitute a fixpoint object in £r.

Now it is time to verify that all the conditions required of the
#r-indexed poset hold. We give the constructions of the adjoints and
operations which appear in the definition of a FIX hyperdoctrine, but omit
the verification of the conditions which the adjoints and operations satisfy.
First we define the right adjoint to

(m, Fst(z))*: Zr(C, <, y) > Lr(Cx D, <" x <,y xa)
which we write as
Vo: Lr(CxD,<a,,yxa)—>Lr(C <, v)
(with <o, an abbreviation for <’ x <1), where we define
Va(S, =, P(2)) E (Va(S), =5, , Ya(P(z2)))
with
=, € {(e, N) e Vr(S) X Typien(7)
N <’ |Vde D.¥YMe I'(a).d <« M implies (¢, d) <3, (N, M>}.
The right adjoint to
(idxu,idxn)* . Lr(CxD, ,<a'x <ar,yxTa)
> ZLr(CxD,<a'x F,yx0a),
which we write as

O:.2r(CxD,<a,,yxa)>LrHCxD, , <’ ,yxTa)

(with <o, and <a” abbreviations for <o'x <1 and <’ x <1;), is defined by

O(S, =, D)) = (D(S), 2%, D(B(w))),

where
def

<% = {((c, e), {N, ED)e TS X I' (¥ X Tt)
n <’ |VdeDVMel(x).d<aM,e=[d],
E =Val(M) implies (c, d)le<N,M>}.

643/98/2-5
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We now define the left adjoint to

(idx1, idxng)*: £r(CxD,, <’ x <ap,yxTa)
- Pr(Cx D, =@'x <a,yxa),

which we write as
O PHCxD, <, ,yxa)—>Lr(CxD , <, yxTa),
where we define

OS5, =2, Bu)) E (O(8), =%, O(P(u)))
with
=% £ (¢ el AN, EY) € O(S) X Iy (7 X T)
N <a’ |3de D.IMeI(x).e=[d],

E=Val(M), (d, c)=a, {N, M>)}.
We define the + operation, where

+:Zr(CxD,<a-x <a,yXxa)x Lr(CxD', <a.x <',yxa’)
S Lr(Cx(D+ D), ssex(<a+ <), yx{a+a'})

and
(I, =, D(v))e Lr(CxD, <1-x <1, yxa)

(J,<2,, P(w)e LrHCx D', a-x <2, yxa’),
by taking the sum of these elements to be
(I+J, =5, B(v) + ¥(w)),
where

=, = {((c, e), AN ED) eI+ TV X Ty, (7 X (@ +'))

N <ex(<a+ <')|Ide D.IMe [(a).e=i(d),
E=1Inl(M), (¢, d)<2,{N, M) or
3d'eD .IM eTI(2).e=jd'), E=Inr(M'), (c,d') <2, {N, M' >}
The left adjoint to
(idx A, idx A)*: Lr(CxDx D, <, ,yxaxa)
> Zr(CxD,<a,,yxa),
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written as
idx 4): Lr(CxD, <, ,yxa)> Lr(CxDxD, <, ,yxaxa),

is defined by

def

Iidx ANS, =2, P(u)) = (Aidx 4)(S), =5, Ix 4)(P(u))),

where
< = {((c, ), (N, EY) € 3(idx A)S) X T g siappun7 X % X 2)
A <, |3de D.IM e I(a).e = A(d),

E=AM), (c,d) =2, (N, M>}. 1

We are now in a position to prove the theorems stated in Section 3. We
need to make one further observation, namely

PrROPOSITION 5.3. The FIX hyperdoctrine &, arising from the pure FIX
logic, is initial amongst all FIX hyperdoctrines.

Proof. This is immediate from the definition of FIX hyperdoctrine
morphism. |

Using the initiality of &, we see that there are FIX hyperdoctrine
morphisms [ —] and I; and in addition there are obvious projections = and
7', where

[-1:%F - w€he
1:%F > %r
n: Lr - wbpe
T F.

These FIX hyperdoctrine morphisms satisfy the following commutative

diagrams:
F
/ 1\]
|
— &Lr

:’/7‘" n%w(g/w

idy L [-1a
|

F (@) —— ZLr([2], =,, 2) —— H([a])
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Let us now prove the Disjunction Property for the FIX logical system.
First note that the closed term E:a+ f corresponds to a morphism
E:unit > o+ f in #. The action of the base functor part of [:.% —» #r on
this morphism, using the above commutative diagrams, is

I(E)=([E], E): (1. Qs unit) > ([a] + [B], <ty > 2+ B).

Also, the following square commutes:

Flot ) —1 s Prlo]+ 1Bl <y, gt +B)

£* ([£], E)*
F (unit) Lr(x, <, unit)

Lunie

The theorem follows by observing the action of the two possible routes
of the square. Let z Dbe a variable of type a+ S, and consider
(D + P)(z)e F(a+ B). Then we have

L E*((® + P)(2)) =1((® + ¥)(E))
= ([(® + ¥NE)], s> (P + P)(E))

where because (@ + ¥)(E) by hypothesis, and I, preserves greatest
elements, the relation <0, must be non-empty. Also, we have

(LE], E)*(1,, 4((@ + ¥)(2)))
=([E], EYX (D + ¥)2)], 254 5, (P + ¥)(2))

=([E] "([(@+ P)(2)]), ¥, 5, (@ + PYE)),
where

=¥, p={(x id,) € [E] "(L(® + ¥)2)])
X (g 4y (UNit) O < iy | [E] (%) 2, g Eoid}.
But this relation is exactly <,,,, hence is non-empty, yielding
[ET(*) =2, . 4 E,
that is,
[E](*) =<, s E.

By definition of the relation <, ; this means without loss of generality
that there is a global element M e I'(a), that is a closed term M, for which

}_E=a+ﬂ lnI(M)’

and from this we may derive |~ @(M) using Proposition 3.5.
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The proof of the Existence Property is very similar. We take a proposi-
tion Ofe, Pye F{Ta) and use the square

F(To)—L s @HT[a],, <p,, T2)

E* ([E], EV*

F (unit)

Zr(l, <,,,, unit)

Lumie

As above, this yields

={(+ id)e [E] '([e.O (e, D)])
xI's d,)(unit)r\ e | [E](*) <1 E}.
This has to be non-empty and so
[E](*)=n, E,

that is,
LE](*)<p, E.

Hence there is some closed M for which | E=,, Val(M) and using
Proposition 3.5 we have | @{M).

Finally we prove the Standardness of nar. Let N be a closed term of type
nat. Using the square

F (nat) LN ZrN, <, nat)

naty

N* (IN]. My

F (unit) ———— Lr(1, <y, unit)

and arguing in the same way as for the previous two theorems, we
conclude that

[N]] (*) Srml N9
and from this we deduce that

=N =0 Suc”(0),

using the definition of the <,,, relation in the natural numbers object of
&Zr. This completes the proofs of the theorems from Section 3.
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We finish this section by remarking that the Existence Property
expresses a formal adequacy of the FIX logic for the metalanguage. Indeed,
we have

COROLLARY 5.4. Given a closed term E of type Tua, it is provably equal
to a value Val(M), where M is a closed term of type o, if and only if the
W% po interpretation

[E] e [T()] =[],

is not 1.

6. CONCLUDING REMARKS

The predicate x <=e[xea, ee T(a)] of evaluation is implicit in the FIX
logic, but as was pointed out in Remark 3.2, it is treated here in a very
“extensional” way as equivalent to Val(x)=e. It is possible to envisage a
weaker logic than FIX (and a corresponding kind of categorical structure)
in which x <=e [xea, ee T(x)] is an atomic predicate satisfying

M<E N<FM)
M <Val(M) N<=(Let(E, F))

and in which there are modified rules for the bounded quantifiers. For
some recent progress in this area we refer the reader to Pitts (1991). There
are strong connections of FIX to the traditional “axiomatic domain
theory” of LCF (Paulson, 1987) and to Plotkin’s approach to denotational
semantics using partial continuous functions (Plotkin, 1985). Our logic
appears inherently more constructive, since it is based on the notion of
evaluation of a (possibly non-terminating) computaton to a value, rather
than on non-termination and on information ordering between (possibly
partial) computations. However, the precise relatinship between the FIX
logic and “axiomatic domain theory” has yet to be clarified.

FIX establishes a novel approach to fixed point equations at the level of
functions. This technique can be extended to the level of types by using a
dependently typed logic which contains a universal type and a fixpoint
type. The fundamental idea is that a recursive type (domain equation)
induces a recursive function on the universal type. The fixpoint type yields
a fixpoint for this function; the type coded by this fixpoint corresponds to
the solution of the domain equation. For details see Crole (1991).

FIX is not an “integrated” logic—proofs of propositions are external to
the system. Undoubtedly something to aim for is a system combining
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features of FIX with those of the Calculus of Constructions (Coquand and
Huet, 1988) obtaining both the “terms-as-computations” and “terms-as-
proofs” paradigms in a single (consistent!) system.
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